COLLEGE of
LIBERAL ARTS

& SCIENCES

ARIZONA STATE UNIVERSITY

ABSTRACT. Consider an elliptic curve of the form, 12 = /(2)
over the rationals. We investigate arithmetic progressions in the
z 3nd y coordinates on 3 special type of elliptic curve.

Definition 1. An arithmetic progression (AP) is 2 sequence of
numbers such that the difference betwaen any two consecutive
numbers Is constant. When we talk about an arithmetic progres-

n on a curve v? = §(x), we mean an arithmetic progression in
the 2 or y coordinates.

Note: Most of the calculations were done sing several computer
algebra software programs.

Length 3 =-AP
(- +k=p"
N
ok
After some revaiting, we have
1208 46637 — 1) 4 (7 + 7 - 272 =
The quadratic formula yields
1207 = =367 — ) 2007 — )7~ 1267 +7 - 26)?
We require the expression inside the radical to be a square:
902~ )2 - 1207 407 - 2 =0
Let a= (7~ r3)/(¢® ~r2). Substitute back,

The above Is the squation of a conic, which can be parametrized:

This In turn leads to 3 parametrization of the ratio (p:q:r:s),

4180 + 607 + 4861 + 819

4603+ 602 + 180 + 819

66> 4 607 — 181 4 819

- 1865 4 602 - 486t 4819
So for each curve on the surface that Is cut out by the above
planes, e can find a parametrization. If we instead wiite (p,q.r.
(\P.AQAR.AS), we can solve for (a,d. k) In terms of ¢
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Corsiger curus of ne form ) over Q. where f(x) s 3
caree 3 paynomal. Bremner (3 and Compbel [5] have found
et Ifinivefamlie of el Curvs, it = cooranate APS
of lenqth 8. Attempts at length © have produced no results.
An Interesting article by Garcla-Selfa and Tomero (9], considers
simultaneous AP's on the = and y coordinates of eliptic curves.
The authors found at least 2 examples of simultaneous AP of
length 5. They also found a curve with 1-AP of length 7.
In 3 more recent article [10], the authors found examples and
proved that only finitely many non-lsomerphic curves exist with
simultaneous AP of length 6. They also proved that no elliptic
curves exist with simultaneous AP of length 7.

for some rational 3. Notice (22) s a point on the conic (1).

We can then parametize all rational solutions by substituting
(a~2)+2 on (1), for ¢ rational, to reveal (a
(= (za; 22 n)

Substituting for a, we want to parametrize the the curve over

o (v’—r27(3l=+17 267 -3 -6t +7).
Notice (p.a.r) = (1,1,1) Is @ point on the curve, so we can
parametrize the ratio (,, @:r) In terms of (u,v).

r( 3 — 1 + (—126% 424t - 28w + (=672 + 12 — 1)
~3¢ — 1) + (=61 = 2Juo + (-667 + 12— 14)0?
—3¢% — 1?4 (667 — 12t + 14)0

From here, we can find parametrizations of (x,a,k) in terms of

For example, when ¢ =1, we have
(P.Q.R.5) = (2°173,2°113,2%107, 2%47)

After introducing a parameter A, we find (A,a.d) = (482, 165, ~495)
Thus, we have the rank 4, torsionfree elliptic curve

B Y2=X343%5211%3 809
with 2-AP

(13

Integral Arithmetic Progressions on 1

Consider the curve
=k

where k 01 an integer and E is defined over Q. We investigate

arithmetic progressions on these curves, of lengths 3, 4 an

Mohanty [14] showed that no z-AP's exist of length 3 or more
with difference 1

In Les & Velez [12), the authors found infinitely many sets of
solutions with =-AP length 4. They also construct infinitely many
solutions with v-AP of length 4, 5 and 6

.

Length 4 =-AP

(a-3d)+i

(a—dP+k=

(at+d?+k

(a+3d°+k
We wil then consider the problem of finding rational points on
the cublc surface In P
S 1 (P27 42722 (P43 324 2) = 3P -q?rP+2)?
The singular points on the surfacs are,
L@y s (111) s (1) 7 (111

QN1 & (Lae) 6 (1aeD) 8 (L)

Special Length 5 z-AP

Consider 3 specific AP of the form {~20,0,0,a.2].
e el = 167
—a*4 9% + 762 = 16¢°
A=t
a4 7
a4 k=17
© te Hurteiemann ol (5, e st 3 st s
tions in P4 define a curve C of genus 5. C has maps to 5 elliptic
curves. I partculr, € maps to the Sptic curve deined by
70?4967 = 1657
9p? + 7% = 16¢°
which has rank zero. T's minimal model s

E: i =x%+a? 1664z - 9804

Length 3 »-AP

(a—dP=p>+k = dad=r-

A=tk 2 =pF -2 43

(ataP=ri+k

If vie wilte (p.g.r,d) = (tP.(Q.tR,tD), for some parameter ,

then:
1=2(P2 - 20+ F?)
D=(P*-20°+ 1%
a=(P?-20° + RO(R* - %)

k= (P - 2Q% + R%)(P® - 2R°P% - 8Q°P* +16Q°

~8Q%R® + )

We thus have a Infinitely many curves with length 3 u-AP.

Each of the following planes contain 3 of the above singularities:

—rts T pta
5 p-q

Consider, for example, the Intersection of plane (1) with S. Sub-
stitute 4—a, we have quartic curve In P2, Since this curve
Contains 3 Sngulanis, (1),(8)and (73, by the genus formuta,
Itis a curve of genus 0,

6rq?s + 24r%s + 14gs%r + 36032 — 42 - s — 134%

— 284 - 36— 1607 + 16077 — 615 — 14rg” + 605% — 1456°
which can be parametrized as follows
After a linear projective transformation fallowed by a quadratic
transformation, yields,

Glay,2) = a0z - 28:2 — 32 1322

with torsion subaroup Z/2+ /4. Since
16(Q)] < |E(Q)].
we have found 3t most & ellptic curves 42 = r3-+ with Intearal

12,52} to be equal, contradicting the assumption
0. Thus, 10 elliptic curves of the form v = 22+ exist with
Integral AP of the given form.

Length 4 v-AP

We will then consider the problem of finding rational points on
the cublc surface In
s pPoadtatod=0

On our surface S, we know a pair of skew lines which are conju-
gate over C

L1 pows=g-wr=0,
where u? = 1. Let P
to Py,

_

(2,022, 52)
where (u,v) are rational parameters. The line Joining Py to Py
Is

L= {1 +pp2. Ay a2 An +ara Ay +sz) 1A 0 or £ 0).
This line Intersects the surface In one other polnt. In order to
find this point, substitute 2 general point on the fine, into the
equation for 5. The third point lies on the surface when

A= 184 3% - 30 4 9o 4+ 603 + 90+ P+ 0w

= —(60% + 30+ 0P+ 901 — 30w+ 3% — O+ 9)
Substituting these values for (A, gives us 3 rational peint which
ties on the fine and the surface, namely, the thid point of inter-
section:

p=ut+2nd 430 2w - 3ud ot 3
@ et ati i)
W

+2\‘u3+3(‘2 W2 4 2w 4 6ut ot 4 3

Length 5 5-AP on 42 =23 + &

Consider y-AP of the form {~24.d,0,d,2d}.
0=nd 4k

F=pti

sl =g +k
We will then consider the problem of finding rational points on
the ellptic curve in P

o Poapt4ant
Wwhose rank 1 minimal model Is
Ei oy —o72.

Thus, points on the free part of £ map to points on O which
give Us 3 length 5 y-AP.

Now suppose our y-AP Is of the form (d,2d,3d, ad, 5}
—5p% 484 -3
= —aasgo
TP 8

2502 =4

The last 3 equations represents a curve In B, By the Riemann-
Hurwitz formula, This curve has genus 55. This mplles there
are only finitely many points on the curve. Thus, there are only
finitely many (possibly none) curves With 1ength 5 y-AP.




