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Abstract

We present a multigrid method for solving the dual formotatf the Total Variation-basec
problem in image restoration. Flat regions of the desirademontribute to the slow convergen
of the widely-used Chambolle method. Numerical resultsxwtmat the multigrid method with

a modi ed Chambolle smoother is many orders of magnituter than the original Chambollg

method.
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Introduction

Image restoration is the most basic problem in the longflist@age processing problems. Oft¢
such restored images are used for further tasks such assewggentation and matching.

A well-known model for denoising is the following primahddaition by Rudin-Osher-Fatem
(1992) 7

. o1
min Jr u+ E(Ku z)zdxdy; (1)
or its Euler-Lagrange form for the denoising ¢ase | of interest to us
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wherez 2 RZ() is the observed image andis our desired image (with ho&nogeneous Neum
boundary conditions) to be restored. Here in (1), the terth wiuj =  ug + u§ de nes

the total variation (TV) of functioru. Practically only a discrete quantity 2 R™ " will be

availablep In (2), one assumes tlpatu] & O; to allow generality, a replacement equation with

jr uy = jr ujé+ forsome > 0 may be considered
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+u z=0: (3)

Here we shall address how to solve the dual equation:

ro(dv(l) z)+jr (div(t) 2))! i = (4)
whered = (! 1;! 2)isthe dual variable and the restored solution will be gyan= z  div(! ).
The clear advantage of the dual formulation (4) over theadreguation (3) is that no such extr:
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regularizing parameter i1s needed and the dual equation appears more amenable {ehoyev

despite the appearance, as we see, the latter equatiore®idely challenging as far as nding

e cient solvers Is concerned.

The Chambolle Method

In order to solve (1), Chambolle (2004) starts from loolanghie projection (z) = div(! ),
withu = z (z) iIn mind, from
mink div(! ) zk; gl 18035 ); (5)

q
whergj! ;= (Wl)%j + (Wg)%j . It remains to solve the unconstrained KKT problem

r( div(!) Z)i;j + it =0: (6)

Recognizing eitheri; > O, ]! ;] =
div(! ) £

12+12=10r i =0,j! jj < 1, Chambolle nds
and presents the dual formulation in the form
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Nonlinear Multigrid for Chambolle
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We now develop a multigrid algorithm for the Chambolle féauman (7):

2 + r(@dive) 5 i =0

r o ( div(!)

It turns out that this equation cannot be easily solved by #&ignd method. Simple smootherg
such as Jacobi and Gauss-Seidel do not work; the expertsgddtBet al.) are, unfortunately,
not surprised about this as (7) is degenerate.

Fourier Analysis

Recall that the local Fourier analysis (LFA) aims to meathwgdargest ampli cation factor in a
relaxation scheme.
Consider the Chambolle smoothing iterations:
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whereC = @@+ @ 2) "+ QEL + o Z) " will be “frozen' locally to

Implement the Fourier analysis.

Minimal C valuemax. (A . )|Predicted iterations for 1®

10 0.4444 17
1 0.8889 117

1/2 0.9412 228

1/4 0.9697 449

10 1 0.9877 1116

10 “ 0.9988 11506

10 ° 0.9999 138150

The results con rm the belief that the behavior of the dualagign is not similar to what
IS expected of an elliptic equation. This analysis alsossti@at when there are a substantial
number of pixels at whic@ = jr uj < 1=100, the smoothing rate 09988 will be too close tq
1 i.e. the Chambolle iterations fail to provide an e ectiv@ather. This case will happen in at
regions of the desired imageSince such a quantity will gradually get small in such glioas
as iterations progress, one should observe that, coroesglynthe multigrid algorithm should|
become slower and slower. Indeed this phenomenon has beemdb
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Examples

Problem 1 observed z: psnr=22.1

Problem 2 observed z: psnr=22.1

MG solution u: psnr=33.9 b=10"2 MG solution u: psnr=30.5 b=10"2
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Analysis for a Modi ed Smoother

A simple generalization of the Chambolle smoothing iteratis to introduce a parame®l R
Into the basic scheme
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wheres = f1 = fo =0 reduce to (7) on the nest level arfd; f > are normally not O on coarsg¢

levels.

Then estimating max (A . ) in the high frequency range; () 2 [ ; In[ =2 =2]

numerically gives the results in the following table, where 4 gives much improved rates oveér

the standard Chambolle iterations.

Minimal C valuemax. (A . ) Predicted iterations for 10

10 0.2857 11
1 0.8000 62

1/2 0.8889 117

1/4 0.9412 228

10 * 0.9756 559

10 < 0.9980 6901

10 ° 0.9998 69071

In experiments, the use 8= 4 can indeed accelerate both the Chambolle iterations &anc

corresponding multigrid method by up to 50%.

Numerical Experiments

We use the two examples shown below in our experiments. dpyargj criterion will be basecL
1

on reducing the static residual, i.e. (7), to below a totr#@ml. Restoration performance
guantitatively measured by the peak signal-to-noise (RENR).

2558

PSNR = PSNR(r;u) = 10log o+ (10)

mr i (T Vi)

whereri.; anduj; denote the pixel values of the restored image and the drigiage respec-
tively, withu;r 2 R™ ". Here we assumg; ; uj;j 2 [0, 255].

Comparison . We take several resolutions of the same problems andydiseleesults in the
following table. Clearly one observes that the multigrithoek is much more e cient than the
Chambolle's method for delivering the same quality (PSNIR)sboration.

Problem Size Chambolle Multigrid
number n | Steps CPU PNSRCycles CPU PNSR
1 63| 55675 325.7 24.81 4 2.5 24.88
128121926 2473.8 26.944 9.1 27.06
256212544 22978.8 29,714  48.8 29.88
2 63| 38529 226.3 25.53 4 2.9 25.63
128 82858 1675.4 27.605 9.7 27.6
256/ 212887 20309.0 29,985 43.2 29.9@

Large images . From the values of CPU in the previous table, one may emvibad) getting
the results fon 511 by Chambolle's method can take many days, especiamddtol. (\We

should remark that there are practical situations whermmed results are already acceptahle

before convergence.) Instead, we test the examples wgtnldor the multigrid method and
show the results in the following table. Clearly one seéefhtha ciency scales well with. The

restoredn n images fon = 1023 are also shown below.
Problem Size Multigrid

number n |[Cycles CPU PNSR

1 511 5 158.9 32.90

1023 5 1277.6 35.75

2047 6 8365.2 36.38

2 511 5 163.0 32.43

1023 5 1284.3 34.55

2047 6 8191.6 36.78
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