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Overview

We use an overset grid method to study the drainage of human te ar �lm
on the eye-shaped domain when the curvature of the meniscus i s spec-
i�ed at the boundary. The evolution of the tear �lm is describ ed by a
lubrication model including the effects of surface tension , viscosity and
gravity. Numerical computations are found by implementing a curvilin-
ear �nite difference based method of lines on an overset grid using the
Overture C++ framework [3]. The results support hydraulic c onnectivity
between menisci and a redistribution of tear �lm via the cant hi (corners
of the eye) in the presence of gravity.

Introduction

Human tear �lm is often described as a multilayer structure p laying a
vital role in the health and function of the eye.

Eye surface: Modeled as a �at wall.
(M) is possible mucus �lm, if separate from aqueous debatabl e.
A is the aqueous layer, primarily water (est. up to 98%).
L is the lipid layer, polar surfactants at the A/L interface.

We model the evolution of the aqueous layer, commonly though t of as
tears, using lubrication theory. The �uid is assumed to be Ne wtonian.

Domain

The tear �lm thickness z0 = h0(x0; y0; t0) is modeled on the eye-shaped
domain 
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L 0 = 5 mm is the half-width of the palpebral �ssure
d0 = 5 � m is the characteristic tear �lm thickness

The upper and lower lids are 2nd degree polynomials found by a least
squares �t to speci�ed points from an image of the eye. The nas al and
temporal curves are 9th degree polynomials such that the function and
four derivatives are continuous at each end point.

Formulation

The ratio of length scales � = d0=L0 � 10� 3 is the small parameter for
lubrication theory. Scales for nondimensionalizing and ma terial proper-
ties:

Velocity Scale: U0 = 0 :05cm/s Time Scale: L 0=U0

Pressure Scale:�U 0
m =(d0� ) Surface Tension:� = 45mN/m

Density: � = 103kg/m 3 Viscosity: � = 10 � 3Pa�s

The resulting nondimensional parameters are G = �gd 02=�U 0 � 0:05and
S = � 3�=�U 0 � 10� 5.
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Formulation

At leading order, on 0 < z < h (x; y; t ) we have

ux + vy + wz = 0 ; uzz � px = 0 ; vzz � py � G = 0 ; and pz = 0 ;

where (u; v; w) are the velocity components and p is the pressure. Bound-
ary conditions (BCs): At y = 0 , u = v = w = 0 . At z = h, p = � S� h,
w � uhx � vhy = ht , u = v = 0 . The last two BCs replace the tangential
stress condition by assuming the lipid layer renders the fre e surface tan-
gentially immobile as �rst done in [1]. From the kinematic co ndition and
mass conservation the evolution of the free surface is

ht + r � Q = 0 ; Q = <
Z h

0
u dz;

Z h

0
v dz > :

Expressed as a differential-algebraic equation:

ht + r �
�
�

h3

12
r (p + Gy)

�
= 0 ; p + Sr 2h = 0 :

Boundary and Initial Conditions

The initial tear �lm thickness, with h0 = 13 and x0 = 0 :1, is given by

h(x; 0) � g(x; y) = ( h0 � 1) e� min(dist( x ;@
)) =x 0 +1 :

-0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 1.2
0

2

4

6

8

10

12

14

y

g(
0,

y)

Lower Lid Upper Lid

The BCs are hj@
 = h0 and either the frozen pressure BC pj@
 =
� Sr 2gj@
 or the time-varying pressure BC

pj@
 =

( �
� Sr 2gj@


� �
1 � t

t 0

�
+ p0

�
t
t 0

�
if t � t0;

p0 if t > t 0;

where t0 = 0 :1 and p0 = � 0:01218(average value of � Sr 2gj@
 on upper
and lower lids).

Numerical Method

Method of lines: Spatial discretization ) overset grid method; Time dis-
cretization ) variable stepsize multistep method.

Overset Grid Method
An overset grid is: (1.) Set of overlapping logically rectan gular curvi-
linear component grids; (2.) Grids either boundary-�tted c urvilinear or
Cartesian; (3.) Interpolation conditions coupling grids t ogether. Grids
were produced with the grid generation capabilities of the O verture C++
framework.

The spatial derivatives are approximated by curvi-
linear �nite differences. Each logically rectangular
curvilinear component grid is de�ned by a map-
ping (x; y) = ~k(r; s) where (r; s) 2 [0; 1] � [0; 1].
Spatial derivatives in (x; y) are transformed into
spatial derivatives of (r; s) and are approximated
by standard �nite differences on rectangular grids.

Numerical Method

Variable Stepsize Multistep Method

A variable stepsize �xed leading coef�cient implementatio n of second-
order BDF is used for discretization. The �xed leading coef� cient im-
plementation is one way to extend a �xed stepsize method. The code
has been veri�ed on a test problem with the same form as the evo lution
equation.

Results

We �rst study the evolution with the frozen pressure boundar y condi-
tion. In the absence of gravity, the changes in the tear �lm th ickness are
driven by capillarity. Below (left column) is the time seque nce of thick-
ness contour plots with color scale dark blue ) h(x; t) � 0:02 and ma-
roon ) h(x; t) � 3:0. A dark blue band near the edge of the menisci is the
localized thin region a.k.a. “the black line”. The new featu re on the eye-
shaped domain is the stronger capillary action at the inters ection of the
black lines near the canthi. The stronger action is caused by the increas-
ing curvature of the �lm surface, and therefore the decreasi ng pressure,
in a meniscus forced to meet a highly curved lid. In the interi or, a ridge
forms (see the green band) that slowly spreads inward.

G = 0

min(h(x; y; 5:0)) = 0 :2779

G = 0:05

min(h(x; y; 5:0)) = 0 :3912

min(h(x; y; 60:0)) = 0 :0334 min(h(x; y; 60:0)) = 0 :0499

min(h(x; y; 115:0)) = 0 :0200 min(h(x; y; 115:0)) = 0 :0266

Figures below show the lower pressure remaining and the deve lopment
of rapid transitions in the vicinities of the canthi. [4] ana lyzed the one-
dimensional model

ht + ( hn hyyy )y = 0

on y 2 [� 1; 1]; with the similar boundary conditions h(� 1) = 1 and
hyy (� 1) = p. They identi�ed the “least energy” weak solution w1 (y)
for p > 2 and found it to have a jump in its second derivative at two
points. [4] concluded that a singularity will be produced in h(y; t) if
h(y; t) ! w1 (y) in in�nite time. Using their formulation, we �nd w1 (y),
for the one-dimensional model along x = 0 , and it appears h(y; t) is ap-
proaching w1 (y) as time increases. Because it becomes dif�cult to ac-
curately approximate derivatives of the pressure, we stop a t t = 115 or
5:75 seconds, which is comparable to a typical interblink period of 5-6
seconds.

Results

Frozen vs. Time Varying Pressure BC
In comparison, we found the differences in the pressure BCs t o only in-
�uence the tear �lm thickness in the menisci and canthi regio ns. Shown
below is the difference at t = 115:0. The differences near the boundary
can be predicted by comparing the pressure BCs for t > t 0. In particular,
if the pressure increases, i.e. the curvature decreases, then the tear �lm is
thicker, while on the other hand, if the pressure decreases, i.e. the curva-
ture increases, then the tear �lm is thinner.

What does change dramatically from one BC to the other is the t ear �ow
in the menisci and canthi regions. Shown below is the directi on of the
�ux over the contour plot of the norm of the �ux at t = 60:0 in the nasal
canthus. The color scale is such that dark ) small �ux and white )
jjQjj � 10� 3.

Frozen Time Varying

The low pressure produced from the frozen pressure BC in the v icinities
of the canthi channels the tear �uid out of the edges of the can thi. On the
other hand, by de�nition of the time varying pressure bounda ry condi-
tion for t > t 0, there is no pressure gradients to drive tear �uid �ow in
the direction tangent to the boundary.

Effects of Gravity
Gravity redistributes the tear �lm from the top (near the upp er lid) to
the bottom of the domain (see right column of contour plots). The dif-
ference in the thickness with and without gravity can be as mu ch as1:8
nondimensional thickness units. Comparing the upper menis ci regions
at t = 5 :0, the blue band is missing and illustrates the competition be -
tween capillarity and gravity. At later times, the interior ridge drains
across the surface of eye.

Frozen, G = 0 Frozen, G =0.05

Gravity also changes the direction and rate of the tear �ow in the menisci
and canthi promoting hydraulic connectivity. Not all of the tear �uid is
channeled out the corners as before, but some tear �uid trave ls around
and into the lower meniscus.

Conclusions

We have shown that the eye-shaped domain coupled with the tea r �lm
thickness boundary condition produces stronger capillary actions at the
intersection of the upper and lower black lines. Furthermor e, we found
changing the speci�ed curvature of the menisci alters the te ar �lm thick-
ness in the menisci and canthi regions. With gravitational e ffects, the tear
�lm is redistributed and the direction of tear �uid �ow is cha nged in the
menisci and canthi regions. Note, there are different choic es for the BCs
in the evolution equation such as specifying the normal dire ction of the
�ux along the boundary. We are currently working in this dire ction.


