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Introduction

Optimization of a cost functional is a fundamental task in image
processing and computer vision

Segmentation, denoising, deblurring, registration etc..
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Problem Statement
minimize f x) WEy" - vy

1 What is the best path?
1 How to avoid maximum or saddle point? NEW

1 Can we impose some preferences on the path?

New optimization approach which incorporates knowledge/information
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Descent Methods
minimize f k) WEy" - vy

Givenstarting point x| dom f
Repeat
1. Compute a search directiah

2. Line search. Choose step size)
3. Updatex:=x+td
Until stopping criterion is satisfied

f(xk+1) < f(Xk)

Gradient descent and Newton methods are most widely used in practice
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Descent Methods

Gradient descent derivation

First order Taylor approximation
0
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Descent Methods

Gradient descent derivation

First order Taylor approximation

Quadratic norm

f(x+d) °f() (+f@d |d 4, =|P4_ Pis.

B d- 7 &y

Newton step derivation
second order Taylor approximation

f(x+d) °f(%) (+ @) d %<+ (@ dJ mp

Bf (%)
P?f (x)

Quadratic convergence if sz(X) 2ml and HDZf(X) ; E]‘(y)” g x

o Z,
rTL]ZDf(x+) ¢§% 364 E
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Descent Methods

of the Newton method is that the solution may be attracted to - - S

a local maximum or saddle point if the Hessian is not positive definite

Trust-region method.
min{ f (x+d):|d| ¢ }D

Basic concept

&)

1 Define a model m, (e.g. Taylor expansion) in the trust region

1 Define a trust-region set B, :{ X ly" :Hx X

1 Compute a step d, that sufficiently reduces the model s.t. x +d,_ | B

1 Accept the trial pointif , .— f(x)- T(x +d) >h (0,0.25)
m(%)- mx +d)

i Update the trust region radius: if r, <0 . thén decrease D,

if r,>0 . theénincrease D,
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lllustration of the Trust-Region Method

f(x,%)= 40X 20X 4sinkx) 2% %
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lllustration of the Trust-Region Method
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Convergence Results

if
f(X) twice-continuously differentiab
F(x)2 Ky
D2 f ()| ¢K,
I
1 The sequence f(x,) is strictly decreasing
|

lim BF (%) =0
- sz(x*) 20

HDf xk+1

8 Super linear convergence (in CG with trust-region) Li_m

Sorenson, SIAM J. Numerical Anal, 1982

Mo r @ane Sorenson, SIAM J. Sci. Stat. Comput. 1983

Steihaug, SIAM J. Num. Anal., 1983

Conn, Gould, Toint, A TReugsiton Met hods o, 2000.
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Truncated Conjugate Gradients Approach

g= B(x)

setd, = Oy, Vo =Tor 3
td,=0r, YV, =T n‘LZf()ﬂ() '(gl q<> =2|,< Bql q> B= E%f()&)

fIr| <e
returnd = d, ;
forj=0,1,2,...

if (Bv;|v)¢0
findz suchthatl=d, +8 anfid = D retudh
set a, :<rj h> ,<ij M> :

setd;,, =d, &,V ;

% ]
find¢ suchthal =d_+4, anpd/= D returnd ;

setr,,, =r, -a,Byv; ;

if Hrj+1H<eHr0H
returnd =d,, ;
set bjﬂ:{rj . F y> (rj ,|j> Steihaug, SIAM J. Num. Anal., 1983
setv,,, =1, W
end
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So Far é

I Descent methods in real functions (gradient descent, Newton)

1 Trust-region methods for numerical stability
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What Next?

i Descent methods in real functions (gradient descent, Newton)

8 Trust-region methods for numerical stability

Can we go further? -

# How can we modify and generalize optimization methods in

variational framework?

# Can we impose some knowledge by changing the metric
model?
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Optimization in Variational Framework

. s 1 g
1 Gradientdescent d = - FE(T) ammlniedE(f,J/) E”"’Jﬁ :
y [ \

# Inthe classical gradient descent X = L2

@ Generalized gradient descent method:
®  Anew inner product is defined by <u,v> <£ u,v> Sy £6 prsie

[:: definite operator
) (- - fE(f) = - ( LzEE)f))

® Prior on the deformation field in shape warping and tracking
applications
Charpiat, Maurel, Pons,Keriven, Faugeras, IJCV 2007.

B Improved segmentation by Sobolev active contours.
Sundaramoothi, Yezzi, Mennucci, VLSM 2005, 1JCV 2007.

24-Mar-09

15



Generalized Newton Step Derivation

Q) =E(f) +&(f, ¥ % “H( T, )

QU)=E(N) { PE(NIY), SfHessianE()yl). stly ly) ¢ I

Is it good enough?

24-Mar-09 16



Geometric Active Contour

Casseles, Kimmel, Sapiro, IJCV 1997
Chan-Vese, IEEE TIP 2001
g(fpu) =

1+ @ //

f ¢ level set function, ¢ given image, &, scalars

gradient descent Newton with trust-region
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Newton Method with trust-region
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Generalized Newton Step Derivation

Q()=E( { PE(NIY) HAHessianE()yly sty 1) ¢ P
k k k

Q) =E(f) 4o, PE(DIY) A rHessian B ( )y |y St{cy 1y) ¢ P

mmmm) Leads to the following PDE

A +r(Ky) = )
R AN = Gy b9
B (self-adjoint operator) g
satisfies the convergence conditions ! S't'<y |J/>£(:3( R
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Generalized Newton Step Derivation

Givenstarting pointf

Repeat

1. Compute a search direction -minimizing @) Solving EulerLagrange
equation by truncated CG with trust regi@y .

2. Updatef:=f+y
3. Accept/rejectf, update D, , update
Until stopping criterion is satisfied
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The Second Variation

1 Besides the Euler-Lagrange equations, additional necessary condition for a

relative minimum is that the second variation is nonnegative @°(E, })2 0

R=1; ., i,j I{,.N}

i Inthe case of 2D

CE(, p=( v W W

ffx f £ ffy

1-O:0: O: O: Ot
W B B

iy ' ff, O ffy

B8 B B2

Theorem: positive definite R(x)is a necessary condition for a relative minimum
(strengthened Legendre condition)

I The matrix Rwill indicate the local convexity
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Geometric Active Contour

8
. ; s 9d.(F . f  9d(F,f
R(Jgu-a) {u &) § b7 BY;
e
| d( ¥ .f a(¥;r - f,
HessiarF ):g J \E)(f\f = g‘D;‘jzy g‘é?/zy
ae
2 gd(f,f R CRVARR AQ
& Bf| pr DF”
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Geometric Active Contour

C y =argmink ¢, )
f.=argminF (£, C , ) By generalized Newton method

L.=h* Smoothing operator (self-adjoint and positive
definite)

Until convergence criterion
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Results-Geometric Active Contour

T Sobolev active contour  Suggested generalized Newton

24



Results-Geometric Active Contour

Gradient descent Newton

Sobolev active contour Suggested generalized Newton
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Results-Geometric Active Contour

Gradient descent Newton with trust-region

Ny \'-‘.J#‘i

Sobolev active contour Suggested generalized Newton
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Results Geometrlc Actlve Contour

@&@@MW@ T I
v, ey oy B TR O ¢

Sobolev active contour Suggested generalized Newton
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Results Geometrlc Actlve Contour

Gradient descent Nevvton with trust reglon

Sobolev active contour Suggested generalized Newton
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