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Abstract

The goal of this research is to revisit the stability results of Yeow
(1974) on extending flows with free surfaces. The eigenvalue problem
is formulated and solved for the flow of a Newtonian film such as
the one encountered in film casting. The stable and unstable region
boundaries is obtained. The analysis is extended to a non-isothermal
case similar to the work by Shah and Pearson (1972) and German et
al. (2006). Stability boundaries for different attenuation velocities (at
the inlet and the exit of the process), and viscosity ratios are obtained.
For the solutions which are unstable (or marginally unstable), time-
dependent solutions (oscillating or growing in time) describing the
free surface motion are obtained. The analysis which is applicable to
a filament geometry is extended to a sheet with two length scales.
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1 Introduction and Motivation

The main objective of this study is to understand the effects of increasing the
thickness ratio of a flowing filament or sheet. In film casting or fiber spinning,
the thickness ratio relates the thickness of the film at the inlet of the casting
device to that at the outlet. An increased value of the thickness ratio can be a
consequence of higher flow rates or a decrease in the final product thickness,
both of which are often required to reach production goals. In this work,
we analyze solutions by revisiting a filament geometry widely known in the
literature, Yeow (1996), German et al. (2006), Suman et al. (2008), Pearson
et al. (1969).

The main results in Howell (1996) are the identification of the relevant
length and timescales for the buckling of viscous sheets and the derivation
of new models for fully three-dimensional sheets of arbitrary geometry. The
transition from stable to unstable solutions is examined as a function of a
fixed Stokes number and a decreasing Stokes number. The eigen equation of
this transition is used to reveal eigenvalues that change sign as the stability
boundary is crossed. In addition, solutions of the time-dependent formulation
of the problem show exponential growth in time with variables thickness or
speed.

The filament analysis is extended to a geometry with two length scales
and the solution approach is summarized.



2 Filament Problem

To generate thin filaments, a molten polymer is pumped through a circular
opening in a metal plate and drawn down by axial tension. The thread then
cools, solidifies and is wound on a spool, which provided the axial tension
needed for the process (Matovich et al., 1969). We wish to study the stability
of this process, particularly as it relates to the thickness ratio, or the ratio
of the thickness of the film at the opening in the metal plate to the final
thickness when it reaches the spool.

2.1 Formulation of Mathematical Model

To develop a mathematical model of the filament spinning process, we begin
with the standard Navier-Stokes equations and continuity for an incompress-
ible Newtonian liquid given by

Sit
p (8—7: + - Vﬁ) = -—Vp+ V- u(Vi+ (Vu)T) + pg, (2.1)
V-d=0, (2.2)

with the coordinate system defined such that z is in the direction of the
attenuation, r is in the radial direction of the cylindrical filament, and 6
is the azimuth, as shown in Figure 1. The velocity vector u is given by
U = (u,ug,u,), p is the density of the liquid, p is the pressure, and g is the
acceleration due to gravity.

Figure 1: Filament diagram showing axis orientation.

We employ the stress balance at the filament-vapor interface,

T - = —kof + Si, (2.3)



where T is the stress tensor, k is the curvature, o is the surface tension, S is
the shear stress, and 7 and ¢ are the outward unit normal and the tangent
vectors to the interface, respectively. An additional boundary condition at
the filament-air interface is the kinematic condition

oo
Ot ”Zaz’

where 7 = h(z) is the location of the filament-air interface. Because the
radius of the filament is much smaller than the length of the filament in the
z-direction, we take a lubrication-type approach to the problem, following
the derivation given by Suman and Kumar (2008). We assume that the flow
is axisymmetric and that uy = 0. We scale the length in the r-direction by
the radius of the filament at the inlet of the spinning device r, and the length
in the z-direction by the distance from the inlet of the spinning device to the
outlet L. Pressure, viscosity, and the nonzero components of the velocity
vector are scaled as

Uy

(2.4)
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where the superscript “*” denotes nondimensional quantities, and pu, and V,,
are viscosity and the velocity in the z-direction at z = 0, respectively. All
of the following formulations are in terms of the dimensionless quantities,
though the “*” is omitted for convenience. The velocity components and
pressure are expanded as

U, = uy(2,t) + (er)?ug(z,t) + O 64),

Ou, r  Ousy e2rd

Uy = P (z,t)§ P <Z’t>T — 0(64), (2.5)
P = Dpo(z,t) + pa(z,t)(er)? + O(e").

We impose a temperature profile in the z-direction to simulate the presence
of heaters surrounding the filament. The viscosity u is then expressed as a
function of z rather than directly a function of temperature. The leading
order governing equations and boundary conditions then give the following
differential equations for the cross-sectional area of the filament A, neglecting
the effects of sheer stress:

ou, Ou,\ 0 ou, Re
ARe ( 7 +u0§) = (u(z)A 7 +C\/Z) + A, (2.6)
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The important parameters that arise are the Reynolds number Re, Froude

number Fr, inverse Capillary number C, and Stokes number Re/F'r, all of
which are described in Table 1.

= 0. (2.7)

Symbol | Formula | Description | Typical Values
pLVo Inertia -5 _1n-3
Re 3po Viscous forces 10 10
\% Inertia -5
Fr gL Gravity 10
oL Surface Tension 4 1n-2
¢ 30 Voro Viscous forces 10 10
Re pL2g Gravity 1—2392
Fr 310 Vo Viscous forces

Table 1: Parameter formulas, definitions, and typical values used in this study.

2.2 Steady State Solution

We now have the filament problem in a nondimensional form. The first step
to understanding our system and its behavior will be to study the solutions
when all time derivatives are set to zero. That is, we will begin our investi-
gation by looking at steady state solutions to the system:

(Au)z =0

Re(uus) = (ju(2)Au, + CVA)., + %A

, for 0 < z < 1, with boundary conditions
u(0) = A0) =1, Tr=u(l)

, where Ty is the thickness ratio. The first of these two governing equations
can be integrated to give
Au=¢



for some constant ¢;. By the boundary conditions, we can then infer that

¢y = 1. Thus,

1
A=
Uu

. Substituting this new relation between A and u back into our differential
equation and making the simplifying assumption that Re = C' = 0, we now
have the final formulation of the steady-state problem:

U, ) ~Re 1

=—-—, 0O<z«l
Fr u’ & ’

(=)

w(0) =1, Tr=u(l).

This is a non-linear two-point boundary value probem that MATLAB’s
bvpdc () was designed to handle. MATLAB’s bvp4 () is designed to solve
ODE’s in the form

y' = f(r,y), a<z<b,
g(y(a), y(b))=0.

Now, our problem is in the form
Uy = f(u,u,), 0<z<IL.

So, to get the required form, we define

where h(y1,y2) is defined by

1 Re

h(y1, y2) = u(2) (Mz(z)yz + ,u(z)% + E) .

Recalling that we are imposing a temperature curve, and thereby impos-
ing a viscosity curve, u(z), we have a well-posed problem with several physical
parameters that should vary the behavior of the system. In the next section
we shall look at how the velocity and the thickness profile behave as a result

of varying Tk, %, and p(z).



Before we continue on to the results of our numerical investigation, we
will take some time to discuss our choice of u(z) curves. Our requirements
for choosing a viscosity curve were that ;(0) = land u(1) = B, where B is
some constant to be determined. We also felt that it would be useful to have
some control over the rate and shape of the curve. To this end, we chose

e —1
er —1

u(z) =e™+ (B —e€").
This viscosity curve allows us to observe different phenomenon that the sys-
tem undergoes for different heating and cooling curves.

To investigate steady state behavior, we first consider a constant viscosity,
p = 1, followed by two monotonically increasing viscosity functions, pu =
p1(z) and p = ps(z). Figure 2 shows p(z) and ps(z) plotted vs z. Notice
that u(z) reaches a high viscosity level quickly and then begins to level
out, whereas ps(z) remains small and then spikes as z approaches 1. For
the constant viscosity case, Figure 3 presents the radius profile for various
thickness ratios. We observe that for small thickness ratios, the radii decrease
almost linearly, but for larger values, they become nonlinear, concave-up
curves.

Viscosity Functions

10 T T

Viscosity

1 I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 2: Several viscosity functions applied in this study.
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Figure 3: Radius vs z for various thickness ratios with pu = 1.

In figure 4, the radius profile is presented again for different thickness
ratios. In this case, the curves all have a similar nonlinear, concave-up shape.
The radii decay quickly for small z-values, followed by a slower decrease as
z approaches 1. This is due to the structure of u(z), i.e. higher viscosity in
a region causes a larger-magnitude decay. We observe that for all thickness
ratios, the final radius is comparable to the constant viscosity case. Figure
5 shows the radius profile using ps(z). In this case, the initial shape of the
curves are very similar to those in Figure 2. However, as z approaches 1,
the higher viscosity of us(2) function again causes a drop in the final radius
of each curve. Interestingly, changing the viscosity does not seem to have a
radical effect on the overall shape of the curves.
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Figure 4: Radius vs z for various thickness ratios with p = p1(z).
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Figure 5: Radius vs z for various thickness ratios with p = pa(z).



Finally, Figure 6 presents starting force, the force at z = 0, vs thickness
ratio for p = 1, u1(z), and pe(z). We note that overall, higher viscosity
yields a larger initial force. In all three cases, a thickness ratio of 1 yields no
initial force. This supports the conclusion that higher viscosity results in a
reduction in the stability.

35

start

Force

Figure 6: Starting Force vs z for p =1, p = p1(2), and p = pa(2).

Now that we have studied the steady state solution of the filament prob-
lem and have done some numerical exploration of the effects of the physical
parameters on the thickness and velocity curves, we would like to know if
those solutions are stable with regard to small or large perturbations. To
this effect, we will look at two different ways to determine the stability of
the solution. First we will explore a linearized eigenvalue problem followed
by a scheme of perturbing the steady state solution and examining how the
solution evolves in time by solving the full time-dependent problem.

2.3 Eigenvalue Problem

The first and probably the easiest approach to study the stability of the
steady states is through a linear stability analysis. For this, we express each
variable in the following way (notice that the possibility of perturbations in
azimuthal and radial directions is not considered):

10



u(z,t) = ?(z) 1 ”12(2)6”,
Az, t) = A(2) + A(2)eM,

where we use hats to denote steady-state solutions and tildes to denote a
small-amplitude perturbation term. Here also A is the growth rate of the
perturbation. Upon substitution of expressions (2.8) and (2.9) into our fila-
ment model (equations 2.6 and 2.7), and after linearization, the perturbation
variables are found to satisfy the following differential equations:

M + (GA +TA), =0, (2.10)
Re(ANUA + ATt + T A + AUt,) = [u(2) At, + p(2) AT,

Re ~ Cc ~ A, ~
A+ —— (A, — 2 A). 2.11
T At —= (A, I CARY

VA 24
This system of linear homogeneous equations constitutes an eigenvalue prob-
lem, where A is the complex eigenvalue in it (the real part being the growth
or decay rate, and the imaginary part, the disturbance frequency). The
boundary conditions are: @(0) = 0, A(0) = 0, and %(1) = 0.

A variety of methods can be applied to solve the eigenvalue problem,
most of which treat it as an initial-value problem and solve it numerically
using finite differences. Using that approach, with backward differences to
approximate first order spatial derivatives, central differences to approximate
second order spatial derivatives, and considering Re = C' = 0, we find:

(@Zz + ﬁz;{l) - (@'71;{@'71 + ﬁiflA\ifl)

)\1’4/@ - 0,
* 7
~ Uy — Uiy Uy — Uiy Ay — Ay ~ Ui — 2U; + Ui
L A; ; i A
il T oo P2
~ Uy — Wiy U — Wi Ay — Ay ~ Ujy1 — 2u; +U;—1 . Re ~
B A no M 2 T E

where h denotes the mesh size (uniform) of the spatial discretization, and

i=1,2,..,n, for n = + — 1. From this we obtain:

AN+ M A+ MU =0, (2.12)
BiA+ ByU =0, (2.13)
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where A = [A; Ay ... A, U =1[u1 us .. up,), and My, My, By, By are
n X n bi- or tridiagonal matrices containing information about the steady
state solution.

Thus, after the substitution of equation (2.13) into (2.12) we get the
eigenvalue problem: MA = A, with M = M,B, B, — M,. This procedure
was implemented in MATLAB to obtain the leading eigenvalue (largest real
part) of the matrix M. The results are independent of the numerical method
used (different finite differences schemes) but are slightly sensitive to the
number of nodes. It is worth mentioning that the results obtained are close
to those reported in Wyley et al. (1996) and Suman & Kumar (2008).

To analyze the stability behavior, the real part of the leading eigenvalue
has been plotted as a function of the thickness ratio (Figure 7).
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Figure 7: Critical thickness ratio vs Stokes number.

Now that we have an implementation of a linear stability scheme, we can
utilize said scheme to numerically investigate the system. Even though the
eigenvalues are sensitive to the number of nodes used in discretization, the
trends of the eigenvalues with respect to other physical parameters is fairly
robust. To that end we have used the linear stability model to investigate
the change in the crossover thickness ratio with respect to varying the Stokes
number, Re/Fr.

The results are displayed in Figure 8. Here we can see that the general
trend is that an increase in Stokes number causes an increase in the critical

12



draw ratio. It is important to note, however, that the smallest critical
ratio in the middle graphs (which represent the addition of a heating source)
is about twice as large as the smallest critical ratio in the far left graphs,
representing a constant viscosity curve. Thus we can see that by adding a
heating source, a larger thickness ratio can be obtained.
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Figure 8: Critical thickness ratio vs Stokes number.

2.4 Time-Dependent Solution

Though we have an eigenvalue scheme to study the stability of our steady
state solutions, we would like to know how both the stable and unstable
solutions behave as a function of time. Studying the time-dependent solution
numerically should also allow us to confirm the results of our eigenvalue
scheme.

To this end, we now go back to the full system of equations

At + (Au)z = O,

Re
(u(z) Au,), + ﬁA = 0.

Because we are ignoring the inertial forces, a time derivative only appears
in our first equation. This allows us to use a more ad-hoc approach when
solving this system. The basic overview of our scheme is as follows, where

13



superscripts are used to denote the time variable, and subscripts are used to
denote the space variable:

e Solve the steady state problem.

e Perturb the steady state solution slightly, or not so slightly, depending
on the affect we desire.

e Take an Euler Step in the time direction by estimating

k
A:‘LH = E(A?A“?A — Ajuy),

where k is the time step and h is the spacial step. Here we used upwinding
due to the velocity direction in our problem.

e Estimate u"*! by solving

Uu, — U; u
/ i41 i—1
/’LZAZ'

n+1 n+1 An+1 _ A?_Jrll unJrl _ ,ntl n+l 2u;1+1 + U?+1
M.-
2h ‘ 2h 2h h?

e Repeat Steps 3 and 4 ad infimum or until some stopping criteria has
been reached.

Though this method led us to some interesting numerical data, and our
data converged as we decreased the time step and increased the grid points
in our spacial dimension, our scheme is not without short comings. Since we
have used an explicit method, the spacial grid size can only be increased to
a certain point before the time step must be decreased. Thus if we required
very accurate results, our current method would take a significant amount of
computing time. Instead of an Euler step, we could implement an implicit
method to enable us to take a larger time step. In addition, we could
implement an adaptive time step to lessen the number of steps required to
reach a steady state after the perturbation, since for a steady solution most
of the dramatic change of the system occurs close to t = 0.

With or without these improvements, the time-dependent solution method
has several benefits over the eigenvalue scheme. The eigenvalue scheme is
based on a linearization of a small amplitude perturbation. Because we
introduce our perturbations numerically in the time-dependent case, we can
study the effects of both small and large perturbations. In addition we can
study the effects of several types of perturbations. For example, we could

14
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introduce an increase in the exit velocity of the material or a sinusoidal varia-
tion to the thickness curve. In this report, we will concentrate on an increase
to the exit velocity of the material.

As a first approximation, we have decided on a simple step function to
increase the exit velocity by 30% as shown in Figure 9.

Example of Velocity Perturbation
1.5 T T T T T

131 B

121 b

11 b

u(1)

091 B

0.8 B

0.7 b

0.6 b

05 L L L L L L L L L
0

Figure 9: Velocity perturbation.

We investigated several phenomenon with the time-dependent solution.
The first and most interesting phenomenon was the fact that we can find a
thickness ratio that is unstable with a constant viscosity that becomes stable
when a heating curve is applied. This occurrence can be seen in figures 10,
11, and 12. The first figure shows the time evolution of the steady state
solution with constant viscosity and a thickness ratio of 50. Here we can
plainly see the instability evolve. Figure 11 shows the same system but with
a heating curve, where the viscosity is increased by a factor of 2.  As one
can see, this heating curve changes the instability of the constant viscosity
case to a stable curve. The final figure shows the effects of a cooling curve.
We notice that this curve also has an unsteady solution.
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Figure 10: A vs t for constant viscosity.
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Figure 12: A vs t with a cooling source.

At this point it behooves us to mention that the eigenvalue scheme and the
time dependent method do not agree numerically for the crossover thickness
ratio from stable to unstable. We have seen that by increasing the number
of grid points in the spacial direction, the time-dependent method tends
towards the value given by the eigenvalue scheme and with previous results.
We believe that if we had time to compute a very fine spatial grid along with
a very small ( &~ 1075) timestep, the results would agree.

Since our model has been nondimensionalized, the only control we have
over the absolute viscosity is by changing the value of Re/Fr, the Stokes num-
ber term. This term contains the initial viscosity in its denominator. Thus
by raising the Stokes number we can investigate the effects of having a lower
absolute viscosity, and by raising the Stokes number we can investigate the
opposite effect. This was the second phenomena we investigated with the
time-dependent method. In Figure 13, we show similar figures to Figures 10,
11, and 12 for a higher Stokes number. We notice that all three curves are
stable with a thickness ratio of 50. These results agree with previous inves-
tigations that showed that by decreasing the absolute viscosity the system
becomes more stable overall.
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Figure 13: A vs t for a Stokes number of 50 with varying viscosities.

In conclusion, studying the filament problem has given us a wealth of
insight into the stability of extending flows. Even with a simplified one-
dimensional model, we were able to capture many of the physical properties
of the system. We saw the effect of a viscosity curve to the shape of the film
and the pulling force. We used our eigenvalue scheme to discover whether
a steady state solution is stable or not. We also used this scheme with a
binary search to find the critical thickness ratio. We were then able to study
the effects of heating and cooling on the critical ratio as well as the effects
that increasing the Stokes number has the critical ratio. Finally, we used a
perturbation and time step method to further investigate the stability and
the evolution of the thickness profiles, both stable and unstable.
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3 Sheet Problem

Film casting is the process by which a molten polymer is stretched into
thin sheets in air and then cooled on a chill roller, as described by Lam-
berti (2001). Mathematical analysis of this procedure is similar to that of
fiber spinning but with the additional challenge of a significant length in the
transverse direction, rather than the axisymmetry involved in the fiber prob-
lem. Appropriate simplifying assumptions must be made to produce a viable
mathematical model that can be used to analyze the stability of the steady
state solution with a given thickness ratio.

3.1 Formulation of Mathematical Model

To develop a mathematical model of the sheet, we follow a similar formula-
tion to that of the filament problem but with a Cartesian coordinate system,
defined in Figure 14. We begin with the Navier-Stokes equations for momen-
tum and mass conservation given by

p(Ou+u-Vu)=-Vp+V T+ pge,, (3.1)
V-u=0, (3.2)

where u = (u,v,w) is the velocity vector, 7 = u(Vu + (Vu)T) is the total
stress tensor, J; is the time derivative, p is the pressure, e, is the unit vector
in in the y-direction, g is the gravitational constant and p is the density. The
stress balance at the liquid-air interface is

(—pl +p7T) -n = —kon + St, (3.3)

where n is the outward unit normal vector to the surface, k is twice the mean
curvature, o is the surface tension, S is the external shear stress, and t is the
unit tangent vector.
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Figure 14: Sheet diagram showing axis orientation.

For the highly viscous fluids, such as the materials relevant to this study,
the Reynolds number is very small, Re < 1, which makes the left-hand side
of the Navier-Stokes equation negligible, giving

0=-Vp+V-T+ pge,. (3.4)
Based on the physical construction of the problem, we make the following
assumptions:
u:u(x7y7t)7 U:U(‘,L‘7y7t)’
w=uw(x,zt), pu=uly).
This leads us to

fy(Uy + V) + (2 + Uyy + Vxy + Wx,) = 0, (3.5)
211y Uy + p(Uyx + Usx + 205y + Wy,) = pyg, (3.6)
Py Wy + (1 (Wexe + Wyy + 1w,,)) = 0. (3.7)

Because the thickness of the sheet in the z-direction is much smaller than
all other length scales in the problem, we let ¢ = d/L << 1 and perform
an asymptotic expansion in terms of e. We let v = L;/Ls be an order one
quantity and scale the length and velocity components such that

r = — s = — s z = — s
L Y T I, ¢Ls

v Ty YT
where V' = v(0,0,0) and the superscript “*” denotes dimensionless quan-
tities. We scale the viscosity p by o, the viscosity at y = 0. With these
scalings, the leading order nondimensional system is

* * 2 * * * *

Py (U + V) + ,u(ﬁux*x* F Uge e+ Vs W <) = 0, (3.8)
\ 1, 1, \ \ pgl’

2/,l,y*'Uy* _'_ ,U/(?ux*y* _'_ ?va*x* + 2Uy*y* _'_ wy*z*> — VMO y (39)
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2w« = 0. (3.10)

With the additional assumption that viscosity is constant and that the
effects of gravity are negligible, Howell (1996) applies the appropriate leading
order boundary conditions to this system to obtain the following governing
equations for the nondimensional thickness of the film h:

he + (uh), + (vh), =0, (3.11)
[2h(2uy + vy)] + [P(uy + v2)]y = 0, (3.12)
[2h(2uy + vy)]y + [h(uy + vy)]e = 0. (3.13)

All of the variables in the above equations are nondimensional, with the
superscript “*” dropped for convenience. It is interesting to note that the
one-dimensional version of Howell’s model, which considers a sheet of infinite
length in the z-direction, is very closely related to the fiber model. The
equations governing the thickness h of the infinite sheet in Howell’s model
directly correspond with the equations governing the cross-sectional area A
of the fiber when the same assumptions about a small Reynold’s number
are applied, as mentioned in Howell (1996). Thus, the numerical simulations
and eigenvalue analysis performed on the fiber problem can be related to
the sheet problem for sections of the sheet far from the boundaries in the
x-direction.

3.2 Eigenvalue Problem

Similar to the filament problem, if we could find a steady state solution to
the two dimensional sheet problem we should then perform stability analysis
on those solutions. To this end, we have formulated a linearized stability
analysis problem that is then reduced to an eigenvalue problem. We start
with the steady state system

(uh)z + (vh)y =0,
[2h(2uz + vy)o + [(uy + v5)]y =0,

[y + )] + 2 (s +20,)], = 0.
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To make the notation of this system more manageable, we define the
following differential operators

Li(h,u,v) = (uh), + (vh)y,
La(h, u, v) = [20(2uz + vy)]o + [2(uy + v2)ly,
Ly(h, u,v) = [h(uy + v2)]a + [2h(us + 20y)],.

With these definitions our steady state problem becomes

Li(h,u,v) =0, i=1,2,3.

It will benefit us to take a moment to discuss one property of these op-
erators. We can show that all the differential operators defined above are

linear in the first component and linear in the second and third component.
That is,

Lz<ah1 + thu,'l]) = aLi(h'lu u, U) + 5Li(h'27u7v>7

and

Li(h, auy + Pug, avy + vy) = aLi(h,uy,v1) + BLi(h, ug, v2).

Now, assume that (iz,ﬁ, @) is a solution to steady state problem. Next
we define h, v, u to be a solution to the steady state plus a small amplitude
perturbation. Let

h=h+he v="0+0eM u=1a+ae. (3.14)

Substituting (3.14) into equations (3.14), and using the fact that the

perturbations are of small amplitude, we can see that
A+ Ly(h, @, 0) + Ly (h, @, ) = 0,

Lo(h, @, 0) + La(h,@,7) = 0,
Ls(h,a,0) + Ls(h,@,0) = 0,

If we let H,U,V be discretization vectors of h, @, 9. Then the problem
(3.15) can be represented as

MNH + AU + AV =0, (3.15)
B1H + ByU + B3V =0, (3.16)
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where A;, B;,C;, 1 = 1,2, 3, are the appropriate discretization of the differ-
ential operators and the steady state solutions.

Assume that B;, C; are invertible for j = 1,2. Solve equations (3.16) and
(3.17) for U, V. Then we find

U= (P4_P3P1_1P2)H7 V:P1_1P2H, (3.18)
where

P, = B;'By — C;'Cs,

P3 = B;lBg,
P,=Cy'C, — B;' By,
P, = —-B;'B,.

Then equations (3.15) and (3.18) give an eigenvalue problem as follows:
MNH + Ay (Py — P3P Py)H + Ay PP PH = 0. (3.19)
Let M = Ay (P, — PyP'Py) + Ay P ' P,. Then
(M + M)H =0, (3.20)

where [ is an identity matrix.

Thus, if we could solve the steady state solution to the sheet problem,
we could find the eigenvalues of M and if any of the real parts of those
eigenvalues were positive, that solution would be unstable.
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4 Recommended Future Work

The work presented in this paper can be extended in several ways. A careful
derivation of the two dimensional sheet problem should lead to a complete
system that can be studied with a variation of the methods presented here.
In the case of our steady state problem, we could take advantage of an out-
of-the-box solver, bvp4c(). Though the two-dimensional problem cannot be
attacked by a standard solver, one could write a finite element scheme to
handle both the movable boundaries and the non-linearities of the system.
Once a steady state solver is implemented, the stability analysis should pro-
ceed more closely to the techniques used in this report. The time-dependency
would only be present in one of the three governing equations, and thus the
ad-hoc method of an Euler Step followed by an steady state update would
work just as well in the two-dimensional case as in the one-dimensional case.
The eigenvalue scheme could also be formulated and used to find crossover
thickness ratios. However, the numerical instabilities that where seen in small
ways in the one dimensional case will grow when more inverse matrices must
be explicitly formed.
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