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Abstract

Recently, the visualization of algebraic implicitly givencurves and surfaces of degree
greater than 3 has become an area of active research. Most of the approaches either
use raytracing or triangulation techniques to produce a good approximate picture of the
varieties, often by using recent hardware equipment such asgraphics card processors.

However, the examples which are used as test{cases for thesealgorithms are often far
away from the most complicated situations which can actually occur simply because
these examples are not easy to construct or to �nd in the literature. Actually, in many
cases it is currently even not known what the most di�cult possible example is.

We provide a list of equations of which we can prove that the examples are at least close
to the most di�cult possible ones. We restrict ourselves tohypersurfaces inRn, i.e.
objects which are the zero{set of a single (possibly reducible) polynomial with rational
(or sometimes real) coe�cients. For convenience, the list is available as aSingular �le.

The related paper is still in preparation. In addition to thelist of problems, it will give
a brief intuitive down{to{earth introduction for researchers from the computer graphics
community to the related terminology from singularity theory when appropriate.

For this poster , we only considerplane curves (given by a polynomial in two
variables), andwe restrict the presentation to only four of the problems .

Some De�nitions

Most examples in our list will be | or at least will be related in some way to | singu-
larities. We thus start by de�ning what this is: Acritical point of a real hypersurface
f � Rn of degreed | by abuse of notation given as the zero{set of a polynomialf
of degreed in n variables | is a point p 2 Rn s.t. @f

@xi
(p) = 0 8 i = 1; 2; : : : ; n. If in

additionf (p) = 0 then p is called asingular point or singularity. A solitary point is
a singularityp s.t. there is a an open neighborhoodV � Rn of p which does not contain
any other point of the hypersurface. A hypersurface withoutsingularities issmooth.

an A2-sing.,d = 3 an A17-sing.,d = 6 an A15-sing.,d = 4 the swallowtail,d = 5

In the paper, we give { in an intuitive way { several other de�nitions related to visual-
ization questions, such as multiplicity, milnor number, tjurina number etc.

The Problems: Plane Curves

Main issues:

� Correctness: Topologically or just up to pixel level?

� Speed: Several frames per second or not important at all?

� Exact or approximate result? Approximate in which sense?

Visualizing a plane curve correctly which only has exactly one singularitiy at the origin is
signi�cantly easier than the more general case with many singularities. This is the topic
of our �rst examples. The other examples give di�cult cases with only one singularity.
The �nal paper aims to present an almost complete list of problems.

Problem 1: Many Solitary Points

The maximum possible number of solitary points on a plane curve of degreed, denoted
by � 2

A �

1
(d), is the genusg(d) of a smooth plane curve ifd 6= 2; 4:

� 2
A �

1
(d) = g(d) = 1

2(d � 1)(d � 2); if d 6= 2; 4:

Curves which attain this bound are calledrational Harnack curves. For our list we take
the rational Harnack curves which were constructed in [KO06] and call them KOd(x; y):

Let f d(x; y) :=
Q d� 1

k;l=0

�
e

2k�i
d x + e

2l�i
d y + 1

�
; KOd(xd; yd) := f d(x; y):

Problem 1 For d = 4; 5; 6; : : : , visualize the plane curvesKOd(x; y):

Problem 2: Higher Solitary Points

By a higher solitary point, we mean a solitary point which is not an ordinary double
point. To illustrate the problem which such singularities pose to (numerical) visualization
software, let us look at the �gure below which shows two visualizations of the plane curve
g = ( y � x2)2+ y4 (the left two images: a good and a bad visualization) together with its
graph inR3 (seen from two di�erent angles). The equation comes from a well{known trick
variants of which also exist for other types of singularities (see e.g., [Lab05], [Lab06]).

Problem 2 For k = 2; 3; : : : and l = 2; 4; 6; : : : , visualize the plane curves

f 2
k;l;+ (x; y) = ( y � xk)l + yk�l:

A correct visualization of all these only contains a single point (leftmost picture).

Problem 3: Many Small Connected Components

An explicit way of smoothing a plane curve with only solitarydouble points is the
following (see [Cos92] for a much more general result):

gKOd;"(x; y) := KO d(x; y) + "x � @KOd(x;y)
@x + "y � @KOd(x;y)

@y :

For visualization software, it is not easy to show all the small ovals resulting from this
small deformation of the KOd:

Problem 3 Visualize the plane curvesgKOd;"(x; y) for " = 10� i , i = 1; 2; 3; : : : and
d = 2; 3; : : : .

Problem 4: High Tangencies at Isolated Singularities

We use again the well-known trick mentioned earlier to produce equations yielding curves
of low degrees with very highAk-singularities. For almost all degreesd, the maximum
numberk(d) such that there exists a singularity of typeAk(d) on a plane curve of degreed
is not known. Currently, the best known (complex) upper and lower bounds are [GZN00]:

15
28d

2 / k2(d) / 3
4d

2:

We use the plane curvesf 2
k;l(x; y) instead of the curves reaching the lower bound above

because equations reaching the bound are only known in very few degrees (which is not
convenient for a list such as ours):

Problem 4 For k = 2; 3; : : : and l = 2, visualize the plane curves

f 2
k;l;� (x; y) = ( y � xk)l � yk�l

For more problems, see the paper (soon on arXiv.org)!
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