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Abstract

Recently, the visualization of algebraic implicitly gieemves and surfaces of degrge

greater than 3 has become an area of active research. Mot approaches eithe
use raytracing or triangulation techniques to produce d gpproximate picture of the
varieties, often by using recent hardware equipment sugfapBics card processors.

However, the examples which are used as test{cases foaljesems are often far
away from the most complicated situations which can agtwalcur simply becauss
these examples are not easy to construct or to nd Iin theatiiee. Actually, in many
cases It Is currently even not known what the most di cult bk example is.

We provide a list of equations of which we can prove that tampbes are at least closg

to the most di cult possible ones. We restrict ourselvesypersurfaces inrR", i.e.
objects which are the zero{set of a single (possibly rddupidlynomial with rational
(or sometimes real) coe cients. For convenience, thesleptailable as Singular le.

The related paper is still in preparation. In addition to tis¢ of problems, it will give

a brief intuitive down{to{earth introduction for reseaeth from the computer graphicg

community to the related terminology from singularity ttyewhen appropriate.

For this poster , weonly considemlane curves (given by a polynomial in two
variables), andave restrict the presentation to only four of the problems

The Problems: Plane Curves

Main Issues:
Correctness: Topologically or just up to pixel level?
Speed: Several frames per second or not important at all?
Exact or approximate result? Approximate in which sense?

Visualizing a plane curve correctly which only has exan#dysogularitiy at the origin is
signi cantly easier than the more general case with magysinties. This Is the topic
of our rst examples. The other examples give di cult casgk anly one singularity.
The nal paper aims to present an almost complete list oflpno$.

Problem 1. Many Solitary Points

The maximum possible number of solitary points on a plane @mirdegred, denoted
by il(d), IS the genug(d) of a smooth plane curvedfé 2; 4

2@=gd)=id DA 2)ifd62;4

Curves which attain this bound are call@tional Harnack curves For our list we take
the rational Harnack curves which were constructed in [K&@® call them KQ(X; y):

Letfa(X;y) = QE;.EO edx+edy+1 ; KOg(x%yd = fa(x;y):
Problem 1 For d=4;5;6;:::, visualize the plane curve&O4(X;Vy):

Problem 2: Higher Solitary Points

By a higher solitary point, we mean a solitary point whichasan ordinary double
point. To illustrate the problem which such singularitieseto (numerical) visualizatio
software, let us look at the gure below which shows two Nzsiimns of the plane curve
g=(y x%2%+y*(the left two images: a good and a bad visualization) togetitie its
graph inR*® (seen from two di erent angles). The equation comes froni{kmaevn trick
variants of which also exist for other types of singular(Bee e.g/, [Lab05], [Lab06]).
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Problem 2 For k=2;3;::: andl =2;4;6;:::, visualize the plane curves
f206y) = (y XM+ yk!:
A correct visualization of all these only contains a singjliat jfleftmost picture).

Most examples in our list will be | or at least will be relatad some way to | singu-
larities. We thus start by de ning what this is: éxitical point of a real hypersurface
f R" of degreal | by abuse of notation given as the zero{set of a polynonial
of degreeal in n variables | is a pointp 2 R" s.t. %(p) =081 =1;2:::;n. IfIn
additionf (p) = 0 then p is called asingular point or singularity. A solitary point is
a singularityp s.t. there is a an open neighborhdbd R" of p which does not contain
any other point of the hypersurface. A hypersurface witemgularities ismooth

anA»>-sing..d=3 anA;rsing..d=6 anAiszsing.,d=4 the swallowtaild=5

In the paper, we give { In an intuitive way { several other deoms related to visual-
Ization questions, such as multiplicity, milnor numbenmiia number etc.

Problem 3: Many Small Connected Components

An explicit way of smoothing a plane curve with only solitdoyible points is the
following (see [C0s92] for a much more general result):

O5:(x;Y) i= KOG(x;y) + "% B4 vy BOL)

For visualization software, it is not easy to show all thellsowals resulting from this
small deformation of the KO

Problem 3 Visualize the plane curve®Oq4-+(x;y) for " =10 ", i =1;2;3;::: and

i

Problem 4: High Tangencies at Isolated Singularities

We use again the well-known trick mentioned earlier to m@dquations yielding curveg
of low degrees with very higky-singularities. For almost all degrekdhe maximum
numberk(d) such that there exists a singularity of typgq on a plane curve of degre
IS not known. Currently, the best known (complex) upper angt bounds are [GZNOO]

%—gdzl k4(d) / i—”ldz:
We use the plane curvéﬁl(x;y) Instead of the curves reaching the lower bound abpve

because equations reaching the bound are only known irevegefjrees (which is no
convenient for a list such as ours):

Problem 4 For k=2;3;::: and| = 2, visualize the plane curves
e, ay)=(y x9' y«!

A _

For more problems, see the paper (soon on arXiv.org
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