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Conics through p = [1 : 0 : 0] revisited

> p([x:y: z))=[xy:xz:y?:yz:27°.
» ¢([x:0:0])=[0:0:0:0:0] (not allowed!) = ¢ is not
defined at p.

Question
What do we add to ¢(P?\{p}) when we take the closure?

> Ify,z;éOthenfzt;éOéz:ty.

> o([xy s ty]) =Dy txy i yP ety 2yP)
> IimO[X:tX:y:ty:t2y]:[X:tX:0:O:O].
y—

We add intheline[s:f:0:0:0].
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Blowingup p=[1:0:0] € P?

Homogenizing the equation z = ty gives sz = ty.
» Bo(P?) ={([x:y:2z],[s:1])| sz=ty} c P> x P'.
» f: By(P?) — P2, where f(q,[s: {]) = q.

f—1 _ q q;ép
(@) {E a-p

v

v

» E = P! parametrizes slopes t = f of lines through p.

Question
What is intersection theory like on B,(P?)?
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Warmup: Intersection theory on P2

» Bézout’s Theorem in P" = H; --- H, only depends on
deg H,.

» Homogeneous form F with deg F = d < a hypersurface of
degree d.

Example
» V(y)=line L
» V(zy — x?) = conic F
» V(y?) = double line G=2L=F

In general:
» If deg h = d, then V(h) = dL where L is a line.
» alL-bL = ab
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Pulling back to the blowup

>

LineL=V(x). f'([0:y:2])=([0:y:Zz],[y: 2]) since
sz=1ty

E

—

= (L)=L=L
Line M =V(y). At[1:0:0], every [s: {] satisfies sz = ty.

_.—
4‘7,@/ P M

E

= f Y (M)y=M+E, M=M.
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If L1 N Ly = {p}, then
1= (L) (L) = (L + ) (L2 + E)
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The degree of ¢(P?\{p}) c P*

d(x:y:2])=[xy:xz:y?:yz: 2%

Linear form wy — wy corresponds to curve V(xy — z2) C P2,
Hyperplanes Hy, H, ¢ P* correspond to conics C; C P?
through p.

4=C1-Co=1F1(Cy) - F1(Co)=(Ci +E) (Co+E)

v

v

v

v

= C; - C, = degImage ¢ = 3.
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What is 1/(P?\{p, q}) C P3?

> Y(x:y:z]) =[xy :xz:yz: 2?]

> [wo : wy : W : ws] homogeneous coordinates on P3
> wows — wiwe = (xy)(2%) — (x2)(y2) = 0

» deglmagey =2

» Replace [1:0:0],[0:1:0]with £y, E, = P.

» Notice that [x : y : 0] — [xy : 0: 0: 0] = point.

» Image v = P? blown up at p, g with pg blown down.
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The degree of v

» Replace py,...,ps With Eq, ..., Eg.

> Ei2 =-1.

» Let Hy, H, hyperplanes in P3.

» The hyperplane correspond to cubic curves in C; C P?

through the 6 points.
C: - C> = 9 by Bézout's theorem, = C; - C, = 3.
= We have a cubic surface.

v

v
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Lines on surfaces

» P2 contains infinitely many lines = curves of degree 1.
> L1 . L2 =1

Question
Do our three new surfaces contain lines?

»(P?\{p, g}) contains two infinite families!
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Lines in the image of ¢ : What does ¢ do to L and M?

fa
’ \ 7

» Let's compute the degrees of L and M.

» A hyperplane section corresponds to a conic C C P2
through p and f~'(C) = C + E.

»2=C-L=(C+E)-L=C-L= Lisnotaline.

»0=(C+E)-E=C-E=1= Eisaline.

»2=C-M=(C+E)-(M+E)=(C+E)-M=C-M+1=M

is a line.
We have the line E together with an infinite family of lines L;
with I_t1 'Ltg =0and LtE: 1.
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Lines in the image of ~ : conics mapping to lines

» There is a unique conic Q; through {p1,...,ps}\{Pi}
»6=(C+Ei+-+Es) (Qr + Eo+ Es + E4 + Es + )

R e |
- HH
% i
E B

B B &

Jessica Sidman Mount Holyoke College Intersection Theory Il



Lines in the image of ~ : lines mapping to lines

»3=(C+E +  +E) (Lis+E +E)=C-Lizg+2
:>C~3-L;3:degL13:1
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How many lines are there on a cubic surface?

» 6 points blow up to lines E;

» 6 conics Q; map to lines

> (3) = 15 lines L; map to lines

» It can be shown (using intersection theory) that a smooth
cubic surface contains exactly 27 lines!

Figure: O. Labs. The Algebraic Surface Homepage. University of
Mainz (2004) www.AlgebraicSurface.net
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Summing up and looking forward . ..

» A theory of intersection numbers can help us enumerate
solutions to systems of polynomial equations.

» We can use intersection numbers to study geometric
questions.

» We can also define the intersection of surfaces in a
3-dimensional space to be a sum of curves (with
multiplicity), etc.

» When the algebra becomes unwieldy, we can often
translate questions about intersection theory into
combinatorial settings.
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