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Secondary fan

Fix A=|ajay...a,|czZix"

Recall O(I;P is precisely u > 0 s.t. supp(u) C some facet of A..
Hence OL‘P = O(I;P & A= Ay

The secondary cell of ¢ Clc] i ={ceR": Ay =A.}

Secondary fan  UgecrnClc| has finitely many cells and partitions R™. The
full dimensional cells correspond to triangulations.
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The secondary fan of the 3 x 5 example
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Grobner fan

Recall The non-optimal solutions NCIP for IP 4 . are precisely
ueN"st. x"einc(la).

Hence O(I:P = OL,P < ine(la) = ing(1a).

The Grobner cell of ¢

Ke :={c"€R" :inc(Ia) =ing(14)}

Grobner fan  Ucern/Ce has finitely many cells and partitions R™. The full
dimensional cells correspond to monomial initial ideals.
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The Grobner fan of the 3 x 5 example
All the initial ideals were computed using CaTS

(124, /
TQT 3T Y,
(T124, TQT3TY S

2 2
1Ty, T]TS, m4)
AN L1T5,

. 2,2 22y 3

\k}$2$3’$4 w4&{ ed
“ 7 (1,0,0,2,0)°
— / e 3
( 270707270)\\ /@// <:2§‘1£C4, :25‘1335, 2134>
-~ (2,0,0,1,0)

2
(zox3, T4 )

(124, T125, TQT3T5 )

(zox3, T175)

Grobner fan refines secondary fan If ¢ € R™ then K. C C|c]. That is,
if inc(la) =ing(l4) then Ac = Ay

IMA tutorial Il



Edwin O'Shea

Radicals of initial ideals

minimal non-faces { {1,5}, {4} }

in(3,0,o,1,0)(1A) = <371CU4, L1T5, 517421>

AN
Radical VI = {f : f™ € I for somen}

1 2
A(3)0,0,1’0> — {123, 235}

Let ¢ be generic. Let 7 C |n] and x, := [, ;

reT e

Vinc(l4) = (x; : 7a minimal non-face of A.)

3 x 5 example \/ing300.1,00(la) = V{Timy, 1175, 22) = (2175, T4 ).
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Total Dual Integralit¥ {DTDI)
Question When do we have the good fortune of LP 4 .(b) having an integer

optimum for all b € cone(A)NZ% Thatis, LP4. = IP4.. In this case,
we say YA < cis TDI.

Unimodular triangulation Every facet o of A, satisfies det(A,) = +1.

If ¢ generic then yA < c is TDI iff A is a unimodular triangulation.
A is a unimodular triangulation iff \/in.(14) = inc(14)

Equivalently, \/inc(14) = inc(I4) iff inc(I4) is squarefree. That is,

ino(I4) = (x¥1,x"2,...,x" ) with each v € {0, 1}".

Drop the genericity of ¢ yA < cis TDIiff (x¥V : v € (Q(I:P> is a
squarefree initial ideal.
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The 3 x 5 example

1 1 1 1 1
A=10 1 0 1 2 The system yA < (3,0,0,—1,0) is TDI.
00 1 1 2

o O =
S = =
_ O =

3

and det(A{2,3’4}) = det(A{2,4’5}) =
det(A{3,4,5}) = +1.

/ |
‘ det(A{1,2,3}) = det =1
2

1

A(3,0,0,—1,0)

iN3.0,0,-1,00{a) = (2174, T175, L2375 )
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Detecting TDI
Refinements A refines A, if forevery 7 € A d o € Ay with o C 7.

</

A@3,0,0,0,0) = {123, 2345 } A3.0,0.—1,0) = {123,234,245,345 }

If c,c’ € R"™ with Ay refining A; and Ay is a unimodular
triangulation then yA < c is TDI.

Example The system yA < (3,0,0,0,0) is TDI since As0,0,-1,0) IS
unimodular and it refines A3 0.0,0)-
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Weak Perfect Graph Theorem

01 01 0
MG =g 91 001
00 0 1 1 c(G)=(1|0)
1 2
WPGT G perfect iff yA(G) < c(G) is TDI.

3c(G) with Ay gy refining Ag gy and Ag gy is a unimodular
triangulation.

Remark The above strengthens WPGT by picking out the integer optima in
a uniform manner, given by Ay ().
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Computations: initial ideals and triangulations

Problem Given a large A say (41 x 21) and ¢ coming from a combinatorial
optimization problem how can we practically detect yA < c TDI ?

inc(oy(Lacgy) has 61 squarefree generators
computed using Macaulay 2 (< 1 sec).

Using TOPCOM (days) A () has roughly
5 x 10° facets, each of dimension 21.
Confirm det(A,) = +1 for each facet |o| = 21.

Max-flow Min-cut: A close cousin of WPGT Do max-flow min-cut (clutter)
matrices also have a strong perturbation in the sense of WPGT 7
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Identifying optimal sets O!P

Problem Characterize monomial ideals M for which M = in.(I4) for some
A and c. (Assume from now on that c generic.)

Standard pair decomposition of O(I:P

(u,0) std pair == u e N", o C [n]

Std. pair decomposition is unique.

(-, 7) std pair iff P, = (x,; : j ¢ 7) associated prime of inc(/4).
(+,0) std pair = 0 € A, = |o] < d.
o a facet of A. = # std. pairs (-,0) = det(A,).
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The Chain Theorem

QuestionWhich non-maximal ¢'s appear?

Chain Theorem If (-,0) std. pair with |o| < d then there exists
(-,0’) std. pair with ¢ C ¢’ and |o'\co| = 1.

Example If d = 3 and (1,{2}) is a standard pair of in.(/4) then so must
either (-, {1,2}) (-,{2,3}), or possibly both.
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Gomory’s Group Relaxations
Group relaxation of IP4 ¢(b) w.r.t. ¢ C [n]:

G7(b) =min{cu : Au=b, ue ", us > 0}

G?(b) bounded < o € A..
G?(b) solves IP 4 .(b) if opt(G7(b)) in N™.

G?(b) minimally solves IP 4 .(b) if G7(b) solves IP 4 .(b) but G7(b) does
not forall T € A, 7 D o.

G°(b) minimally solves IP4 c(b) < opt(IP4.c(b)) lies on a
standard pair (-, 0).

Polyhedral theory: standard polytopes.
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Gomory families

The family of integer programs IP4 . Gomory family if V b,
IP 4 (b) minimally solved by G?(b) for some facet o of A..

yA < c TDI = IP4 . Gomory family.

Problem Classify all A for which there exists ¢ such that IP4 . Gomory
family

Some progress A is A-normal matrix.
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Mind the gap
Integer Programming Gap gap4.c(b) ;= 1Pac(b) — LPA(b)
gapA,c = maxb(IPA,c(b) — LPA,C(b))

> tPs83P4.c(") (gen. function for gap) can be written as a short
rational function and its degree in s = gap 4 ..

Tools used Standard pair decompositions, group relaxations and more.
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