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Oil wells cost a lot of money and they will 
get drilled with or without the help of 

mathematicians. Proximity to money is a 
good thing.

Thought 1



Thought 2

Seismic imaging is a tough problem, with 
lots of opportunity for new contributions. 
The potential for application of advanced 
mathematics is comparable to Quantum 

Mechanics.



Thought 3

Translation invariant operators 
(convolutions, Fourier multipliers) are 

inadequate. Some sort of limited 
translation adaptation 

(pseudodifferentional operators, Gabor 
multipliers) is a path forward.



A 2-D Seismic Image
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3D volume

(WesternGeco )



3D Seismic Volume
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Ganges River



(CGGWorld2004)

Horizon surface extracted from seismic image volume
- vertical stripes are ‘acquisition footprint’

Buried river
channels



CREWES Blackfoot Survey
Compressional Impedance, Bottom of Glauconitic channel

P-P (1C) Simultaneous P-P and P-S 
(3C)

3 km



Marmousi Model
Industry Standard Test

Environmental Difficulties

1) Complex, layered environments

2) Multidimensional environments

3) Inhomogeneous background

4) Large scale (many wavelengths)

5) Strongly inhomogeneous environments

6) Focusing and defocusing regimes

Velocity



Marmousi Movie
Finite Difference Simulation
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Marmousi Data
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Marmousi Data

240 shots

96 receivers/shot

726 samples/receiver

8 bytes/samples

Dataset size= 240*96*726*8 ~ 134 Mbytes

Real datasets have 1000’s of 
shots, 1000’s of receivers/shot, 
and 1000’s of samples/receiver.



Its even worse than that
Elastic Wave Simulation
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Worse Yet
Anelasticity (waves lose energy to heat)
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Seismic Imaging Challenges

• Fast wavefield marching methods
– 3D, heterogenous, elastic, anelastic, 

anisotropic

• Sampling lattice, finite aperture effects
• Source signature estimation 

(deconvolution)
• Multiples, converted (elastic) modes
• Background velocity estimation
• Time-lapse imaging over active reservoirs



Remember



First Law of Geophysics
(Occam)

Use the simplest possible models until 
it is obvious that greater complexity is 

required.



Second Law of Geophysics

Try to ignore anything you don’t 
understand for as long as you can.



Seismic Imaging Paradigm
A common seismic imaging methodology is derivable from 

first-order inverse Born scattering
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Seismic Imaging Paradigm
Seismic imaging typically is done in the frequency domain 

and uses depth steps not time steps, so a more common  
imaging condition is:
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Seismic Imaging Paradigm
So for each depth, we must calculate two fields:

� �, , ,refl x y n z� �	

� �, , ,inc x y n z� �	

The reflected field comes from 
mathematically marching the recorded 
data down into the earth.

The incident field comes from a 
mathematical model of the source 
wavefield that is also marched down.

In both cases, the wavefield marching is done through a 
“background” velocity field that is presumed known.



Marmousi Velocity Model



Marmousi Wavefronts
finite difference simulation

Albertin, Yingst, and Jaramillo, Comparing … Maslov, Gaussian Beam, 
and Coherent State Migrations, SEG, 2001



Marmousi Wavefronts
Kirchhoff (raytracing) simulation

Albertin, Yingst, and Jaramillo, Comparing … Maslov, Gaussian Beam, 
and Coherent State Migrations, SEG, 2001



Marmousi Wavefronts
Gaussian beam simulation

Albertin, Yingst, and Jaramillo, Comparing … Maslov, Gaussian Beam, 
and Coherent State Migrations, SEG, 2001



Marmousi Wavefronts
Coherent state simulation

Albertin, Yingst, and Jaramillo, Comparing … Maslov, Gaussian Beam, 
and Coherent State Migrations, SEG, 2001



Marmousi Velocity Model



FOCI Pre-Stack Migration
Shot 30



FOCI Pre-Stack Migration
Shot 30



Depth Migration Movie



FOCI Pre-Stack Migration
Stack +50*Shot 30



FOCI Pre-Stack Migration
51 Point Operator, 15 Hours on 1 PC



Marmousi Velocity Model



Detail of Pre-Stack Migration



Marmousi Reflectivity Detail



Wavefield Extrapolation (Marching)
the phase-shift method

z
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Wavefield extrapolators
The phase shift operator
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Fourier Multiplier

(physics)



Generalization to v(x)
Locally homogeneous approximation (GPSPI)

A K-N form FIO
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Symbol (physics)

While a highly accurate approximation, this form is 
computationally challenging.



Possible routes to fast algorithms

• Approximate the operator using a compactly 
supported Schwartz kernel.

• Find a separable approximation to the K-N 
symbol.

• Perhaps a Gabor method. 



Wavefield Extrapolators

In the space-frequency domain
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where the Schwartz kernel is given by
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This can be an efficient algorithm if a suitably, compactly 
supported, approximation to W can be found.



Wavefield Extrapolators
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Wavefield Extrapolators
In the space-frequency domain



Wavefield Extrapolators

Back to the wavenumber domain

wavenumber

� �F W 
Ŵ



Wavefield Extrapolators

wavenumber

Back to the wavenumber domain



Stabilization by Wiener Filter

Two useful properties
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Product of two half-steps make a whole step.
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The inverse is equal to the 
conjugate in the wavelike region.



Stabilization by Wiener Filter

A windowed forward operator for a half-step
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Stabilization by Wiener Filter

is a band-limited inverse for WI � �/ 2W z�
Both have compact support 

� � � � � �* 2FW z WI W z W z� ! #�
Form the FOCI approximate operator by

FOCI is an acronym for 

Forward Operator with Conjugate Inverse.



Operator tables
Since the operator is purely numerical, migration 
proceeds by construction of operator tables.
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Run Time Experiment



Gabor Method in Development
with Yongwang Ma

Key Idea: Implement an adaptive windowing 
scheme that uses more windows as velocity 

variation increases. In each Gabor window, apply 
the homogeneous phase shift extrapolator with 

split-step Fourier adjustment.



Gabor transform via a 
partition of unity
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Gabor transform via a partition 
of unity
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Consider the identity

Let L be any linear, invertible operator, then
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is a convenient localization/recomposition
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Gabor transform via a partition 
of unity

For bandlimited signals, we can let L be the DFT operator, F, 
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A uniform POU Gabor frame



An adaptive POU frame



Marmousi Gabor Image
about 30 hours



FOCI Pre-Stack Migration
51 Point Operator, 15 Hours on 1 PC



Marmousi velocity Model



Windowing Effort for Marmousi



Real Seismic (200 traces)
after gain for spherical spreading


����
�����������



Trace 100



Gabor spectrum of trace 100
after gain



Nonstationary seismic trace model
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Stationary seismic trace model

reflectivity

source signature

seismogram without 
attenuation
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Stationary seismic trace model

1.00.50
seconds

0

0.5

1.0

se
co

nd
s

Stationary superposition process.



Nonstationary seismic trace model
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Gabor Factorizes Nonstationary 
Trace Model
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Gabor Deconvolution



Comparison on Synthetic



Conclusions

Seismic images are beautiful.

Seismic imaging is ugly.

Wavefield marching methods can be viewed as 
repeated applications of a FIO.

Fast approximations abound.

Gabor methods show promise.

There’s money …
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