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1 Generalized Killing tensor equations

Let (M, g) be an m-dimensional (pseudo-) Riemannian manifold of constant cur-
vature.

Definition 1. A symmetric contravariant tensor K of valence p defined on (M, g)
is said to be a generalized Killing tensor (GKT) of order n if and only if

I[...[K,g],9],.-..,9] =0 (n+1 brackets), (1)

where | , | denotes the Schouten bracket [21].

We are interested in the vector spaces of solutions to (1). When n = 0 we have
the standard Killing tensors, when n = 0 and p = 1 - Killing vectors.

Let ICP (M) denotes the vector space of the generalized Killing tensors of valence
p and order n defined on (M, g) (i.e., the space of solutions to (1)).

Nikitin- Prylypko-Eastwood (NPE) formula [5, 6, 19]:

d:dimlCﬁ(M):n+1<p+m_1>(p+n+m), @)

m m— 1 m—1

Remark 1. The Delong-Takeuchi-Thompson (DTT) [4, 25, 26] formula derived
for the case n =1 is a particular case of (2).



2 Examples: K2(E?) and K3(E?)

Example: K3(FE?)
Solving the Killing tensor equation [K,g] = 0 in Cartesian coordinates & =
(1, o) yields:

K = (B1+204xs+ 56333)81 ® 0
+(B3 — Bar1 — Bsx9 — Ber172)01 © Oy (3)
+(By + 28571 + Bsa3) D2 © s,

8%1, dy = 8%2 and ® denotes the symmetric tensor product. The

components of the generic Killing tensor given by (3) are as follows:

where 0 =

K" = B+ 28425 + Pex3
K12 — K21 — _ - o 4
B3 — Baw1 — Bsro — G172 ( )

K®2 = (54 20521 + fer?

Consider the following generators of the Lie algebra of SE(2): X1 = 0y, Xa =
0y and R = w901 — x105. Then the formula (3) can be rewritten as follows:

K=A"X;,0X;+B'RoOX,+CROR, ijl=1.2, (5)

WhereAij:<g; gi ),B£=<g§ ),C:ﬁﬁ‘



Orthogonal coordinate systems in [E?

There are four coordinate webs E? generated by non-trivial (characteristic)
elements of the vector space K3(IE?):
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I: Cartesian coordinates II: Parabolic coordinates

T1=1U, Tog =0 1y = 1/2(u* — v?), 19 = wv

IIT: Polar coordinates IV: Elliptic-hyperbolic coordinates
T1 = UCOSV, Ty = usinv 21 = kcoshucosv, 9 = ksinhusinov

Figure 1: Families of confocal conics



Example: K3(FE?)
Solving the Killing tensor equation [K,g] = 0 in Cartesian coordinates & =
(x,y, z) yields (the notations below are compatible with those adapted in [2]):

KM = a1 — 2b152 + 2b13y + 22° + c3y” — 271y,

K?? = ay — 2by3x + 2by1 2 + c32° + 122 — 29022,

K3 = a3 — 2b31y + 20322 + 1y* + o — 232,

K? = ay + b3z — byy + (boo — ba3)z + (932 + 2y — 112)z — c1y2,

K®' = g 4 biax — bgaz + (bsz — i)y + (112 + 132 — 12y)y — c222,

K = a3 + bysy — bisz + (b1 — bas)z + (92y + 11z — 732)2 — c329.
Note

Pi = by —bsz, [2=1bsz — b, [3="b1 — ba, (7)

hence 31 + B2 + 33 = 0 = d = dim K2(E?) = 20 (as expected by (2)). Generators
of the Lie algebra of SE(3):

0 A
X; = %, R; = ijiijk, (8)

for 1 = 1,2, 3, where ¢, is the Levi-Civita permutation tensor.

- ap Q3 Qg B buu bz bis - i 3 72
A = |az ay o1 |, BY=|by by bg]|, C=1[|v c2 m (9)
Qy (q as bsi b3z bss Y2 Y1 €G3

In view of the above, (6) can be re-written as follows:

K=A4"X,5X;+2B"X,®oR;+CR, ® R;. (10)



Orthogonal coordinate systems in E?

There are 11 coordinate webs E3 generated by characteristic (that is with nor-
mal or surface-forming eigenvectors) elements of the vector space K3(IE?):

0 = const.

Ellipsoidal Paraboloidal



Conical



8 = const. 6 = const.

n =const. \

W = const.
Prolate Spheroidal

Spherical
Vv = const. g =const.

\

0 = const.

U = congt.

Oblate Spheroidal Parabolic



r = const. 0 = const.

Circular Cylindrical



U = const.

X = const. y = const.

V = const.

Cartesian Parabolic Cylindrical

n = congt.

Elliptic-hyperbolic

10



Problem 1. We wish to classify geomet-
rically the Killing two-tensors generating
orthogonal coordinate webs.

Problem 2. Use the solution to Problem
1 in solving the Hamilton-Jacobi (Schrodinger)
equation.

11



3 “What is geometry?”

The relationships between different approaches to geometry can be described as
follows [22, 13]:

. generalization . .
Euclidean Geometry — Klein Geometries
l generalization generalization l (11)
. . generalization )
Riemannian Geometry — Cartan Geometries

12



4 Geometry “a la Cartan”

The model for E™:

Frame = (x, By, Es, ..., E,),
where x € E"” and F4, ..., F, is a non-coordinate orthonormal frame
(following [11]) from E™.
We work in the principal fiber bundle:
x:SEn)— SE(n)/SO(n) ~E".

(In fact, this is a geometry “im Sinne von Klein”!)

Example: Let us solve Problem 1 for the case K3(E?). Let K €
KC3(E?) (different from the metric) and {E', E*} be the rigid moving
frame of orthonormal eigenforms of K. Then the quadratic differen-

tial form
g=04E*®E" ab=1,2

is the pull-back under x of the usual metric on E?, while the Killing
tensor K assumes the form

Kug = M0 E*® E, a,b=1,2.
The equations for structure functions C;, a, b, c = 1,2 are given by
[E., By = C°pE., or dE® = %C@bch A E°. (12)
We introduce the connection coefficients I' as follows:
Ve Ey=Ty'E., VpE' =-T4E% (13)

where V denotes the Levi-Civita connection associated with the met-
ric g.

13



Remark 2. The choice of the connection is not arbitrary. As is
well-known from Riemannian geometry, given a connection V on
a manifold M one can parallel propagate frames. For any path 7
between two points of M parallel transport along 7 defines a linear
mapping L(7) between the tangent spaces of two points. This linear
map is an isometry if the connection V is a Levi-Civita connection.
Clearly, the linear map L(7) induced by a Levi-Civita connection V
maps orthonormal frames to orthonormal frames.

The vanishing of the torsion tensor 1%, is given by
Tabc = 1—‘bca - Fcba - Cabc = 07 (14)

while the components of the Riemann curvature tensor R%,.; with
respect to the moving frame are defined as follows:

R%ea = ELa" + Ty Tee® — Bl — Ty Ty, — Cal'er”,  (15)

respectively. We now define a one-form valued matrix w®, called the
connection one-form by

wab = FcbaEc. (16)

Further, we can define

. d
Wab += YGadW b-

On account of the above the connection one-forms, w,;, are obviously
skew-symmetric. They satisfy Mourer-Cartan’s structural equations,

dE" 4w N E" =0, (17)
dw®y + W A wS = 0%, (18)
where we have introduced the curvature two-form
0% = (1/2)R%.qE° N E*.

In addition, for a (0,2) Killing tensor K we have the Killing tensor
equation:
V(K =0, (19)
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where V. denotes the covariant derivative defined by
VeKa = BKap — Kol — Kaala”. (20)
It is easy to see that the integrability conditions yield
E*NdE" =0,a,b=1,2.

Hence by the Frobenius theorem there exist functions f, g and vari-
ables u, v such that

Ultimately, we find the canonical forms of the four orbits that
represent the four coordinate webs by considering the following three
isometrically invariant cases (see [23] and the references therein),
namely

Case 1 A1 and A\ are constant

Case 2 )\ is constant (g is constant) (21)

Case 3 Ajand A9 are not constant

The last Case 3 leads to two orbits corresponding to elliptic-hyperbolic
and polar coordinates respectively.

Question: Can we solve in the same way Problem 1 for the case
IC3(E3)? Unfortunately, - impossible (application of the Frobenius
theorem yields PDEs which are unsolvable by exact methods). How-
ever, there is a better way!

15



5 “The Eisenhart code”

Recall that in 1934 Eisenhart [7] did solve Problem 1 for the case
KC3(E3). How did he do that? He (implicitly) employed the method
of moving frames:

“We assume that a;; is such that these vector-fields are normal
and that the hypersurfaces are taken as parametric; and we write
the fundamental form thus

(1.4) ds® = e Hi(dx1)* + - + e, H2 (dx,)?,

where €'s are plus or minus one as the case may be...”

Eisenhart found necessary and sufficient condition for the geodesic
equations determined by the Hamiltonian

1

H(q,p) = 59”(‘1)%’293' (22)

be orthogonally separable (i.e., admit the Stéckel form):

“A necessary and sufficient condition that the fundamental quadratic
form of V,, can be given the Stackel form is that the equations of geo-
desic admit n—1 independent quadratic first integrals, that the roots
of the characteristic equations (1.2) for each of these integrals be sim-
ple, that (1.11) hold, and that the vector-fields determined by (1.3)
be normal and be the same vector-fields for all the first integrals...”

16



In addition, Eisenhart also determined that the solution to the
Killing tensor equation [K,g] = 0 in the moving frame is given by

c1g + oK1+ c3 Ky, (23)

where ¢y, co, c3 are arbitrary constants. Note that the Killing ten-
sors K1 and K share the same normal (surface-forming) eigenvec-
tors. Killing tensors with distinct eigenvalues and normal eigenvec-
tors (eigenforms) are called characteristic Killing tensors (CKT).

17



6 Canonical forms for the case K3(IE?)

We have 11 canonical forms corresponding to the 11 orthogonal co-
ordinate webs determined by characteristic Killing tensors for the

orbits in the vector space K3(IE®) generated by the group action
SE(3) O K3(E?). They are

T=x, Y=y, 2 =2

Cartesian: —00 < x,Y,2 < 00
(x,y,2) ds? = dx? + dy? + d2?
(24) K7 = diag(0,1,0)

K = diag(0,0,1)

xr=rcosh, y=rsinf, z ==z

Circular cylindrical: r>0, 0<6<2m, —-o0<z<x
(r,0,2) ds? = dr? +r2d6? + dz?
(25) K = diag(0,7%,0)

K3 = diag(0,0,1)

r=g(W—vY), y=pv, 2=z

Parabolic cylindrical: uw=0, —oco<v<oo, —00<z<00
(1, v, 2) ds? = (u® +v2)(dp? + dv?) + dz?
(26) Kij = diag(v*g11, — 1> g22,0)

K3 = diag(0,0,1)

x = acoshncosty, y = asinhnsiny, z = z

Elliptic-hyperbolic: n20, 0<yY<2r, —ow<z<oo, a>0
(0,7, z) ds? = a?(cosh? ) — cos? ) (dn? + dip?) + dz?
(27) K7 = diag(a? cos? 1 g11, a? cosh® 1) g22, 0)

K3 = diag(0,0,1)

x =rsinfcos¢, y=rsinfsing, z = rcosf

Spherical: r>0, 0<f0<m 0<o<2nm
(r,0,9) ds? = dr? + 2 d6? + r?sin” 0 d¢?
(28) K = diag(0,7%, r* sin? 9)

K = diag(0,0,r*sin* )

18



Prolat x = asinhnsinfcosvy, y = asinhnsinfsiny, z = acoshncosf
e n>0, 0<f<m 0<$p<2r a>0
spheroidal: o o .12 .9
(n.6.9) ds? = a?(sinh” 7 + sin® 0)(dn? + d6?) + a? sinh” 7 sin® 6 de)?
TI(’%;) Kij = diag( —a%sin? 6 g11, a? sinh? 1 ga2, 4> (sinh2 n — sin? 9)933)
K = diag(0,0, a2 sinh? n sin” 6 gs3)
Oblat x = acoshnsinfcosy, y = acoshnsinfsiny, z = asinhncos 6
e N0, 0<f<m 0<$<2m, a>0
spheroidal: 9 o 2 ..o
(n.0.9) ds? = a?(cosh”n — sin”® 0)(dn? 4 d6?) + a? cosh” nsin” 6 dyp?
77(73(;) K = diag (a? sin? 6 g11, a® cosh? 1) ga, a?(cosh? 1) + sin? 0)g33)
K% = diag(0,0, a2 cosh? nsin” 0 gs3)
T =pvcost, y = pvsinyg, z = 5(u? — v?)
Parabolic: w=0, v=20, 0<v<2rm
(ks v,1)) ds? = (u? +v?)(dp? + dv?) + p?v? dy)®
(31) Ky = diag( — v2g11, 2 go2, (1 — v?)gs3)
K% = diag(0,0, 4212 gss)
T N o G ) NP i G Gl
be ) R —2) (2 — b?)
Conical: r>0, <0< 0< A <b?
(r,0,\) 46 — r2(6% — \?) 5 r2(6% — \?) e
(32) N R G RN G R Y
K = diag(0,72\2g22,720%g33)
K;j = diag(0, 72 g2, 72 g33)
2 A=Y, = dle=r(A =0
b—c e b—c ’
z=p+rv+A—-b—c
Paraboloidal: O<v<e<A<b<p<oo
(L=v)(p—=2A) . o (L—v)(A— 2
JU A ds? = du” + dv
o2 2) D R (o )
(33) (=)= 2
=N =0
Ky = diag(2(v + N)g11, 2(A + p)ga2, 2(p + 1) g33)
K3 = diag(—4vAgi1, —4A\ugaz, —4prgss)

19



Ellipsoidal:

(n,0,\)
(34)

2o la=nla=0-2) , (b=—nb-0)b-2

@a-ba-¢ 1T T h-ab-0
2 le=n(e=0)c=N
(c—a)(c—10)
a>n>b>0>c> A\
PR VR UEPY ) (0 =m0 — N )
B0 Tia-o0-c-0 "
RS OO B

 Aa=N0=A)(c—A)
Ky’ = diag((— (0 + X)g11, —(X + 1)g22, —(n + 0)g33)
K;J = diag(0Mg11, \ngaz, n0gs33)

20



For each of the eleven separable coordinate systems, we give the components of
the corresponding CKT with respect to Cartesian coordinates and any restrictions

on the Killing tensor parameters [12]

1. Cartesian web

N a1 0 0
K9 = 0 an 0
0 0 as
2. Circular cylindrical web
N ai + C3y2 —c3TY 0
KY = —c3ry  a;+c3z? 0
0 0 as
3. Parabolic cylindrical web
N ai basy 0
KY = b23y ay; — 2b23$ 0
0 0 as
4. Elliptic-hyperbolic web
N a1+ c3y®  —cazy 0 i —a
K9 = —csxy  as+czx 0 |, ! 250
0 0 as C3
5. Spherical web
3 a1 + 0222 -+ 03y2 —Cc32Y —CoXZ
KY = —c3zy ay + c322 + cp2? —Ccoyz
—CoxZ —CoYyz a1 + 02902 + 02y2
6. Prolate spheroidal web
a1 + 622’2 + 63y2 —C3TY —CoXZ
iJ — 2 2 asz — ay
K" = —c3xy a1 + c3x® + coz —CoyYz , — >0
—coxz —Coyz as + cax? + coy? €2
7. Oblate spheroidal web
a + czz2 + 63y2 —Cc3TyY —CoTZ
ij 2 2 a3z — ax
K" = —c3xy a1 + c3x® + coz —Coyz , —— <0
—coxz —Cayz as + cax? + coy? 2
8. Parabolic web
a; — 2bioz + c3y? —Cc32Y biax
Kij = —C32Y a; — 2b122 + 631'2 blgy
biow b12y ax

21
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9. Conical web

- a1 + 0222 + 03y2 —C3TY —C22X
K% = —c3TYy a1 + c3x? + 122 —c1yz (43)
—C22X —C1Yz a1 + cly2 + 02x2
10. Paraboloidal web
ay — 2b122 + c3y? —c3Ty biox
K" = —C32Y as + 2bo12 + c32®  —bary | (44)
b121' _b21y asz

big[biaba1 + c3(az — as)] + ba1[biaba1 + c3(ar —az)] =0
11. Ellipsoidal web
B a1 + C222 + 03y2 —C3TY —C22X
K% = —c3xy as + c3x? + 122 —Cc1yz , (45)
—Co2T —C1Yz as + c1y2 + 023:2

(a1 — ag)erca + (a2 — ag)eacs + (a3 — ay)esep =0

To check whether or not at given Killing tensor K € KZ(E?) has normal eigen-
vectors we employ (after making sure that the eigenvalues are distinct) the Tonolo-
Schouten-Nijenhuis conditions:

N Grgie =0, (46a)
N Ky =0, (46b)
N Ky K™ =0 (46¢)

where N’j; are the components of the Nijenhuis tensor of K% given by
N'ju = KK g + KK g (47)

We remark that the TSN conditions (46a—46¢) yield 10 quadratic, 35 cubic and 84
quartic equations, respectively, in the Killing tensor parameters (see [12] for more
details).
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7 Non-canonical characteristic Killing tensors in the vec-
tor space K2(E3)

Consider a Hamiltonian system defined by a natural Hamiltonian:

H(a.p) = 30" (@)pin; +V(a). (15)

where g are the components of the metric of (M,g). A more general theorem
has been formulated and proven by Benenti [1]:

Theorem 1. The Hamiltonian system defined by (48) is orthogonally separable if
and only if there ezists a valence-two Killing tensor K with (i) pointwise simple
and real eigenvalues, (ii) orthogonally integrable (normal) eigenvectors and (iii)
such that

d(K dV)=0. (ak.a “Bertrand-Darboux equations”). (49)

Often a Killing tensor(s) K satisfying the conditions of Theorem 1 is not in its
canonical form!

Conclusion: Therefore to solve Problems 1 and 2 we need to employ a more general
version of the moving frames method (i.e., that goes beyond the method that was
used by Eisenhart), which will allow us not only to classify, but also transform a
given characteristic Killing tensor to its respective canonical form.

Note that the group SE(3) (or SE(2) in the case KZ(E?)) acts transitively in the
bundle of orthonormal frames of eigenvectors of Killing tensors of K2(E?). Thus
one can try to solve Problems 1 and 2 in the group, rather than in the frames.
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8 Geometric construction of moving frames (i.e., moving
frames “a la Fels & Olver”)

From the first lecture given by Peter Olver at the IMA Summer Program [20, 8,
9, 16]:

Normalization = choice of cross-section to the group orbits

K - cross-section to the group orbits
O, - orbit through z € M

k = K N O, - unique point in the intersection

e k is the canonical form of z

e the (nonconstant) coordinates of k are the fundamental invariants

g € G - unique group element mapping k to z

= freeness

p(z) = g left moving frame p(h-z) = h- p(2)

k=p"1(2) 2 = prigne(2) - 2

24



Example: The orbit problem SFE(2) O K3(E?) [27, 18]
Group action SFE(2) O E?:
Ty = 1 COSp3 — T sinps + p1,

Tg = x18Inp3 + Ty COSP3 + Pa,
where py, ps and ps are the parameters of the isometry group SE(2).
Group action SFE(2) O K2(E?):

By = [hcos?ps — 20308 pssinps + By sin® ps — 2pof3y cos ps — 2pafs sin py

] +0613,

By = [isin® ps — 203 cos ps sin ps + B2 cos? p3 — 2p1 G5 cos ps + 2p1 By sin ps
3 +Bsp7,

B3 = (B1— [B2)sinp;cosps + B3(cos? ps — sin® p3) + (p181 + p2Fs) cos ps

N +(p185 — p2Ba) sin ps — Bepipa,
B = Pacosps+ f5sinps — Bepo,

Bs = Pscosps — Basinps — Bepi,
Bs = Ds.
(51)
Infinitesimal generators of the group action in K3 (E?):
0 0 0
Vi=-2 - + ;
1 5568 % 5488 7, 5688 7
Vo=2875 —Bs75 + Bo s 52
2 548518558%3 568@1 , , ; (52)
Vi=—20(2 — ) 18 - + - .
+= =255~ g) + (g, ey, g,
Cross-section K:
K ={f3= B4 =B = 0}. (53)

The moving frame map p : K3(E?) — SE(2) for the the normalization equa-
tions corresponding to the cross-section (53):

P3=0s=p5=0. (54)
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Indeed, solving (54) for the group parameters p;, p; and p3, we get

B5 cos pg — (B4 sin ps

P o=
G
Dy = P COSP3; [ sin p3 (55)
6
Py = 1 arctan 2(B506 + Bafs)
’ 2 Bs(Br — P2) — B7 + B2

Fundamental invariants:

Ay = G
Ny = Be(fr+ B2) — 05 — 52 (56)
Az = (B6(Br — B2) — 87 + 53)° + 4(Bs03 + Baf35)”
Classification:
Cartesian (C): A; =0 A3=0
Polar (P): A;#0 A3=0
(57)
Parabolic (PB): A; =0 A3#0
Elliptic-hyperbolic (EH) : A; #0, Az #0
Note that the “Cartesian” orbits are one-dimensional, “parabolic” — two-dimensional,
while “elliptic-hyperbolic” and “polar” — three-dimensional.
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Example: The orbit problem SFE(3) O K3(E?)[12]
Group action SFE(3) O E3:
' = \N'E 4§,
where \;* € SO(3) and 0" € R.
Group action SFE(2) O K3(E?):
AT = AMNONT 4+ 2BMAC ) ) O,

Bij _ Bké)\ik)\jg + Ckz)\jg,uik,
éij _ Ckg)\ik)\jg,

where
j E \j st
Wi =€uNpo.

Infinitesimal generators:

. , 0
— 9.0, Rkt VgL
Ui = 20y B o+ 6O 2
V= (uA% + ekz@-Aﬂ)aAjk + (¢uB* + ekaBﬂ)W
0

+ (EjgiCek + ekmCﬂ)

oCIk’
fori=1,2,3.

27

(58)

(62)



Fundamental invariants:

Ay =B, My =Cf', Ay=DBCy;, Ay =CYCy, A5 = BYBj; + AVCy,
Ag = BIC*Chi, A7 =CYC*Chi, Ag = CY[B;*(Bix + 2Bri) + A Chil,
Ag = GikmﬁjgnBijkaan — Q(Bl[lB]ﬂ + A”CZ])Bkk + 6BijAjkai,
Ay = BY(B/*Cy; — 2B;*Cy;) — (BY By; + AVCy)ChF + A 'CI O,
AH = EingjkpBijBkgcmnCnp + Bij [BijCMCM — Cjk(C]fBig -+ 4C[k£Bg]Z)]
+ Aicyc koM,
AN = A/’[(C/C}ck + 3Cjijk>C/ — 4Cjk0k£04j] — 6AijCijCMCM
+ 6B B;;C* Cry — C;*[(Bi — 2Bri)Ci" + 40, By}
+ 126igm€jkpBijBk€CmnCnp,
Ay = A9 (B;CyFC" + B*Cy! Cpi — 2C;By"Cyt)
+ A'C*(B;.Cf — B'Cy;) — BY[BiyB¥Chy + 2C,% By B
+ B;*ByC* — (B;*Bis + Bi* By;)Cy1,
Ay = 4ALATCHRCH 4+ 8AT (AR CLCyt + A C Cgi) + A7 O (A¥ Cry
+4B,* B + 407 B;* Ay* By + 16 AV C;* By By,
Ay = AijCij[(Cka/ — 3CMCL)Cp™ + 2CMC™Cri]
— 6A9CFCLONC,,™ — 1207 B (Cy BiyyCog™ + 2B CityCog™).
(63)
Classification:
The classification in this case is very complicated [12]. In brief, we divide the
11 orthogonal coordinate webs into three groups, namely “translational”, “rota-
tional” and “asymmetric”, - according to their geometric properties. Note that the
fundamental invariants given by (63) distinguish only between asymmetric webs,
namely paraboloidal, ellipsoidal and conical (they are generated by the elements

of K3(IE?) that belong to six-dimensional orbits). To classify the remaining eight
orthogonal coordinate webs we employ the following concept.

Definition 2. We say that a CKT K € K*(E?*) is translational (rotational) if it
admits a translational (rotational) Killing vector V: Ly (K) = 0.2

In order to employ this concept in our classification, we classify the elements of
the vector space K} (IE?) first in terms of the algebraic invariants of the group action:
SE(3) O K{(E?) (i.e., distinguish between the “rotational” and “translational”
Killing tensors).

®The circular cylindrical tensor (36) also admits a rotational Killing vector and can therefore be
considered as both translational and rotational.
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Transformations to canonical forms: The moving frames map!

Now we can solve Problems 1 and 2 in E3. Let a Hamiltonian system be given
by the Hamiltonian

L . .
H(g,p) = 59" (@pip; + V@), 4,7 =1,2,3. (64)
Given the potential V', we can employ the procedure above to answer the questions

e Whether or not the system defined by (64) is orthogonally-separable, or multi-
separable.

e If it is, we can determine what systems of orthogonal coordinates the cor-
responding Hamilton-Jacobi equation separates in and find the transforma-
tions from the given, to the separable coordinates, thus ultimately solving
the Hamiltonian system in question by quadratures.

The procedure described above has been implemented by Joshua Horwood into
the KillingTensor computer algebra package.

9 K (Killing tensor) vs V (potential)

Many problems of Hamiltonian mechanics that amount to the study of the Bertrand-
Darboux equations:

d(KdV) =0

can now be solved via the invariants of the Killing tensor(s) K, rather than ma-
nipulations with the potential V', stemming from the celebrated paper of 1901 by
Darboux [3]. They are redundant!
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Example: [2nd Integrable Case of Yatsun [18]]
Consider a Hamiltonian system with two degrees of freedom defined in E? by
the following Hamiltonian:

1 2\
H(q,p) = 5(19? +p3) — 2(q; + 2q7q5 + qu)

+4(¢} + ¢13) — 2(af + 63).

(65)

It is known that the Hamiltonian system defined by (65) is completely integrable
if g> = 2\ admitting in this case the following additional first integral independent
of (65), which is quadratic in the momenta:

A
20395 + g3 + 643 + 2145 — 343

3
F(q,p) = <Q§ + —> Py — 21 — Dgapipa + (1 — 1)qap3 — 3q1— (66)

Observe that the Killing tensor K determined by (66) is given by

4
+(—q+4i) 92 © 0a.

3 1
K = <— + q%) 0 © 0+ (5612 - C]16]2) 01 © 0y (67)

3

1
61 :Zl’ 62207 /63207 64:_57 55:07 66:1

Substituting this data into the formulas for A; and Aj (56), we obtain
1
A1:17é07 A3:Z7é07

which immediately shows that the Killing tensor (67) generates elliptic-hyperbolic
coordinates. Next, we compute the moving frames map (55):

1
p1=-3 p2=p3=0.

we conclude therefore that the system determined by (65) is orthogonally inte-
grable with respect to shifted elliptic-hyperbolic coordinates:

g = % + cosh u cos v,
(68)

¢ = sinhusin v.

Thus, we have solved the problem without solving the Bertrand-Darboux PDE)
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10 An application to the superintegrability theory

The theory of superintegrable Hamiltonian systems has its origins in earlier papers
by Pavel Winternitz and collaborators [10, 17]. A general structure and classifi-
cation theory for superintegrable systems (both classical and quantum) defined
in two- and three-dimensional spaces has been developed in a number of recent
papers by Ernie Kalnins, Jonathan Kress and Willard Miller (see [14, 15] and the
relevant references therein).

It follows that any Killing tensor with normal eigenvectors admitting a Killing
vector V' = Ry, that is

Lr,(K)=0 (69)
has the form [12]
- a; — 2byaz + 2% + c3y? —c3xY biox — coxz
Ky = —C31y a; — 2b1oz + 32 + cp2° by — Coyz
biox — coxz bioy — coyz as + ca? + coy?
(70)

We define the subspace K%(E?) of K2(E?) to be the set of all Killing tensors of
the form (70) and shall refer to this subspace as the space of rotational Killing
tensors. We remark that the form of the general rotational Killing tensor (70)
is also invariant under subgroup of translations about the z-axis and that all
canonical rotational CKTs (39)—(42) are special cases of (70).

Problem 3. What is the most general potential V' compatible via
d(KdV) =0
with the generic rotational Killing tensor given by (70)?

Answer [24] (see also [17, 2]):
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1. Functionally independent first integrals of (71):

1
H = a(pf + p3 -H?g) + Vaoum
Fy = pl(y* + 2%) — 2yzpops+
ps(2* + 2°) — 2zzpips+
p3(x® + y*) — 2zypipat
o(y/z)(1 + 2%) (72)
x? + y?
F = 2%p} — zypips — y°p} — 20(y/z)
1
Fy = §P§
P T
4 rp1ps — 2ypaps + 22(p; — pI) + 2022 + 42

Hence the Hamiltonian system defined by (71) is maximally superintegrable for
any .

2. Separation of variables:

e Spherical

Circular cylindrical

Rotational parabolic

Oblate spheroidal

Prolate spheroidal

3. A connection with the Calogero-Moser potential:

1 1 1
+ +

N e P EA CEro "
or o [ 3+
o(t) =2(1+1t°) [m + 1} , (74)

where t = y/x the potential (71) is reducible to the Calogero-Moser potential (73).

We conclude therefore that there is an infinite number of mazimally superinte-
grable potentials that can have an arbitrary number of constants.
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X ok ok

Thus we have demonstrated that the Hamilton-Jacobi theory of
orthogonal separation of variables (including the study of multi-

separable and superintegrable systems) is deeply rooted in the Car-
tan geometry via invariant theory, moving frames method and the
equivalence problem.

X ok ok

“Every mathematical discipline goes through three periods of de-
velopment: the naive, the formal, and the critical. "David Hilbert.
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