
Geometry “à la Cartan” revisited:

Hamilton-Jacobi theory in moving frames

Roman Smirnov1

Department of Mathematics and Statistics

Dalhousie University

July 28, 2006

I will review the Hamilton-Jacobi theory of orthogonal separation of variables in the
context of the Cartan geometry, in particular, its most valuable asset, - the method
of moving frames. The central concept in this setting is that of frames of eigenvectors
(eigenforms) of Killing two-tensors which provides a natural presentation of the theory
in terms of principal bundles. Eisenhart (implicitly) employed this idea in 1934 to study
orthogonal separation of variables in Euclidean 3-space for geodesic Hamiltonians. I
will show how the corresponding problem for natural Hamiltonians can be solved with
the aid of a more general version of the moving frames method than the one used by
Eisenhart (joint work with J.T. Horwood and R.G. McLenaghan).

As an application, the approach outlined above together with symmetry methods
will be used to determine a new class of maximally superintegrable and multi-separable
potentials in Euclidean 3-space. These potentials given by a formula depending on an
arbitrary function do not appear in Evans’ classification of 1990. A particular example
of such a potential is the potential of the Calogero-Moser system (joint work with P.
Winternitz).

IMA Summer Program
“Symmetries and Overdetermined Systems of Partial Differential Equations”

organized by
Michael Eastwood and Willard Miller, Jr.

1http://www.mathstat.dal.ca/∼smirnov

1



1 Generalized Killing tensor equations

Let (M, g) be an m-dimensional (pseudo-) Riemannian manifold of constant cur-
vature.

Definition 1. A symmetric contravariant tensor K of valence p defined on (M, g)
is said to be a generalized Killing tensor (GKT) of order n if and only if

[[. . . [K, g], g], . . . , g] = 0 (n + 1 brackets), (1)

where [ , ] denotes the Schouten bracket [21].

We are interested in the vector spaces of solutions to (1). When n = 0 we have
the standard Killing tensors, when n = 0 and p = 1 - Killing vectors.

Let Kp
n(M) denotes the vector space of the generalized Killing tensors of valence

p and order n defined on (M, g) (i.e., the space of solutions to (1)).

Nikitin-Prylypko-Eastwood (NPE) formula [5, 6, 19]:

d = dim Kp
n(M) =

n + 1

m

(

p + m − 1

m − 1

)(

p + n + m

m − 1

)

, (2)

Remark 1. The Delong-Takeuchi-Thompson (DTT) [4, 25, 26] formula derived
for the case n = 1 is a particular case of (2).
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2 Examples: K2
0(E

2) and K2
0(E

3)

Example: K2
0(E

2)
Solving the Killing tensor equation [K, g] = 0 in Cartesian coordinates x =

(x1, x2) yields:

K = (β1 + 2β4x2 + β6x
2
2)∂1 ⊙ ∂1

+(β3 − β4x1 − β5x2 − β6x1x2)∂1 ⊙ ∂2

+(β2 + 2β5x1 + β6x
2
1)∂2 ⊙ ∂2,

(3)

where ∂1 = ∂
∂x1

, ∂2 = ∂
∂x2

and ⊙ denotes the symmetric tensor product. The

components of the generic Killing tensor given by (3) are as follows:

K11 = β1 + 2β4x2 + β6x
2
2

K12 = K21 = β3 − β4x1 − β5x2 − β6x1x2

K22 = β2 + 2β5x1 + β6x
2
1

(4)

Consider the following generators of the Lie algebra of SE(2): X1 = ∂1, X2 =
∂2 and R = x2∂1 − x1∂2. Then the formula (3) can be rewritten as follows:

K = AijX i ⊙ Xj + BℓR ⊙ Xℓ + CR ⊙ R, i, j, ℓ = 1, 2, (5)

where Aij =

(

β1 β3

β3 β2

)

, Bℓ =

(

β4

β5

)

, C = β6.
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Orthogonal coordinate systems in E
2

There are four coordinate webs E
2 generated by non-trivial (characteristic)

elements of the vector space K2
0(E

2):
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I: Cartesian coordinates
x1 = u, x2 = v
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II: Parabolic coordinates
x1 = 1/2(u2 − v2), x2 = uv

–10

–8

–6

–4

–2
0

2

4

6

8

10

–10 –8 –6 –4 –2 2 4 6 8 10x

III: Polar coordinates
x1 = u cos v, x2 = u sin v
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IV: Elliptic-hyperbolic coordinates
x1 = k cosh u cos v, x2 = k sinh u sin v

Figure 1: Families of confocal conics
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Example: K2
0(E

3)
Solving the Killing tensor equation [K, g] = 0 in Cartesian coordinates x =

(x, y, z) yields (the notations below are compatible with those adapted in [2]):

K11 = a1 − 2b12z + 2b13y + c2z
2 + c3y

2 − 2γ1yz,

K22 = a2 − 2b23x + 2b21z + c3x
2 + c1z

2 − 2γ2zx,

K33 = a3 − 2b31y + 2b32x + c1y
2 + c2x

2 − 2γ3xy,

K23 = α1 + b31z − b21y + (b22 − b33)x + (γ3z + γ2y − γ1x)x − c1yz,

K31 = α2 + b12x − b32z + (b33 − b11)y + (γ1x + γ3z − γ2y)y − c2zx,

K12 = α3 + b23y − b13x + (b11 − b22)z + (γ2y + γ1x − γ3z)z − c3xy.

(6)

Note
β1 = b22 − b33, β2 = b33 − b11, β3 = b11 − b22, (7)

hence β1 + β2 + β3 = 0 ⇒ d = dim K2
0(E

3) = 20 (as expected by (2)). Generators
of the Lie algebra of SE(3):

X i =
∂

∂xi
, Ri = ǫk

jix
jXk, (8)

for i = 1, 2, 3, where ǫijk is the Levi-Civita permutation tensor.

Aij =





a1 α3 α2

α3 a2 α1

α2 α1 a3



 , Bij =





b11 b12 b13

b21 b22 b23

b31 b32 b33



 , Cij =





c1 γ3 γ2

γ3 c2 γ1

γ2 γ1 c3



 (9)

In view of the above, (6) can be re-written as follows:

K = AijX i ⊙ Xj + 2BijX i ⊙ Rj + CijRi ⊙ Rj. (10)
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Orthogonal coordinate systems in E
3

There are 11 coordinate webs E
3 generated by characteristic (that is with nor-

mal or surface-forming eigenvectors) elements of the vector space K3
0(E

2):

θ = const.

= const.λ

= const.η

Ellipsoidal

µ = const.

= const.ν

= const.λ

Paraboloidal
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= const.r

= const.λ

θ = const.

Conical
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θ = const.

r = const.
φ = const.

Spherical

η = const.
= const.ψ

θ = const.

Prolate Spheroidal

θ = const.

η = const.
= const.ψ

Oblate Spheroidal

ν = const.

µ = const.

ψ = const.

Parabolic
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= const.r θ = const.

z = const.

Circular Cylindrical
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= const.yx = const.

= const.z

Cartesian

µ = const.

ν = const.
z = const.

Parabolic Cylindrical

η = const.

ψ = const.

= const.z

Elliptic-hyperbolic
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Problem 1.We wish to classify geomet-
rically the Killing two-tensors generating
orthogonal coordinate webs.

Problem 2. Use the solution to Problem
1 in solving the Hamilton-Jacobi (Schrödinger)
equation.
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3 “What is geometry?”

The relationships between different approaches to geometry can be described as
follows [22, 13]:

Euclidean Geometry
generalization

−→ Klein Geometries

↓ generalization generalization ↓

Riemannian Geometry
generalization

−→ Cartan Geometries

(11)
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4 Geometry “à la Cartan”

The model for E
n:

Frame = (x, E1, E2, . . . , En),

where x ∈ E
n and E1, . . . , En is a non-coordinate orthonormal frame

(following [11]) from E
n.

We work in the principal fiber bundle:

x : SE(n) → SE(n)/SO(n) ≃ E
n.

(In fact, this is a geometry “im Sinne von Klein”!)

Example: Let us solve Problem 1 for the case K2
0(E

2). Let K ∈

K2
0(E

2) (different from the metric) and {E1, E2} be the rigid moving
frame of orthonormal eigenforms of K. Then the quadratic differen-
tial form

g = δabE
a ⊙ Eb, a, b = 1, 2

is the pull-back under x of the usual metric on E
2, while the Killing

tensor K assumes the form

Kab = λaδabE
a ⊙ Eb, a, b = 1, 2.

The equations for structure functions Cc
ab, a, b, c = 1, 2 are given by

[Ea, Eb] = Cc
abEc or dEa =

1

2
Ca

bcE
b ∧ Ec. (12)

We introduce the connection coefficients Γ as follows:

∇Ea
Eb = Γab

cEc, ∇Ec
Eb = −Γcd

bEd, (13)

where ∇ denotes the Levi-Civita connection associated with the met-
ric g.
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Remark 2. The choice of the connection is not arbitrary. As is
well-known from Riemannian geometry, given a connection ∇ on
a manifold M one can parallel propagate frames. For any path τ

between two points of M parallel transport along τ defines a linear
mapping L(τ) between the tangent spaces of two points. This linear
map is an isometry if the connection ∇ is a Levi-Civita connection.
Clearly, the linear map L(τ) induced by a Levi-Civita connection ∇

maps orthonormal frames to orthonormal frames.

The vanishing of the torsion tensor T a
bc is given by

T a
bc = Γbc

a − Γcb
a − Ca

bc = 0, (14)

while the components of the Riemann curvature tensor Ra
bcd with

respect to the moving frame are defined as follows:

Ra
bcd = EcΓdb

a + Γdb
eΓce

a − EdΓcb
a − Γcb

eΓade − Ce
cdΓeb

a, (15)

respectively. We now define a one-form valued matrix ωab called the
connection one-form by

ωab := Γcb
aEc. (16)

Further, we can define
ωab := gadω

d
b.

On account of the above the connection one-forms, ωab are obviously
skew-symmetric. They satisfy Mourer-Cartan’s structural equations,

dEa + ωab ∧ Eb = 0, (17)

dωab + ωac ∧ ωcb = Θa
b, (18)

where we have introduced the curvature two-form

Θa
b := (1/2)Ra

bcdE
c ∧ Ed.

In addition, for a (0, 2) Killing tensor K we have the Killing tensor
equation:

∇(cKab) = 0, (19)
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where ∇c denotes the covariant derivative defined by

∇cKab := EcKab − KdbΓca
d − KadΓcb

d. (20)

It is easy to see that the integrability conditions yield

Ea ∧ dEa = 0, a, b = 1, 2.

Hence by the Frobenius theorem there exist functions f, g and vari-
ables u, v such that

E1 = fdu, E2 = gdv.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Ultimately, we find the canonical forms of the four orbits that

represent the four coordinate webs by considering the following three
isometrically invariant cases (see [23] and the references therein),
namely

Case 1 λ1 and λ2 are constant

Case 2 λ1 is constant (λ2 is constant)

Case 3 λ1 and λ2 are not constant

(21)

The last Case 3 leads to two orbits corresponding to elliptic-hyperbolic
and polar coordinates respectively.

Question: Can we solve in the same way Problem 1 for the case
K2

0(E
3)? Unfortunately, - impossible (application of the Frobenius

theorem yields PDEs which are unsolvable by exact methods). How-
ever, there is a better way!
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5 “The Eisenhart code”

Recall that in 1934 Eisenhart [7] did solve Problem 1 for the case
K2

0(E
3). How did he do that? He (implicitly) employed the method

of moving frames:

“We assume that aij is such that these vector-fields are normal
and that the hypersurfaces are taken as parametric; and we write
the fundamental form thus

(1.4) ds2 = e1H
2
1(dx1)

2 + · · · + enH
2
n(dxn)

2,

where e′s are plus or minus one as the case may be...”

Eisenhart found necessary and sufficient condition for the geodesic
equations determined by the Hamiltonian

H(q, p) =
1

2
gij(q)pipj (22)

be orthogonally separable (i.e., admit the Stäckel form):

“A necessary and sufficient condition that the fundamental quadratic
form of Vn can be given the Stäckel form is that the equations of geo-
desic admit n−1 independent quadratic first integrals, that the roots
of the characteristic equations (1.2) for each of these integrals be sim-
ple, that (1.11) hold, and that the vector-fields determined by (1.3)
be normal and be the same vector-fields for all the first integrals...”
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In addition, Eisenhart also determined that the solution to the
Killing tensor equation [K, g] = 0 in the moving frame is given by

c1g + c2K1 + c3K2, (23)

where c1, c2, c3 are arbitrary constants. Note that the Killing ten-
sors K1 and K2 share the same normal (surface-forming) eigenvec-
tors. Killing tensors with distinct eigenvalues and normal eigenvec-
tors (eigenforms) are called characteristic Killing tensors (CKT).
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6 Canonical forms for the case K2
0(E

3)

We have 11 canonical forms corresponding to the 11 orthogonal co-
ordinate webs determined by characteristic Killing tensors for the
orbits in the vector space K2

0(E
3) generated by the group action

SE(3) � K2
0(E

3). They are

Cartesian:

(x, y, z)

(24)



































x = x, y = y, z = z

−∞ < x, y, z <∞

ds2 = dx2 + dy2 + dz2

K
ij
1

= diag(0, 1, 0)

K
ij
2

= diag(0, 0, 1)

Circular cylindrical:

(r, θ, z)

(25)



































x = r cos θ, y = r sin θ, z = z

r > 0, 0 6 θ < 2π, −∞ < z <∞

ds2 = dr2 + r2 dθ2 + dz2

K
ij
1

= diag(0, r4, 0)

K
ij
2

= diag(0, 0, 1)

Parabolic cylindrical:

(µ, ν, z)

(26)



































x = 1

2
(µ2 − ν2), y = µν, z = z

µ > 0, −∞ < ν <∞, −∞ < z <∞

ds2 = (µ2 + ν2)(dµ2 + dν2) + dz2

K
ij
1

= diag(ν2g11,−µ
2g22, 0)

K
ij
2

= diag(0, 0, 1)

Elliptic-hyperbolic:

(η, ψ, z)

(27)



































x = a cosh η cosψ, y = a sinh η sinψ, z = z

η > 0, 0 6 ψ < 2π, −∞ < z <∞, a > 0

ds2 = a2(cosh2 η − cos2 ψ)(dη2 + dψ2) + dz2

K
ij
1

= diag(a2 cos2 ψ g11, a
2 cosh2 η g22, 0)

K
ij
2

= diag(0, 0, 1)

Spherical:

(r, θ, φ)

(28)



































x = r sin θ cosφ, y = r sin θ sinφ, z = r cos θ

r > 0, 0 6 θ < π, 0 6 φ < 2π

ds2 = dr2 + r2 dθ2 + r2 sin2 θ dφ2

K
ij
1

= diag(0, r4, r4 sin2 θ)

K
ij
2

= diag(0, 0, r4 sin4 θ)
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Prolate

spheroidal:

(η, θ, ψ)

(29)



































x = a sinh η sin θ cosψ, y = a sinh η sin θ sinψ, z = a cosh η cos θ

η > 0, 0 6 θ < π, 0 6 ψ < 2π, a > 0

ds2 = a2(sinh2 η + sin2 θ)(dη2 + dθ2) + a2 sinh2 η sin2 θ dψ2

K
ij
1

= diag
(

− a2 sin2 θ g11, a
2 sinh2 η g22, a

2(sinh2 η − sin2 θ)g33
)

K
ij
2

= diag(0, 0, a2 sinh2 η sin2 θ g33)

Oblate

spheroidal:

(η, θ, ψ)

(30)



































x = a cosh η sin θ cosψ, y = a cosh η sin θ sinψ, z = a sinh η cos θ

η > 0, 0 6 θ < π, 0 6 ψ < 2π, a > 0

ds2 = a2(cosh2 η − sin2 θ)(dη2 + dθ2) + a2 cosh2 η sin2 θ dψ2

K
ij
1

= diag
(

a2 sin2 θ g11, a
2 cosh2 η g22, a

2(cosh2 η + sin2 θ)g33
)

K
ij
2

= diag(0, 0, a2 cosh2 η sin2 θ g33)

Parabolic:

(µ, ν, ψ)

(31)



































x = µν cosψ, y = µν sinψ, z = 1

2
(µ2 − ν2)

µ > 0, ν > 0, 0 6 ψ < 2π

ds2 = (µ2 + ν2)(dµ2 + dν2) + µ2ν2 dψ2

K
ij
1

= diag
(

− ν2g11, µ
2g22, (µ

2 − ν2)g33
)

K
ij
2

= diag(0, 0, µ2ν2g33)

Conical:

(r, θ, λ)

(32)















































x2 =

(

rθλ

bc

)2

, y2 =
r2(θ2 − b2)(b2 − λ2)

b2(c2 − b2)
, z2 =

r2(c2 − θ2)(c2 − λ2)

b2(c2 − b2)

r > 0, b2 < θ2 < c2, 0 < λ2 < b2,

ds2 = dr2 +
r2(θ2 − λ2)

(θ2 − b2)(c2 − θ2)
dθ2 +

r2(θ2 − λ2)

(b2 − λ2)(c2 − λ2)
dλ2

K
ij
1

= diag(0, r2λ2g22, r
2θ2g33)

K
ij
2

= diag(0, r2g22, r
2g33)

Paraboloidal:

(µ, ν, λ)

(33)







































































x2 =
4(µ− b)(b− ν)(b− λ)

b− c
, y2 =

4(µ− c)(c− ν)(λ− c)

b− c
,

z = µ+ ν + λ− b− c

0 < ν < c < λ < b < µ <∞

ds2 =
(µ− ν)(µ− λ)

(µ− b)(µ− c)
dµ2 +

(µ− ν)(λ− ν)

(b− ν)(c− ν)
dν2

+
(λ− ν)(µ− λ)

(b− λ)(λ− c)
dλ2

K
ij
1

= diag
(

2(ν + λ)g11, 2(λ+ µ)g22, 2(µ+ ν)g33
)

K
ij
2

= diag(−4νλg11,−4λµg22,−4µνg33)
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Ellipsoidal:

(η, θ, λ)

(34)











































































x2 =
(a− η)(a− θ)(a− λ)

(a− b)(a− c)
, y2 =

(b− η)(b− θ)(b− λ)

(b− a)(b− c)
,

z2 =
(c− η)(c− θ)(c− λ)

(c− a)(c− b)

a > η > b > θ > c > λ

ds2 =
(η − θ)(η − λ)

4(a− η)(b− η)(c− η)
dη2 +

(θ − η)(θ − λ)

4(a− θ)(b− θ)(c− θ)
dθ2

+
(λ− η)(λ− θ)

4(a− λ)(b− λ)(c− λ)
dλ2

K
ij
1

= diag
(

− (θ + λ)g11,−(λ+ η)g22,−(η + θ)g33
)

K
ij
2

= diag(θλg11, ληg22, ηθg33)
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For each of the eleven separable coordinate systems, we give the components of
the corresponding CKT with respect to Cartesian coordinates and any restrictions
on the Killing tensor parameters [12]

1. Cartesian web

Kij =





a1 0 0
0 a2 0
0 0 a3



 (35)

2. Circular cylindrical web

Kij =





a1 + c3y
2 −c3xy 0

−c3xy a1 + c3x
2 0

0 0 a3



 (36)

3. Parabolic cylindrical web

Kij =





a1 b23y 0
b23y a1 − 2b23x 0
0 0 a3



 (37)

4. Elliptic-hyperbolic web

Kij =





a1 + c3y
2 −c3xy 0

−c3xy a2 + c3x
2 0

0 0 a3



 ,
a1 − a2

c3
> 0 (38)

5. Spherical web

Kij =





a1 + c2z
2 + c3y

2 −c3xy −c2xz
−c3xy a1 + c3x

2 + c2z
2 −c2yz

−c2xz −c2yz a1 + c2x
2 + c2y

2



 (39)

6. Prolate spheroidal web

Kij =





a1 + c2z
2 + c3y

2 −c3xy −c2xz
−c3xy a1 + c3x

2 + c2z
2 −c2yz

−c2xz −c2yz a3 + c2x
2 + c2y

2



 ,
a3 − a1

c2
> 0 (40)

7. Oblate spheroidal web

Kij =





a1 + c2z
2 + c3y

2 −c3xy −c2xz
−c3xy a1 + c3x

2 + c2z
2 −c2yz

−c2xz −c2yz a3 + c2x
2 + c2y

2



 ,
a3 − a1

c2
< 0 (41)

8. Parabolic web

Kij =









a1 − 2b12z + c3y
2 −c3xy b12x

−c3xy a1 − 2b12z + c3x
2 b12y

b12x b12y a1









(42)
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9. Conical web

Kij =





a1 + c2z
2 + c3y

2 −c3xy −c2zx
−c3xy a1 + c3x

2 + c1z
2 −c1yz

−c2zx −c1yz a1 + c1y
2 + c2x

2



 (43)

10. Paraboloidal web

Kij =









a1 − 2b12z + c3y
2 −c3xy b12x

−c3xy a2 + 2b21z + c3x
2 −b21y

b12x −b21y a3









, (44)

b12[b12b21 + c3(a2 − a3)] + b21[b12b21 + c3(a1 − a3)] = 0

11. Ellipsoidal web

Kij =





a1 + c2z
2 + c3y

2 −c3xy −c2zx
−c3xy a2 + c3x

2 + c1z
2 −c1yz

−c2zx −c1yz a3 + c1y
2 + c2x

2



 , (45)

(a1 − a2)c1c2 + (a2 − a3)c2c3 + (a3 − a1)c3c1 = 0

To check whether or not at given Killing tensor K ∈ K2
0(E

3) has normal eigen-
vectors we employ (after making sure that the eigenvalues are distinct) the Tonolo-
Schouten-Nijenhuis conditions:

N ℓ
[jkgi]ℓ = 0, (46a)

N ℓ
[jkKi]ℓ = 0, (46b)

N ℓ
[jkKi]mKm

ℓ = 0 (46c)

where N i
jk are the components of the Nijenhuis tensor of Kij given by

N i
jk = Ki

ℓK
ℓ
[j,k] + Kℓ

[jK
i
k],ℓ. (47)

We remark that the TSN conditions (46a–46c) yield 10 quadratic, 35 cubic and 84

quartic equations, respectively, in the Killing tensor parameters (see [12] for more

details).
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7 Non-canonical characteristic Killing tensors in the vec-
tor space K2

0(E
3)

Consider a Hamiltonian system defined by a natural Hamiltonian:

H(q,p) =
1

2
gij(q)pipj + V (q), (48)

where gij are the components of the metric of (M, g). A more general theorem
has been formulated and proven by Benenti [1]:

Theorem 1. The Hamiltonian system defined by (48) is orthogonally separable if
and only if there exists a valence-two Killing tensor K with (i) pointwise simple
and real eigenvalues, (ii) orthogonally integrable (normal) eigenvectors and (iii)
such that

d(K dV ) = 0. (a.k.a. “Bertrand-Darboux equations”). (49)

Often a Killing tensor(s) K satisfying the conditions of Theorem 1 is not in its
canonical form!

Conclusion: Therefore to solve Problems 1 and 2 we need to employ a more general
version of the moving frames method (i.e., that goes beyond the method that was
used by Eisenhart), which will allow us not only to classify, but also transform a
given characteristic Killing tensor to its respective canonical form.

Note that the group SE(3) (or SE(2) in the case K2
0(E

2)) acts transitively in the
bundle of orthonormal frames of eigenvectors of Killing tensors of K2

0(E
3). Thus

one can try to solve Problems 1 and 2 in the group, rather than in the frames.
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8 Geometric construction of moving frames (i.e., moving
frames “à la Fels & Olver”)

From the first lecture given by Peter Olver at the IMA Summer Program [20, 8,
9, 16]:

Normalization = choice of cross-section to the group orbits

K - cross-section to the group orbits

Oz - orbit through z ∈ M

k = K ∩ Oz - unique point in the intersection

• k is the canonical form of z

• the (nonconstant) coordinates of k are the fundamental invariants

g ∈ G - unique group element mapping k to z

⇒ freeness

ρ(z) = g left moving frame ρ(h · z) = h · ρ(z)

k = ρ−1(z) · z = ρright(z) · z
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Example: The orbit problem SE(2) � K2
0(E

2) [27, 18]

Group action SE(2) � E
2:

x̃1 = x1 cos p3 − x2 sin p3 + p1,

x̃2 = x1 sin p3 + x2 cos p3 + p2,
(50)

where p1, p2 and p3 are the parameters of the isometry group SE(2).

Group action SE(2) � K2
0(E

2):

β̃1 = β1 cos2 p3 − 2β3 cos p3 sin p3 + β2 sin2 p3 − 2p2β4 cos p3 − 2p2β5 sin p3

+β6p
2
2,

β̃2 = β1 sin2 p3 − 2β3 cos p3 sin p3 + β2 cos2 p3 − 2p1β5 cos p3 + 2p1β4 sin p3

+β6p
2
1,

β̃3 = (β1 − β2) sin p3 cos p3 + β3(cos2 p3 − sin2 p3) + (p1β4 + p2β5) cos p3

+(p1β5 − p2β4) sin p3 − β6p1p2,

β̃4 = β4 cos p3 + β5 sin p3 − β6p2,

β̃5 = β5 cos p3 − β4 sin p3 − β6p1,

β̃6 = β6.
(51)

Infinitesimal generators of the group action in K2
0(E

2):

V 1 = −2β5
∂

∂β2

− β4
∂

∂β3

+ β6
∂

∂β5

,

V 2 = 2β4
∂

∂β1

− β5
∂

∂β3

+ β6
∂

∂β4

,

V 3 = −2β3

( ∂

∂β1

−
∂

∂β2

)

+ (β1 − β2)
∂

∂β3

+ β5
∂

∂β4

− β4
∂

∂β5

.

(52)

Cross-section K:

K = {β3 = β4 = β5 = 0}. (53)

The moving frame map ρ : K2
0(E

2) → SE(2) for the the normalization equa-
tions corresponding to the cross-section (53):

β̃3 = β̃4 = β̃5 = 0. (54)
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Indeed, solving (54) for the group parameters p1, p2 and p3, we get

p1 =
β5 cos p3 − β4 sin p3

β6

p2 =
β4 cos p3 + β5 sin p3

β6

p3 =
1

2
arctan

2(β3β6 + β4β5)

β6(β1 − β2) − β2
4 + β2

5

(55)

Fundamental invariants:

∆1 = β6

∆2 = β6(β1 + β2) − β2
4 − β2

5

∆3 = (β6(β1 − β2) − β2
4 + β2

5)
2 + 4(β6β3 + β4β5)

2

(56)

Classification:

Cartesian (C) : ∆1 = 0 ∆3 = 0

Polar (P) : ∆1 6= 0 ∆3 = 0

Parabolic (PB) : ∆1 = 0 ∆3 6= 0

Elliptic-hyperbolic (EH) : ∆1 6= 0, ∆3 6= 0

(57)

Note that the “Cartesian” orbits are one-dimensional, “parabolic” — two-dimensional,
while “elliptic-hyperbolic” and “polar” — three-dimensional.
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Example: The orbit problem SE(3) � K2
0(E

3)[12]

Group action SE(3) � E
3:

xi = λj
ix̃j + δi, (58)

where λj
i ∈ SO(3) and δi ∈ R

3.

Group action SE(2) � K2
0(E

2):

Ãij = Akℓλi
kλ

j
ℓ + 2Bkℓλ(i

kµ
j)

ℓ + Ckℓµi
kµ

j
ℓ,

B̃ij = Bkℓλi
kλ

j
ℓ + Ckℓλj

ℓµ
i
k,

C̃ij = Ckℓλi
kλ

j
ℓ,

(59)

where
µj

i = ǫk
ℓiλ

j
kδ

ℓ. (60)

Infinitesimal generators:

U i = 2ǫ(j
iℓB

k)ℓ ∂

∂Ajk
+ ǫj

iℓC
kℓ ∂

∂Bjk
(61)

V i = (ǫj
ℓiA

ℓk + ǫk
ℓiA

jℓ)
∂

∂Ajk
+ (ǫj

ℓiB
ℓk + ǫk

ℓiB
jℓ)

∂

∂Bjk

+ (ǫj
ℓiC

ℓk + ǫk
ℓiC

jℓ)
∂

∂Cjk
,

(62)

for i = 1, 2, 3.
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Fundamental invariants:

∆1 = Bi
i, ∆2 = Ci

i, ∆3 = BijCij, ∆4 = CijCij, ∆5 = BijBji + AijCij,

∆6 = BijCj
kCki, ∆7 = CijCj

kCki, ∆8 = Cij[Bj
k(Bik + 2Bki) + Aj

kCki],

∆9 = ǫikmǫjℓnB
ijBkℓBmn − 2(Bi

[iBj
j] + AijCij)Bk

k + 6BijAj
kCki,

∆10 = Bij(Bi
kCkj − 2Bj

kCki) − (BijBij + AijCij)Ck
k + Ai

iCj
[jCk

k],

∆11 = ǫiℓmǫjkpB
ijBkℓCmnCn

p + Bij[BijC
kℓCkℓ − Cj

k(Ck
ℓBiℓ + 4C[k

ℓBℓ]i)]

+ AijCijCk
[kCℓ

ℓ],

∆12 = Ai
i[(Cj

jCk
k + 3CjkCjk)Cℓ

ℓ − 4CjkCk
ℓCℓj] − 6AijCijC

kℓCkℓ

+ 6Bij{BijC
kℓCkℓ − Cj

k[(Bik − 2Bki)Cℓ
ℓ + 4Ck

ℓBℓi]}

+ 12ǫiℓmǫjkpB
ijBkℓCmnCn

p,

∆13 = Aij(BijCk
[kCℓ

ℓ] + Bj
kCk

ℓCℓi − 2Ci(jBk)
kCℓ

ℓ)

+ Ai
iCjk(BjkCℓ

ℓ − Bk
ℓCℓj) − Bij[BijB

kℓCkℓ + 2Cj
kBkiBℓ

ℓ

+ Bj
kBikCℓ

ℓ − (Bj
kBiℓ + Bi

kBℓj)Ck
ℓ],

∆14 = 4Ai
[iAj

j]Ck
[kCℓ

ℓ] + 8Aij(Aj
kCk[iCℓ]

ℓ + Ak
kC[j

ℓCℓ]i) + AijCij(A
kℓCkℓ

+ 4Bk
[kBℓ

ℓ]) + 4CijBj
kAk

ℓBiℓ + 16AijCj
kB[k

ℓBℓ]i,

∆15 = AijCij[(Ck
kCℓ

ℓ − 3CkℓCkℓ)Cm
m + 2CkℓCℓ

mCmk]

− 6AijCj
kCkiCℓ

[ℓCm
m] − 12CijBj

k(Ck
ℓBi[ℓCm]

m + 2Bk
ℓCi[ℓCm]

m).
(63)

Classification:
The classification in this case is very complicated [12]. In brief, we divide the

11 orthogonal coordinate webs into three groups, namely “translational”, “rota-
tional” and “asymmetric”, - according to their geometric properties. Note that the
fundamental invariants given by (63) distinguish only between asymmetric webs,
namely paraboloidal, ellipsoidal and conical (they are generated by the elements
of K2

0(E
3) that belong to six-dimensional orbits). To classify the remaining eight

orthogonal coordinate webs we employ the following concept.

Definition 2. We say that a CKT K ∈ K2(E3) is translational (rotational) if it
admits a translational (rotational) Killing vector V : LV (K) = 0.2

In order to employ this concept in our classification, we classify the elements of
the vector space K1

0(E
3) first in terms of the algebraic invariants of the group action:

SE(3) � K1
0(E

3) (i.e., distinguish between the “rotational” and “translational”
Killing tensors).

2The circular cylindrical tensor (36) also admits a rotational Killing vector and can therefore be
considered as both translational and rotational.
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Transformations to canonical forms: The moving frames map!

Now we can solve Problems 1 and 2 in E
3. Let a Hamiltonian system be given

by the Hamiltonian

H(q,p) =
1

2
gij(q)pipj + V (q), i, j = 1, 2, 3. (64)

Given the potential V , we can employ the procedure above to answer the questions

• Whether or not the system defined by (64) is orthogonally-separable, or multi-
separable.

• If it is, we can determine what systems of orthogonal coordinates the cor-
responding Hamilton-Jacobi equation separates in and find the transforma-
tions from the given, to the separable coordinates, thus ultimately solving
the Hamiltonian system in question by quadratures.

The procedure described above has been implemented by Joshua Horwood into
the KillingTensor computer algebra package.

9 K (Killing tensor) vs V (potential)

Many problems of Hamiltonian mechanics that amount to the study of the Bertrand-
Darboux equations:

d(KdV ) = 0

can now be solved via the invariants of the Killing tensor(s) K, rather than ma-
nipulations with the potential V , stemming from the celebrated paper of 1901 by
Darboux [3]. They are redundant!
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Example: [2nd Integrable Case of Yatsun [18]]
Consider a Hamiltonian system with two degrees of freedom defined in E

2 by
the following Hamiltonian:

H(q,p) =
1

2
(p2

1 + p2
2) − 2(q4

1 + 2q2
1q

2
2 +

2λ

g2

q4
2)

+4(q3
1 + q1q

2
2) − 2(q2

1 + q2
2).

(65)

It is known that the Hamiltonian system defined by (65) is completely integrable
if g2 = 2λ admitting in this case the following additional first integral independent
of (65), which is quadratic in the momenta:

F (q,p) =

(

q2
2 +

3

4

)

p2
1 − (2q1 − 1)q2p1p2 + (q1 − 1)q1p

2
2 − 3q4

1−

2q2
1q

2
2 + q4

2 + 6q3
1 + 2q1q

2
2 − 3q2

1.
(66)

Observe that the Killing tensor K determined by (66) is given by

K =

(

3

4
+ q2

2

)

∂1 ⊙ ∂1 +

(

1

2
q2 − q1q2

)

∂1 ⊙ ∂2

+
(

−q1 + q2
1

)

∂2 ⊙ ∂2.

(67)

β1 =
3

4
, β2 = 0, β3 = 0, β4 = −

1

2
, β5 = 0, β6 = 1.

Substituting this data into the formulas for ∆1 and ∆3 (56), we obtain

∆1 = 1 6= 0, ∆3 =
1

4
6= 0,

which immediately shows that the Killing tensor (67) generates elliptic-hyperbolic
coordinates. Next, we compute the moving frames map (55):

p1 = −
1

2
, p2 = p3 = 0.

we conclude therefore that the system determined by (65) is orthogonally inte-
grable with respect to shifted elliptic-hyperbolic coordinates:

{

q1 = 1
2

+ cosh u cos v,

q2 = sinh u sin v.
(68)

Thus, we have solved the problem without solving the Bertrand-Darboux PDE!
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10 An application to the superintegrability theory

The theory of superintegrable Hamiltonian systems has its origins in earlier papers
by Pavel Winternitz and collaborators [10, 17]. A general structure and classifi-
cation theory for superintegrable systems (both classical and quantum) defined
in two- and three-dimensional spaces has been developed in a number of recent
papers by Ernie Kalnins, Jonathan Kress and Willard Miller (see [14, 15] and the
relevant references therein).

It follows that any Killing tensor with normal eigenvectors admitting a Killing
vector V = R3, that is

LR3
(K) = 0 (69)

has the form [12]

Kij
R =





a1 − 2b12z + c2z
2 + c3y

2 −c3xy b12x − c2xz
−c3xy a1 − 2b12z + c3x

2 + c2z
2 b12y − c2yz

b12x − c2xz b12y − c2yz a3 + c2x
2 + c2y

2



 .

(70)
We define the subspace K2

R(E3) of K2
0(E

3) to be the set of all Killing tensors of
the form (70) and shall refer to this subspace as the space of rotational Killing
tensors. We remark that the form of the general rotational Killing tensor (70)
is also invariant under subgroup of translations about the z-axis and that all
canonical rotational CKTs (39)–(42) are special cases of (70).

Problem 3. What is the most general potential V compatible via

d(KdV ) = 0

with the generic rotational Killing tensor given by (70)?

Answer [24] (see also [17, 2]):

V GCM =
ϕ(y/x)

x2 + y2
. (71)

31



1. Functionally independent first integrals of (71):

H =
1

2
(p2

1 + p2
2 + p2

3) + VGCM

F1 = p2
1(y

2 + z2) − 2yzp2p3+

p2
2(x

2 + z2) − 2xzp1p3+

p2
3(x

2 + y2) − 2xyp1p2+

ϕ(y/x)(1 + z2)

x2 + y2

F2 = x2p2
2 − xyp1p2 − y2p2

1 − 2ϕ(y/x)

F3 =
1

2
p2

3

F4 = 2xp1p3 − 2yp2p3 + 2z(p2
2 − p2

1) +
ϕ(y/x)

2(x2 + y2)

(72)

Hence the Hamiltonian system defined by (71) is maximally superintegrable for
any ϕ.

2. Separation of variables:

• Spherical

• Circular cylindrical

• Rotational parabolic

• Oblate spheroidal

• Prolate spheroidal

3. A connection with the Calogero-Moser potential:

VCM =
1

(x − y)2
+

1

(y − z)2
+

1

(z − x)2
(73)

For

ϕ(t) = 2(1 + t2)

[

3 + t2

(3 − t2)2
+ 1

]

, (74)

where t = y/x the potential (71) is reducible to the Calogero-Moser potential (73).

We conclude therefore that there is an infinite number of maximally superinte-
grable potentials that can have an arbitrary number of constants.
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* * *

Thus we have demonstrated that the Hamilton-Jacobi theory of
orthogonal separation of variables (including the study of multi-
separable and superintegrable systems) is deeply rooted in the Car-
tan geometry via invariant theory, moving frames method and the
equivalence problem.

* * *

“Every mathematical discipline goes through three periods of de-
velopment: the naive, the formal, and the critical.”David Hilbert.

33



References

[1] S. Benenti, Intrinsic characterization of the variable separation
in the Hamilton-Jacobi equation, J. Math. Phys. 38 (1997),
6578–6602.

[2] S. Benenti, C. Chanu and G. Rastelli,The super-separability of
the three-body inverse-square Calogero system, J. Math. Phys.
41 (2000), 4654–4678.
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[27] P. Winternitz and I. Frǐs, Invariant expansions of relativistic
amplitudes and subgroups of the proper Lorenz group , Soviet J.
Nuclear Phys. 1 (1965), 636–643.

36


