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Introduction

Extensive development of differential equations theory related to
the progress of natural science and technology. This theory was used
in other fields such as physics, mechanics, engineering and economics.
Particularly, the theory was applied in modern technology, involving
phenomine like vibrating motion, automaticall system, remote control
mechanics, electronic connections, etc......

The differential-difference equation (DDE):

y'(x) =ylz—1). (1)

was first reviewed in Condor city in 1771 in relation to the Eu-
ler problem, and had actually been studied in 1740. Later, common
basic theory of differential equations with delayed variables and be-
ginning handled problems was in Meuskic A.D.’s works ” Differential
Equations with delayed variables” in 1950. This theory has continu-
ously progressed, as it was needed in developing natural science and
technology.

The late in 1900s, many scholars have researched on abstract theory
of functional-differential equations with delayed variables in Banach
spaces. Many results on first order differential equations with delay
are presented in the works of Dg. Xellon, R.G.Aliev, V.I. Xisan and
others.

There is a book giving answer to many questions of modern theory
of the functional-differential equation: the work of Dg. Xeisle. A
research on a model of ” the death of predator” and a study of Volterra
vibrating provided as a common differential equations in the condition
of preceded stage system.



In the late 1930s and 1940s, Minorsky worked on the problems re-
lated to the equilibrium situation of ship and automatically navigated
operation.

This work showed clearly the importance of delayed mechanical
systems of inverse direction.

Later, rapid progress of operator differential equation:

Zm: A U9t = f(b), m > 1 (2)

in other spaces.

Equation (2) detailed on 1st and 2nd order with Cauchy Problem
and could be solved.

These concepts appeared in the works of C.G.Kein, E. Xill and R.
Fillipe, and the common results were directed from the researchs of
E. Xille, R. Fillipe, K. Iosid, and T. Kato.

The first accomplishment was the existence theory for the Cauchy
problem in equation (2) when m=1 and unbounded operator A in
Banach space in term of semi-group operator.

Another accomplishment through T.Kato’s work focused on the
existence theory for the Cauchy problem :

X'(t) = A@t) X (1). (3)

where A(t) is an unbounded variable operator.

More class-operators-Cauchy Problems were developed by S.Agmon
and L. Nirenberg; they formulated positive exponential asymptotic
solutions. Later, A. Pasy extended this result to the applying it equa-
tions with negative exponential variable coefficients.

To sum it up, the above equations are functional-differential equa-

tions with operator coefficients and delay in Hilbert spaces in the form
of :

DU() =S A+ AWMU —hy— (1) = F(H) (4
j=0
which was first proposed by R.G. Aliev.
This work focussed on existence and uniqueness results for equation
(4) under equilibrium conditions and asymptotic solution as t — oo



The main points to solve (4) were: Fourier Transform,Functional
Analysis Methods, Inferential Methods, and the understanding of the
previous stage of delay equations.

However, higher order of the equation types (4) have not been stud-
ied yet. Only the second-order equation:

D) — 373" [ + A (0] Soyen o DU = £ 6)

k=0 5=0
has been analysed and solved by M. Asil in 1991.

Now we introduce the n-order functional-differential equation with
operator coefficients and delay in Hilbert spaces:

LyU(t) = [(t) (6)

D}U(t Z Z [Akj + Akj (1)) Shy, 41, DEU(t) = f(1)
k=0 j=0

k
DF = e, R = {t >t}

where Ly« X7 — Y%

tO 9
R+

X ntﬁ‘ -Hilbert space, containing functions with norm:

1U() HQZ/t exp(20)( Z U™ @) |13+ 11 U™ @) |15)dt

toZ—OO, aeR

Y% Hilbert space, containing functions with norm:
R0

| U) |P= / exp(2at) | U@ |2 dt, o> —00, acR

Shisrhn; (U (£) = U(t — hy; — hy(t))- operator translation.

Ap;j —abstract constant operator coefficient
Ap;(1) —abstract variation operator coefficient
hi; —constant delayed variable
hi; (1) —variation delayed variable



Necessary and sufficient conditions for equation (6) to have unique
solution are:

Akj(t) = O, hkj(t) = O, k > O, ] >0

In case the coefficients slightly variate, sufficiency is also satisfied.

We started with ¢t > tp > —oo, ¢ € R ,a normal solution of (6)
in entire Hilbert space.

(6) can be transformed to the first-order differential equation system
(4)as in R.G. Aliev.

Initial Problem:

e (t) = f(t,x(t),..., 2™ @),z(t —7),2(t —71),..., 2"Vt = 7))
2 ®)(to + 0) = @r(to)

st —1)=pt—71), t—7<ty, k=0,n—-1

which involved with system of equations:

io(t) = x1(t)

a1 (t) = w2(1)

rp(t—1)=@p(t—71), t—7<ty, k=0,n-—1,

is irreversible, meaning that result of first order differential equa-
tions systems are not equivalent to the initial nth-order functional-
differential equations with operator coefficients and delay, as any given
function y(t) for the n-order equation must correspond to the func-
tion p(t) :




Symbol and Definition

X,Y - abstract Hilbert spaces with norms: |||, -]y,
XY, eIy, RY={t>t}, RY={t<to},
R"™ — n-dimensional Euclidean space,

n—1 m &

k=0 j=0

n—1 m
Lgo = D? - Z Z [Akj + Akj(t)] Shkj‘f'hkj(t)Dllfc

k=0 j=0

H(R) -set of absolute continuous functions h(t) with properties:

Pit)<r<1, teR
L(X,Y) - set of bounded operator from X to Y,
Lo(X,Y) - set of closed operator from X to Y,

L(X,Y) - set of strongly continuous operator from X to Y,

NeY
to )
+

@~ gymbol of norm in space X"
R

Ne
to )
-+

: 0
|2’O‘— symbol of norm in space YR

X 4 (S)-characteristic function of operator A such that:

[AUly < SIUl +x.(SIU,
U(X\) = (U(t)) — Fourier transform of function U(t),

F(X,Y) —set of Fredholm operators from X to Y,



Vte R and M€ C, determined operator resolvent:

n—1 m
Ry(N) = (N'E — X0 3 Agphte i),
k=0 7=0

-1

n—1 m

Rpo(A, 1) = (A"E7—'§: E:[/hv*-/huUJ]AkeiAm“+h““»> :
k=0 j=0

Condition R* (RY) on R(\): R(\) —regular,
MR =0(1), k=0,n—1, [A"RA)],=0(1),

| A|— 00, SmA=a (SmA<a)
Summary

This paper is concerned with the resolution of nth-order functional-
differential equations with operator coefficients and delay in Hilbert
spaces:

LyU(t) = f(1) (1),
where L= Dj — gj%Akjshijf, Df = L and

Ly U(t) = (1) (2)
where L7 = D — gé [Arj + Akj ()] Shyy sy 0y DF

Problem:

Determine the conditions on:

Rp()\)a Rpo()\7t)7 Akj7 Ak‘](t)u hk]; hkj(t)7 k= 07 n— 17 ] - 07 m,

such that the operator:

0,
e XM — Y to = —o0
Do DO R:_Q RT) 0 =

be continuous. And determine the conditions under which is a Fredholm operator:
. n,a 0,a
LZO . XR — YR .
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First step, solve the following problem:

LyU(t) = f(t) (1)
We prove the theorem of existence and uniqueness of equation
(1) with operator coefficients A;; € £(X,Y) and constant delayed

variable  hyj, hy; = 0,10 = —o00,k =0,n— 1,5 =0, m.

Theorem 1.1:The necessary and sufficient conditions for the operator

9 07
Ly X;t‘g‘ — YRtf, to = —00, (tg> —00)
+ +

to be continuous and inverse, is that R,(\) satisfies the condition
R* (R%).
Theorem 1.2: If R,(\) satisfies the condition R* andf(t) =0,
t<ty, f(t)eL*A)Y), AcRY,
equation (2)has a unique solution U(t), that satisfies U(t) = 0,t < t,.

The following two examples are presented to illustrate the above
theorems:

Example 1
U(t)=U(t) = ft), L,= % -1, RN =[N"=1" (1)
Example 2
P00 _FUD iy —ha) = st 2)
Next, solve the problem:
LyU(t) = f(t) (2)

by proving the theorem of existence and uniqueness of equation (2)
with variation operator coefficients and variating delay under the hy-
pothesis that  Ag;(t) , hgi(t), k=0,n—1, j =0, m. one small
enough.

Theorem 2.1: If the following conditions are satisfied:



q). Ap € Lo, V)N Lo(X,Y), k=0n—1, j=TLm.

b). R,(\) satisfies conditions:

Ra) (Ra—)v hk‘j + hk’](t) > 07 k= O7n - 17 .] - 07m'
350, if A, <5 gl <e, teR, () € HER)

k=0,n—1, 7=0,m, then the operator
Ly, Xp®— YR, ty=—o0, (tg>—00)

is continuous and inverse.
Theorem 2.2: If it satisfies the following conditions:

a). Ay € LY Y)NLo(X)Y), k=0,n—-1, j=1m.
b). R,()\), satisfies the conditions: R®, hg; + hy;(t) >0,

E=0n—1, 7=0m.
o). f(t)y=0, t<ty,, f(t)eYy*, AcCR
d). hy(t) e HR), k=0,n—1, j=0,m.

>0, if Ay, <e |0l <e teR, k=0n-1,

j =0,m, then equation (2) has existed unique solution U (t),

that satisfies U(t) =0, t < ty.

The last, we find the condition of Fredholm operator
L, XEY— YR (3)

and condition that operator (L}, — i) has zero indices, by proving
the theorem of finite number of kernel and cokernel of operator L.

Theorem 3.1.1: If it satisfies the following conditions:

@)- A € LoV, V) (1 Loe(X,Y), 3 lim [ Ak (1), = 0,3 lim [hus(6)] =0,

|t|—o0
hi;(t) e HR), k=0,n—-1, j=0,m.
b). R,()\), satisfies the conditions: R¢,



kernel of operator Ly, : Xp® — Yﬂg’a is finite number.

Theorem 3.1.2: If it satisfies the following conditions:

a). A+ A(t) € Lo(Y,Y)NLo(X,Y), teR, k=0,n—1,
j=Tm, 3 lim A0, =0, 3 Im [h(0] =0, hiy(t) € HR),

|t|—00 |

Api(t) intermoft e R, k=0,n—1, j=0,m.

n—1

b). Ry(A) and  Ry(A\t) = [N"E =) N(Ap + Apo(t)] "
k=0
all finite, V¢t € R satisfy the condition R“,

Then cokernel of operator,
Ly, :Xg"— Y, finite number.

Consequences 3.1.1: If it satisfies the following conditions:

a). A+ Api(t) € LoV, V)N Loo(X,Y), VEER, k=0,n—1,

[t|—o0 |

j=Tom, 3 lim A0l =0, 3 lim [by(0] =0 biy(t) € H(R)
Ap;(t), hij(t)- continuous and in term of t e R,k =0,n— 1,5 =0, m.

n—1

b). Ry(A) and  Ry(At) = [N"E =) N(Ap + Apo(t)] "
k=0

all finite ¢t € R satisfy the condition R?,

). f(t)eYy®

Then operator Ly, € F(X“, Ye®).

The end, proving the theorem about the number of kernels and
cokernels of operators

(Lpy —1y)  : Xg© — Yo, equal to zero.

Theorem 3.2.1: If it satisfies the following conditions:

a’)'Ak?j S £0(Ya Y) m‘COO(Xu Y)u k= Oan - 17] = 17m7 = |t1|l—r>%o HAkj(t)Hy - 07



3|1|1m |hi;(t)] =0, h(t) e HR), k=0,n—-1, j7=0,m.
t
n—1 m

D). Ry(A) = [(A"—in)E =Y Y MAge ™),

k=0 j=0
satisfies the conditions: R®, and lim ||R,(A,7)|l. =0, SQmA =
— 00

a,

Then kernel of operator (L, —iy) :Xp" — Yﬁ?’a,

is equal to zero as v is large enough.

Theorem 3.2.2: If it satisfies the following conditions:
a). Apj+ Api(t) € Lo(Y,Y)NLo(X,Y), VEeR, k=0,n-1,

Ap;(1) —contlnuous and in termof t e R, k=0,n—1, j=0,m

n—1 m
D). Ry(\7) = [(A"—iy)E=) Y MAge ™™™ and  Ry(A\t,7) =
k=0 j=0
n—1

(A" =) E =) N (Ao + Apo(t)] .
all finite, Vt € fRzosatisfy the condition R, and
lim [[Rp(A )]l =0, lim [|Rpo(A £, 7)[l2 =0, SmA=a, teR,
Z). flt) e v '
Then the cokernel of operator (Lp,—ivy) :Xp“ — YIR?’O‘,

is equal to zero as 7 is large enough.

Consequences 3.2.1: If it satisfies the following conditions:

a). Akj—i—Akj(t) e Lo(YVY)NLxo(X,Y), VEteR, k=0n-—1,

j=1,m, 3|1‘1m | Ak, (t)]|, = 0, E||1|1m \hi;(t)] =0, hgi(t) € HR),

10



Ap;(t) -continuous and in term of t e R, k=0,n—1, j=0,m.
b). VteR, R,(\,v) and R,(At,v) satisfy the condition R, and
3 lim ||Ry(A,y)|lz = 0,3 lim [|[Rpo(A, t,7)]|z = 0,ImA = a,t € R,

=00

=00
Then indices of operator (Ly,—iy) :Xp* — Y,

is equal to zero .
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