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The Dirac equation in dimension two

The Dirac equation in dimension two

Following the notations of [Fatibene, McLenaghan,Smith], let us consider on a
Riemannian two-dimensional manifold the Dirac equation

Dty — Mp = i7"V 1p — Mp = 0

with
=€l
where .
= ) =0 )
such that

V2P 9Py = 20
is the Dirac representation, (e*,) a spin frame associated to the metric
gﬂ” = epanabeub
Nab = dap and
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The Dirac equation in dimension two

Vuth = 0+ Tpih,
with 1 1
M= g0 el = 20275
where %> = e 2(I'} e + 9,eP) and therefore
reb=—ry.

We have

1 (e —iely o (€4 —iek
V= I-el2 _e11 y Y= ie22 —e21

and ) "
0 —il
— m
M= 2 (—ir,lf 0 >

X = —2¢e", F12
Y = —2e 1F12

1(iX -Y
[~ - =
Wr*‘4(v —m)'
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The Dirac equation in dimension two

Then, the Dirac equation becomes

Dy — \p = Adp + B,y + Cp — M\p =0

where L )
X e 1 e 2
A= (—e12 —iell)
- 2 2
& e 1 e 2
B = (e22 ie21)
- 1 /X =Y
— RMK —
C=i"T, = 2 <Y —iX)
and

X = —2ell2 = =205,
Y = —Zeﬁrf = —2I'112.
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The Dirac equation in dimension two

Orthonormal moving frame
0
E,=el—
2= Cagn
E? =& 7 dx!

The structure functions C7_ are defined by

1
dE? = 5 ECEb N E€
[Ea’ Eb] = C:bEC

and connection coefficients by

Ve Ep = T,E:
Ve EP = —TLE€

with 1
rabc - 5 (Ccab - Cabc - Cbca)

then, I,pc are defined by the spin frame only.
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The Dirac equation in dimension two

Coordinates separating Dirac equation are associated with separation of
Hamilton-Jacobi and Schrddinger equations via Klein-Gordon equation [Miller,
Kalnins, Smith, ...]

and not [Varaksin, Shirokof, ...].

Coordinates (q') separate additively H-J equation g¥d;Wa;W = h associated to
H = glp;p; (i.e. there exists a complete solution W = W;(q') + -+ + W,(q")) if
and only if the Levi-Civita equations hold:

O;HOHIH + 8"HY HOzH — 8;HY HOIH — ' HO;HO!H = 0

where indices are not summed and 0; = 9/9q’, &' = 9/0p;.
If g is such that

o5 = Q@)
it is said of first class and if O;H = 0 it is ignorable. Ignorable coordinates are
associated with Killing vectors (isometries). In HJ theory of SoV, first class
coordinates always can be transformed into ignorable without changing the
separability structure.
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Multiplicative separation of eigenvalue-type PDE systems

Multiplicative separation of eigenvalue-type PDE systems

Let (x,y) a (local) coordinate system on a two dimensional manifold and
w — <¢1(X7}/)) .
/(/)2()(7)/)
Let D the operator defined by

_ (A1 A B B G G
o= (% W) (s a)ar (e a)

where A;, B; and C; are functions of (x,y), such that

Dy — A10x1 + A20x2 + B10y 1 + Ba0ythr + Cipr + Goyo
A30x1P1 + AgOxthr + B30yth1 + BaOyps + Catpr + Caapo )
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Multiplicative separation of eigenvalue-type PDE systems

Let A # 0 a real or complex number, we consider the equation
Dy — \p = 0.

If we assume multiplicative separation for v, i.e.

then the equation DY — Ay = 0 becomes

A1a1by + Asanby + Brayby + Baasby + (Ci — N)ayby + Coazby =0
Azaibi + Asarby + Bsai by + Baasby + Gzarby + (G4 — N)azh, =0

hence, we define separability of D as follows:
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Multiplicative separation of eigenvalue-type PDE systems

The operator D is separate in (x, y) if there exist nonzero functions R;(x, y)a, bs
such that the above equations can be written as:

Ria bs(Ey + E{) =0

Roaeby(Ex + EJ) =0

where EX(x, aj, 3;), EY (v, bj, by).

1

provide the separation constants ;.
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Operators directely generated by separated equations

Operators directely generated by separated equations

In the Miller-Shapovalov theory first-order symmetry operators were employed to
characterize separation, but later some separation was found [Fels, Kamran 1989]
associated only to second-order symmetry operators. In all cases the operators
were strictly related to separated equations for Dirac operator.

Following these paths we can build eigenvalue-type operators L making use of the
terms EX and E; so that Ly) = pp with p(p;) constant.

Searching for first-order operators, we impose (1 = o = p in the separated
equations.

The requirement that the operator L is independent of A (otherwise we are
considering some kind of "fixed energy separation”) imposes the employement, for
the construction of L, of those terms only among EX or EY independent of A.
We require [L, D] = 0.
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Three kinds of separation

1- Three kinds of separation

Separation ansatz

I. a1 # ap and by # by.
Il. a3 = a; = a and by # by (or vice-versa).
I1l. ay = a, = a and b; = cby, = b (c constant).

We do not consider reduced separation such as assuming from the beginning
a = €%, ap =x%—1, etc.
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Type |

Type |

We assume at first R; = 1. Because of the term \i;, one at least of the indices

aybs factorizing the i — th equation must be equal to i. Then, all possible schemes
of separation arise by multiplying the system by the matrix

1
—_— 0
T = abm 1
0
apbq

where one of /, m must be 1 and one of p, g must be 2. According to the allowed

4-tuples of indices (/, m, p, q), all the possible separation schemes are the
following nine:

(1,1,1,2) (1,1,2,1) (1,1,2,2)
(1,2,1,2) (1,2,2,1) (1,2,2,2)
(271’172) (2’17271) (2’17272)

The separation conditions (D — \)i) = a;bm(E + E;") impose restrictions on

functions A;, B; and C; that, corresponding to the different cases, determine
respectively the separate form of D:
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Type |

o (50 aln) 2 (800 02+ ("™ )
02 (3 0)2+ (87 i) 2+ (6™ )
D; (Aléx) A;EX) 8X+(Bléy ) B4%y)> d,+
H(FTEY it o
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Type |

After exchanging x and y some of the previous operators coincide, namely
D; = D,, D, = Dg, D5 = D7, Dg = Dg and D3 = D3. Moreover, by introducing

the operator
01
(1 o)

s(2)= ()

we observe that D17 is of the same form as JDgJv, then we can consider D; and
Dy as equivalent in the following discussion. Thus we have the four distinct
classes represented by D1, D3, D4 and Ds. By writing T(D;y) — A\¢)) as

E; +E)
E? + E;

E>l( = Ki = —E_)’/7

such that

and separating them as
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Type |

I) The class Dy:
Let us consider D19 — Ay = 0, assuming here and in the following that A # 0,
the first component can be separated as

Al(X)é.’l + Gi(x)ar — Aap =
Bi(y)br + GCia(y)br = —paby

or
A1(x)a1 + Gii(x)ar = p1as
Bi(y)b: + Cia(y)b1 — Aby = —p1 by

according to alternative grouping of A with terms in x or y. The second
component reads

A4(X)é2 + G(x)ar — Aay = ppay
Bs(y)br + Gs(y)b1 = —pabo

where 7 and o are the separation constants.

Separated equations can be decoupled by integrating a; and b; from the first two
and substituting the results in the last. The solutions a;, b; are in all cases given
by first-order ODE's.
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Type |

By using the only terms independent of A and assuming g1 = pp one can try to
build an operator L. However, this is impossible under the assumption of
independence among a; and b;. The same for higher-order operators, when we can
assume p1 # pp. It follows that no eigenvalue-operator is associated with the D,
separation scheme.
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Type |

II) The class Ds.
By considering equation D31 — A) = 0 we obtain the following four systems of
separation equations, according to the possible different groupings of A:

Al(X)é.’l + Gi(x)ar — Aay =
Bi(y)b1 + Gua(y)br = —p1bn

Ar(x)ar + CGui(x)ar = mar
Bl(y)bl + C12(y)b1 — )\bl = _Mlbl

A4(X)é_2 + Gii(x)az — Aax = poao
Ba(y)bs + Caz(y) b2 = —pi2bo

A4(X)f?2 + Cu(x)az = poaz
Ba(y)b2 + Cazo(y) b2 — Ab2 = —pobo

All equations are decoupled in a;, b; and solutions are always given by first-order
ODE's.
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Type |

By putting p1 = pp = 1 we can obtain from the previous systems the following
couples of equations respectively, suitable for the construction of operators:

(B19y + Ci2)by = —pbn
(B48y + Ca2)by = —pbsy

(Blay + C12)b1 = —ub;
(As0x + Gar)ar = pas

(A10x + Gir)ar = pas
(B46y + C42)b2 = —,ubz

(A0« + Gir)ar = par
(A48X + C41)32 = pas
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Type |

The corresponding operators of the form Ly = u1) are then respectively

L, — — Blay + Cio 0

e 0 Bidy + Cao
L, — —Blay — C12 0

2 0 A0y + Ca
L. — A0, + Cin 0

3 0 —B48, — Cao

L, — A10x + Gia 0

T 0 A0y + Cyq

An easy computation shows that all these operators commute with D3 and
between themselves when applied to some generic ). The same holds for the
powers of the L;.
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Type |

[II) The class Dy.
We have for D4y — A = 0 the following separated equations:

Az(X)éz + G(x)az = e
Bi(y)br + Gi(y)b1 — Aby = —pua by

Bs(y)by + Cs(y)br = —pabs

The equations can be decoupled by substitution.

{A4(X)éz + C4(X)32 — )\32 = M2d1
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Type |

The only couple of equations suitable to define an operator L is

(A0 + Gax = p1a1
(B3dy + G3)by = —puaby

It follows

—Bsd, — G 0

However, the requirement [L, D4]v = 0 for every ¢ implies

By = B3 = A, = A, = 0. Then, no differential operator of this kind can exist
provided a; and b; are independent. Moreover, no higer-order operator can be
constructed. No operator can be associated with D4 assuming type | separation.

L— ( 0 A0y + Cz)
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Type |

IV) The class Ds.
The separation of Dsy) — Ay = 0 is given by

Az(X)éz + G(x)az = prax
Bl(y)bl + Cl(y)bl - /\b1 = —mbz

A3(X)«?1 + G(x)a1 = ppan
Ba(y)b2 + Ca(y) b2 — Aby = —pu2by

Equations in a; can be decoupled by substituting, for instance, a; and a; given by
the first equation of the first system and its derivative with respect to x into the
left-hand term of the remaining equation yielding a second-order ODE in a, only.
Solutions for a; are therefore given by second-order ODE's. The same procedure
allows us to decouple b;.

R.G.McLenaghan, G.Rastelli (University of Waterloo, (Separation of variables for systems of first-order PDE's IMA, 27 July 2006 25 / 60



Type |

It is easy to verify that no first-order operator independent of A can be defined by
using the previous equations.

Higher order operators:

we have immediately

(A20x + G2)(A30x + Gg)ar = papipar
(A30x + G3)(A20x + G)ax = pappar

Then, for the operator

L — (Aan + C2)(A3ax + C3) 0
5 0 (A30y + G3)(A20y + ()

we have
Lsv) = papot)
and for its powers
La = (papi2)")
for any positive integer h. We have [Ds, Ls] = 0, as do the powers L!.

If we call u the eigenvalue of L associated with ), from u = ujpuo we obtain as
separation constants, for example, 1 and g/ p;.
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Type |

The only cases allowing complete type | separation for the functions a;, b; occur
for the class D3, with four independent first-order operators and their powers, and
for the class Ds, where there is one order-two operator and its powers.
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Type |

Let now R; # 1. The separated equations obtained from D are of the same form
as seen above, except for the terms including A which becomes now A/R;, but this
do not change the above analysis. Recalling that each R; depends on only one
coordinate, we see that operators L built as above from separated equations do
not contain the functions R;, moreover, terms in L arising from the same separate
equation depend on the coordinate different from that appearing in the factor R;.
Then, the operators L are the same we obtained above discussing the case R; =1,
while the operators D are consequently in the form

Rl 0 /
D = < 0 R2> Di
where the D) are the operators seen in the previous section.

We analyze now the cases corresponding to the existence of operators associated
with separation.
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Let D = <R1

respectively

0

0
R>

Type |

Ri(y), Ra(y)

Since D and L; are diagonalized simultaneously, it is easy to verify that

_ (R
L,D(0

0
R

commute with D.
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R 0
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Type |

Ry 0

ForD:(0 R,

) D, we should have

Ri(y), Ra(x)

By imposing [L;, D] = 0, again we have that there is no differential operator L; of
the required form satisfying the previous equation, whatever R; can be.

R 0 Ds that for the associated
0 R

operator Ls described above we must have

Rl(y)a R2(y)

In a similar way we can see for D = (

and again [Ls, D] = 0.
Then: in dimension two, the separated forms of the operator D associated with
commuting differential operators are given by D3 and Ds.
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The Dirac case

The Dirac case

By considering all possible commuting cases for the separation of Type I, we have
1) (D3, L;).

The separation scheme D3 is never associated with the separation of the Dirac
equation in the Dirac representation, being associated with singular spin frames:
since in any case e3 = €2 = 0, the matrix (e”) is singular everywhere.
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The Dirac case

2)(Ds, Ls): Ri(y), Ro(y).
Proceding as above, we have the separability conditions

el =e2=0

ief = Ri(y)Bi(y)
& = Ri(y)Ax(x)
—e3 = Ra(y)As(x)
—ief = Ra(y)Baly
iX = 4Ri(y)Gi(y)
—Y = 4R (y) G(x)
Y =4Ry(y) G(x)
—iX = 4Rx(y) Gu(

)

y)

from which we can derive R, = cRy, where ¢ is a constant, and A, = —cAs,
By = —cBy, G = —cC4 and G = —c(3. The system is therefore equivalent to
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The Dirac case

el =e3=0

ie? = Ri(y)Bi(y)
& = Ri(y)Ax(x)
iX =4Ri(y)G(y)
—Y = 4R (y) Go(x).

We obtain for the only allowed symmetry operators the following expressions

1 (A + G(x)? 0
Ls =—2 ( 0 (Aol + cg(x))2)
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The Dirac case

Given the previous expression for the components of the spin frame in these

coordinates, the quantities X = —2[ 15, and Y = —2[15; can be compu’Eed from
the ek. Moreover, since e¥ are assumed to be real functions: Bi(y) = iBi(y). We
have _
= d(Ri(y)B
X = () Ry Baly)) AR )
. dAx(x
Y = 4R, (1) By () Aa() 1 L2
which is consistent with the above conditions iff
A=k
G(x) =
G=iG
~ = L d(Ri(y)Bui(y
Giy) = (Ri(y)Byy)) LRAL)

with k constant, Ci(y) and B real functions.
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The Dirac case

Then

Remark:
The operator

Ox 0
L=~
(5 a)
that commutes with Ds, it is not a good symmetry operator in this case. Indeed,

it is not built from the separated equations and it implies a; = a, (up to a
constant factor that can be absorbed by b;).
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The Dirac case

The components of the metric tensor are
g1 = (kRi(y)) ™2
g2 = (Ru(y)Bi(y))

that, after rescaling of y, corresponds to polar or cartesian coordinates on the
euclidean plane. The differential equations for the a; are

ay = p1ai

—a1 = U2ao

Solutions for a; in the simplest case k = 1, are
a = Clle*\/*ﬂluzx + C12€\/*M1M2X
o2 = /i pz (~cle™ VI 1 chev )

IMA, 27 July 2006
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The Dirac case

For b; the separated equations are

iBi(y)by +iCi(y)bs — Ri(y)~*Aby = —pu1 by
—1By(y)bo — LCi(y)b2 — Ru(y) ' Aby = —paby

. _ Ri(y)B
with G(y) = (Rl(y)Bl(y))‘lw. The system can be decoupled as

we did for the aj.
If also By = —cBy =1, Ry = 1, (Cartesian coordinates):

by = dlev + d2evm
by = d}e’ + dier

7)\7r1

M1

where r; are roots of r?> — cA(1 — ¢c)r — (A2 + pyp2) = 0.
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Type Il

Type |l

Let us assume a; = a, and by # by. We have

DY A = Avaby + Ayab, + Biaby + Byaby + (Ci — N)aby + Goaby\ _
Azaby + Agaby + Bzaby + Byaby + Czaby + (Cy — N)aby

We now can divide each row of by the two functions ab;, i = 1,2 only, obtaining
the following four separated operators

(Aulx) O Bi(y) Ba(y) Cu(x) + Galy) Gly)
D.: <A3(X) 0) O+ (33(){) B4(§)> O+ (CSI(X) + Caz(i) C4(§)) ’
(Ax) 0 Bi(y) Ba(y)
D2'( 0 Adx) ax+(53(§) 54&)) Ot

Ci1(x) + Ga(y) G(y)
+ ( Cs(y) Car(x) + C42()/)> ’
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Type Il
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Type Il

Moreover, as for the type | separation, in order to obtain the most general
separated equations we must consider each of the D; multipliyed by the matrix

Ry O
0 R

where,

for Dy: Ri(x) or Ri(y) and Rax(y);

for Dy: Ri(x) or Ri(y) and Rax(x) or Ra(y);
for D3: Ri(y) and Rx(y);

for Dy: Ri(y) and Rx(x) or Ry(y).
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Type Il

From D; we have the following systems of separated ODE,

Alé + (Cll - )\)3 = (1a
Biby + Boby + Co(y) by + Cioby = —puby

{Alé + Ci1a = 1a
Biby + Boby + Co(y)b2 + (Cia — A)by = —pu by
for the first component, corresponding to the possible grouping of the parameter
A; and
{A3é + Gia = p2a
Bsby + Byby + (Ca(y) — A)b2 + Caoby = —piaby.
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Type Il

Let us consider the case D,. We have now e = 0. All the possible separated
equations are

Ara+ (Cll — )\)a = u1a
Bi1by + Baby + Go(y)ba + Ciaby = —pu1by

Aia+ Gia=a
Biby + Boby + Go(y)bo + (Cio — A\)by = —pui by

for the separation of the first component, and

A4é + (C41 - )\)a = W24a
Bsby + Byby + G3by + Caoby = —piobo

A4é =+ C413 = W2a
Bsby + Baby + G3(y) by + (Car — A)by = —piaby

for the second component, according to the two possible groupings of A.
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Type Il

Let us consider the operator Ds. the separated equations are

Aa+ Cra=a
Biby + Boby + (Ci(y) — A)by + Coo = —pa b2

Aza+ Ggra = poa
Bsby + Byby + (Ga(y) — A)b2 + Caoby = —puaby
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Type Il

Let us consider at last the operator D,.
The separated equations are

Ara+ Gra = Hia
Biby + Boby + (Gi(y) = A)by 4+ Coo = —pu1 b

for the separation of the first component, and

A4é + (C41 - )\)a = W2a
Bsby + Baby + Gi(y) b1 + Cazbo = —pioby

A4é + C413 = W2a
Bsby + Baby + G3(y) by + (Caz — A) b2 = —pobo

for the second.
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The Dirac case, type Il

The Dirac case, type |l

(Work in progress)

It is possible to see that to D; always correspond singular spin frames; due to the
expression of D; we have that e} = el = 0.

In the case D, we have immediately e] = e = 0 and all related spin frames are

necessarily singular.
Then, no separable Dirac equation can correspond to the separation schemes D,

and D;.
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The Dirac case, type Il

The operator Ds:
In this case we have e = 0.
Let Ri(x) = —Rx(y) = c, then for example we can have

A 0 C 0

2 _ (A1 11

G- (5 ) (S )

which commutes with D, for nonsingular spin frames if and only if A; = Ay,
Ca1 = Gu1.
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The Dirac case, type Il

We have the conditions

el = —icA;

e =0

e? = —icB;

e2 = cB,

X = —ide(Cy + Cr2)
Y = —4cCy(y)

B, — B;

B, =B,

G=G

Cio = Cp2

where ¢ is a constant. It follows

1(x) = Z_\ (x)
1(y) = iBi(y)

X =0
Y 74CBli
Ay
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The Dirac case, type Il

Therefore, we have:

AL = A,
Ci=Cn

G =0

/_41 = k1 gkex
Gy = 4ky By /4.

where k; are constants. The covariant components of the metric tensor:

_ B+ B}
811 = C2/_4i822
By
812 = C2/Z\1 B22
1
822
2322
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The Dirac case, type Il

The Levi-Civita equations are always satisfied and x is of first-class.
By putting, for example, By = ¢1, B, = —(coy + C3)*1, ¢; constants, the Riemann
tensor is zero.
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The Dirac case, type Il

Letnow R = R, =1
We can build the following four second-order commuting with D, operators:

L2 — La Lb 0
vi 0 L. Ly

where a,b,c,d =1,2, a# b, c #d and Ly = A10x + Ci1, Lp = A0 + C41. The
operators commute if: /) A; = 0, G;; = k for constant k, and
II) A4 = —Al, C41 = —C11 + k.
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The Dirac case, type Il

The only case corresponding to nonsingular spin frames is ii and we have the
following conditions:

ef = —iA

e1=0

e? = —iB;

622 = —Bg

X = —i4(C11 + C12)
Y = —4GC(y)
Cpo=—Cio + Ik/4
G=-G

By = —B

B, = —B

Proceeding as above, we obtain
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Therefore, we have:

where k; are constant.
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The Dirac case, type Il

A1(x) = iAL(X)
Bi(y) = iBi(y)
X=0
Y = 74éli
A1

Ay = —A;
Chn=—-CGi+k
Cy =k

k
C42 = _IZ
G =0
G, = 4B /4
/2\1 = klekzx.

IMA, 27 July 2006

52 / 60



The Dirac case, type Il

The covariant components of the metric tensor:

_ B3+ B
811 = k12e2k2_XB22
B
812 = — k1€k2XB22
_ 1
822 = B?

The Levi-Civita equations are always satisfied and x is of first class. By chosing
for example By =y, B, = y(c1 + c2/n(y)) ™1, the Riemann tensor is zero.
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The Dirac case, type Il

The operator Ds:
Ry = R, = 1. We have e} =0
For second-order operators we have

13— LL, O
m=\"0 Ly

where a,b,c,d =1,2, a# b, c #d and Ly = Ax0x + Co1, Lo = A30« + C31. The
operators commute and related spin frames are nonsingular if:
i)Az = —Az, Ga1 = —Ca1 + k.
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The Dirac case, type Il

It follows in all this cases

el =0

er = Ay

612 = 71'81

622 Bl

X =—idCG(y)

Y = —4(C + C)
G(y) = —Gly)

Go=—-Con—k
B, =-B
By — —B,
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The Dirac case, type Il

B, =iB
X = 4A,B, /B,
Y = —4(B\Bs — By + Ay Ay)
Therefore, we have:

A2(X) =1
G=iC
Ci=Bi/B
C21 =0
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The Dirac case, type Il

The covariant components of the metric tensor:

B2 + B2
811 = 2—721
B1
L5 5
12 = —=5
1B12
82 = 3712

The Levi-Civita equations are always satisfied and x is ignorable. The Riemann
tensor is zero for suitable values of the parameters.
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a; = a», by = cby, where ¢ is a constant.
Work in progress.

«Or «Fr o« a
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Conclusions

Conclusions

The operators of above, even if not the most general possible, are a probe to
investigate the properties of the separation of variables of the Dirac equation.
We can see how coordinates and spin frames are related to each other, what kind
of metrics are generated by the separation conditions and how they are related to
Hamilton-Jacobi separation of variables.

We can find explicitely the transformation from separable to pseudo-Cartesian
coordinates (Horwood-McLenaghan).

Although the physical Dirac equation is in dimension four, separation in two
dimension can occur after reduction by symmetries (Kerr solution).
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Conclusions

Future directions:

- Equivalence of separated coordinates (comparison between Hamilton-Jacobi and
Dirac).

- A =0 case.

- Symmetry operators depending on A (Fixed-energy separation).

- Comparison with operators obtained from geometry (Killing vectors, symmetry
operators of higher orders).

- Third and higher order operators.

- The Lorentzian case.

- Dimension four.

R.G.McLenaghan, G.Rastelli (University of Waterloo, (Separation of variables for systems of first-order PDE's IMA, 27 July 2006 60 / 60



	Outline
	The Dirac equation in dimension two 
	Multiplicative separation of eigenvalue-type PDE systems
	Operators directely generated by separated equations
	Three kinds of separation
	Type I
	The Dirac case
	Type II
	The Dirac case, type II
	Type III
	Conclusions

