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WHAT 1S NEW?

e Direct constructive algorithms for:
e Invariant Maurer—Cartan forms
e Structure equations
e Moving frames
e Differential invariants
e Invariant differential forms
e Invariant differential operators
e Syzygies and recurrence formulas

e Basis Theorem for differential invariants



FURTHER APPLICATIONS:

e Symmetry groups of differential equations
e Vessiot method of group splitting
e Congruence of curves, surfaces, etc. in homogeneous spaces
e Invariant variational bicomplex:
e Calculus of variations
e (Gauge theories

e Riemannian submanifolds
e Characteristic classes of foliations, Gelfand-Fuks coho-

mology



DIFFEOMORPHISM PSEUDOGROUP

M™ m dimensional manifold

D =D(M) pseudogroup of local diffeomorphisms of M
DrC JV (M, M) bundle of nth order jets, 0 < n < oo
o(jle) =2 source map

T(j2e) = ¢(2) target map

D° inherits the structure 2™° of a variational bicomplex from

J>(M, M):

Zb

; 0. a b r7b
Coordinates on D*°: (2%, 2°,22 , 2 .,,--

a b
o .), where z%, Z

are local coordinates of M about the source and the target,

and Z° , Z% . ... stand for the derivative variables.
Horizontal forms: dz®

. b —
Contact forms: Ocy.cc, = A28, ..o — S Z8 e, d2PH

Split the exterior derivative d = dy + dy into horizontal and

vertical components.



Horizontal differential dg:

dpz" =dz*,  dyZl. .. =28 ..  dz",
dp(dz™) =0, dpy,. . =dzP N0
Vertical differential dy
dVZa — 07 dVZé)l...cp — 021"'Cp,
dy(dz") =0,  dvb. .. =0.
Groupoid Structure: jg(z)(w) J2 (@) = j2 (1 o )

Important submanifolds of D™:
Dn|z = O'_l(Z) C D",
F" =UemD? = Usenm{g” € D" | o(g") = 7(9") = z}.

F" — M is a principal fiber bundle with the structure group
GL"™(m).



MAURER-CARTAN FORMS FOR D
These are represented by invariant contact forms on D°.
D acts on D™, n > 0, from both left and right by

LyjZe =jr (o), Ryjlo = Jy-12) (@ o).

These actions preserve the bicomplex structure of D> and so

they commute with the horizontal and vertical differentials
dg, dy.

Construction of right invariant forms on D

The target coordinate Z° invariant under Ry —

W=dpzt =) 20,  pt=dy2®=dz" - Z}dz",

are also invariant under Ry.



Operators of invariant differentiation:
Dz = WPD,,, where

9 9 .
Doo = o5 + 2 p>0 ch...cpbw and W = (VZ)~".

cp
Right invariant coframe on D*°:

wa7 Mgl...bp — £Dzb1 e ‘C]D)pr //Laa p 2 O

ExaMPLE: M = R. As a coordinate space
DYR)=A{2,2,Z,,Zsy..., Lon,...}.

Now

0 0 0
Dz—$+zza7+zzza—@+

Basic right invariant horizontal form w = dygZ = Z.d=.

1

The dual total differentiation Dy, = Z—]Dz commutes with

the group action.



Right invariant Maurer-Cartan forms:
N:'97 Hz :L]Dzru: (ZZ)_lezﬂ

pzz =LY 1= 1(2.)"(Z:0s — Z:.0,),. ...

Similarly, the source coordinates z* are invariant under L,

m

— 7% =dz", V"= Z W20 are invariant under L.
c=1

Left invariant coframe on D°°:

dZa, 1981---61) = ,C]D)Zbl N ,C[D)sz 19a, p Z 0.

Example: M = R again. Basic horizontal form 7 = dz. The
total derivative D, commutes with the left action of D(R).

Left-invariant Maurer-Cartan forms
9 =(2,)""0, 9, = (Z,)"%(Z.0, — Z.,.0),

V. = (2,)73(2%0,, —22.2..0, — (Z.Z,,, — 22°)0), ...



STRUCTURE EQUATIONS

Taylor series method: Write

1

Za[[h]] — Z WZ;hJ,

[J[>0 "
a 1 a

ARESY Wejhj,
[J[>0 "

(0% 1 a

p[H] = Z WMJHJ-
|J[=0

Then

(f(z T h) = fopMp(e) + (o= + k) — (=), and




Write H = Z[h] — Z. Then

dH = (V,Z[h]dz — w) + (0[h] — 6),
dO[h] = —VO[h] A dz.

Apply d and eliminate h —

DIFFEOMORPHISM PSEUDOGROUP STRUCTURE EQUATIONS:

du[H] = Vp[H] A (w[H] — dZ),
dw = —w A pf0].

Example: M = R; invariant coframe w, u, ftz, ...

dw=—wA g,

n—1
n
dibzn = —lzn+1 AW + Z (i>uzi+1 N Wgn—i.
1=0
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PSEUDOGROUPS

G C D is a pseudogroup if

1. id € G,

2. ¢, 1 €G =, por € G where defined,

3. pe G = lted.

G is a Lie (or continuous) pseudogroup if, in addition, for all
n >N,

4. g™ C D" is a subbundle,

5. GNTE =prkgN ., k> 1,

6. p€G <= jlpegh

REMARK: It follows that GI* C D7 is a (finite dimensional)

Lie group.
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EXAMPLES OF LIE PSEUDOGROUPS.

1. Symmetry groups of Euler, Navier-Stokes, boundary layer,
quasi-geostrophic equations and various other equations
arising in fluid mechanics, magnetohydrodynamics, mete-

orology and geophysics.

2. Symmetry groups in gauge and field theories — Maxwell,
Yang-Mills, conformal field theories, general relativity. Cur-

rent /loop groups.

3. Symmetry groups of integrable equations in 2+1 dimen-

sions — KP, Davey-Stewartson, and their variants.
4. Canonical transformations in Hamiltonian mechanics.

5. Configuration spaces:
a) Diff(Q2) — compressible fluid flow
b) Dif fuo1(©2) — incompressible fluid flow

¢) Canonical transformations — Maxwell-Vlasov



6. Transformations preserving a geometric structure:

a) Foliations

b) Symplectic/Poisson structures

d) Complex manifolds/real hypersurfaces

G-structures

)
c) Contact structures (quantomorphisms)
)
e)

7. Image recognition — shape representation.

8. Finite dimensional Lie group actions.

12
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INFINITESIMAL GENERATORS

A local vector field v € X(M) is a G vector field if the flow

®Y € G for all fixed ¢ on some interval about 0.

Let G™ be given locally by F,(z, Z(™) = 0. Then a G vector
field v satisfies

Fo(z, ") =0 = Lu(z,j"v)=0.

These are the infinitesimal determining equations for G.
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Invariant coframe for G*®: Simply pull back w’, % defined
on D= to G°°.

Relations: On G°°, the Maurer-Cartan forms u% satisfy the
12

right invariant infinitesimal determining equations
Lo(Z, 1) = 0. (1)

Structure equations for G°° « structure equations for D

modulo the relations (1),

The proof is based on the Replacement Principle:

If © is a right (or left) invariant form on D> and
Qjociq = Zgi(z)dza -+ Z hl(2)dZ4,
a a,J

then

Q=Y gi(2w+ > hl(Z)us.
a a,J

(or 0= gi(2)d=" + 3 bl (2)5.)

a,J
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EXAMPLE: The general symmetry transformation ¥r ¢ g of
the KP equation

(ur + %uum + %umx)x + %euyy =0, e = +1,

is given by

T=F(), Y=yF{t)"*+G(),

o L, F't) 2 G't)
1/3 =~ 2 _“

oY T2 3V (/s

u o0 F"(t) 4 2(4 FY(t)? F”’(t))

3 + §xF/(t)5/3 + ﬁey §F1(t>8/3 - F’(t)5/3

)/
4 (G'OF"()  G') QH'(t) 2 G'(t)?
569( AOUEE F’(t)4/3> 3FW) T F @)

X =xF'(t)

+ H(1),

U =
it

+

with the composition rule \I!FGH =WraHoWYysgn, Wwhere

F=Fof G=g(Fof)??*+Gof,

R 2 2F//Of 2 G/Of
_ / 1/3 _ “ g _“ g
H=h{E e ) = G s 25~ 35F 0 173

+ H o f.
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The infinitesimal generators

v=1(tx,y,u)0 + &t x,y,u)0p +0(t, z,y,u)0y + p(t, x,y,u)0y,

where

r= A0, €= Lo )~ Ferts ()~ Seug (6 + ho)

p=—2uf'(t)+ 2zf"(t) — 5=ey” [ () — eyg” (t) + 2R (¢),

Ty = U, TyZO, TUZO, fx—%Tt:O, €y+§€?7t:0,

€U:O7 7711207 Uy‘%Tt:O; 77u:07 w_%gt—i_%l“-t:o?

along with all their differential consequences.

The Maurer-Cartan forms satisfy the “lifted infinitesimal de-

termining equations”

pp =0, p% =0, py—3p7=0, puf=0,
p' — 2t + 30U =0,
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Basis of linearly independent Maurer—Cartan forms:

1.t 2 . T 3. 4 . u
W=l W=, W '_:uya W=,
5.t _ t 6 . Y _ Y
W- = U1 = H10,0,0 W = Hp = H10,0,0
T . U T . U T . U
Q= [ 0,0,0 B = Hi—11,00 7 = Hi—1,0,1,0

Structure equations for the invariant horizontal forms
dot = w® A o,
do” = (3w* + Uw®) Aot + 2w° N o™ — Zew® A oY,

do¥ =Wl Aot + %w5/\ay,

da“:al/\at+ﬁl/\ax+”yl/\ay—§w5/\au.
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Structure equations for the Maurer-Cartan forms

dw! = — w® A o,

dw® = — (Bw* + Uw®) Aot — 2w’ A o™ + Z2ew® N o?
dw3:—w6/\0t—§w5/\ay,

dw? = —ozl/\at—ﬁl/\ax—'yl/\ay—i—%uﬁ/\a“,
dw5:—g L Aot
dw6:—%wS/\w(j—i—%eyl/\at—Sﬁl/\ay,
dozl:—gw4/\61—§w5Aa1—Uw5/\61—w6/\’yl

—o?Not =B ANo® =~ ANoY + 36 Ao,
dfl = —w’ A Bt — 5% Aot
d71:—%w5/\71+§6w6/\51+%eﬁ2/\ay—v2/\at,
doz2:—3w4/\62—§w5/\oz2—2Uw5/\62—2w6/\72+9a1/\51
+362 Ao —aP Aot =B Ao® =2 A oY,
df? = —2w° A 5% — 33 Aot

d'y2:—§w5/\’y2+26w6Aﬁ2—%51/\71—73/\0t+%663/\ay,
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Fix the values of the target coordinates T, X,Y,U to get

dw' = — w! AP,
dw2:—%wl/\w4—Uw1/\w5—%wQ/\w5—i—§ew3/\w6,
dw?’:—wl/\wG—gw?’/\w5,
dw4:—w1/\a1—w2/\ﬁ1—w3/\71—|—§w4/\w5,

dw’® = — %wl A B,

dw® = %euzl/\’y1 — 3w A Bt — %w5/\w6,
dozl:—wl/\oz2—w2/\52—w3/\72+%w4/\61—%w5/\oz1

—Uw’ A B — WO A,
dp' = —w' AB? —W° A B,
dfyl:—wl/\’yQ+%ew3/\ﬁ2—§w5/\’yl+§ew6/\51,
da2:—wl/\oz3—w2/\ﬁ3—w3/\’y3—§w5Aa2—2Uw5/\ﬁ2
—2w6/\’y2+90¢1/\61,
dp?* = —wt A 3% —20° A 52,

d'y2:—wl/\fy?’—l—gewz)’/\ﬁg—%w5/\72+26w6/\62—%61/\71.
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These correspond to the structure equations for the KP sym-
metry algebra obtained by Reid, Lisle, Boulton by Taylor

series expansions.
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EXTENDED JET BUNDLES

J" = J" (M) = {n-jets of p-dimensional submanifolds of M}.

. n. 1 « «
Local coordinates on J": (2", u UG - ,u“zn)

D acts on J" in the usual fashion, and this action factors into

an action of D™ on J".

Let £™ be the pull-back of D* — M under 7): J* — M;

hence g™ € £" consists of a pair g™ = (2", ¢"), where both

2™ e J", g™ € D" are based at the same point z € M.

Source and target maps

D acts on £™ from the left by
Lyg" = (j2¢-2", 9" jZ(z)¢_1)-

Then 7(Lyg") = 7(g") so that the target coordinates are D

Invariant.
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MOVING FRAMES

Let ' H™ C £™ be the subbundle determined by the jets of

transformations in a Lie pseudogroup G.

A mowving frame of order n is a G-equivariant section
p:V—H"

defined on some open V C J".

Hence o(p™(2™)) = 2™ and p"(¢ - 2™) = Lyp(2"), ¥ € G.
Existence of moving frames: Isotropy subgroup of z™:

I ={9"€ G [g"-2" =2"}.

G acts freely at 2™ if 70 = {id?} and locally freely at z" if

17, is a discrete subgroup of G.

Remark: This is a slight generalization of the usual freeness

of Lie group actions.
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EXAMPLE: The group (z,u) — (z + a,u + bx? + cx + d)
acts freely on J"(R?,1) for n > 0 in the above sense, but in

the usual Lie group terminology, the action is free only when
n > 2.

Write r, = dim G",. If G acts freely at order n, then
r, < dim J".

Alternate growth condition to the one provided by Spencer

cohomology!
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Theorem. A local moving frame of order n exists in a neigh-

borhood of 2™ € J*(M) if and only if G acts locally freely

at 2

Theorem. If G" acts locally freely at z™ € J™, then G' acts
locally freely at any 2' € J' with !l (2!) = 2™ for | > n.

Construction: Choose a cross-section K for the action of G

on J". Define p(z™) by the condition 7(p(z")) € K.

By the invariance of 7, the components of 7 o p contain a
complete set of (local) differential invariants for the action of

G on J".
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INVARIANTIZATION

Decompose Q*(£%°) = @; ; xQ%7F where

1 is the horizontal degree
J is the contact degree in J*°
k is the contact degree in D>

Let s be the projection 7;: Q* — @; ;92470

my preserves D invariance.
The lift of w € Q*(J°) is AN(w) = 7s(7*(w)).

Let p be a moving frame for a pseudogroup G.

The invariantization t(w) of w is t(w) = p*A(w).

Theorem. The invariantization of a (local) coframe on J*°

produces an G invariant (local) coframe on J°.
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Structure equations: Formally
di(w) = t(dw + Lpryw). (*)

(Write £prvw - ,C[Lh...brwglmbr. Then

U Lprvw) = p*(f,..p,) A t(wg "))

The invariant Maurer-Cartan forms K. b above are subject
to the IDE for G. This can be exploited in analyzing the

structure of invariant objects for G.
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RECURRENCE FORMULAS.

Fix a coordinate cross section. Write

H' = 1(2"), I = uuf . ;)

1"'j7" Jljr

for the normalized differential invariants. Call an invariant

phantom if it is a constant.

Let
w' = mu(dat),

ﬁi — WHL(fi), Jo'él...jr = 7THL(»Cprvu?él...jr),

and let D; be total differential operators dual to w®.
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The horizontal component of (*) yields
(D;H')w? = w' + 3,

(Dj,, 1% Jwir+t = T¢ aﬂﬂ+1+—¢§§“jr.

r+17J1 0 gr J1 - Jrdrd1

The above equations for phantom invariants can be solved
for the independent horizontal invariantized Maurer-Cartan
forms. Substitute the expression for these into the above
equations for non-phantom invariants to derive the recur-

rence formulas

D;H" = 6! + P},
Dj,,. I

r+17J1 g

— I + M

1 Jrdr+1 1 JrsJr+1"
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SYZYGIES.

Theorem. A complete system of basic syzygies is given by

8 _
Djln']'r’[k:l"'k:s - le"'j?”'kl'“ s

& «
Djl"‘jrlkl---ksll---lt — Dktl---k I

"'ksajl"'j'r"

— o — o
= My, cotytigige — Mgt ok
o . . L .
where G ojrky ok, 1S @ phantom differential tnvariant and
o o . . . .
Ijl"'jrll"'lt7 kyokaly-1, OT€ normalized differential tnvariants

with {j1 -+ ju} O {kr - ks = 0.
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KP SYMMETRIES CONTINUED:

Horizontal invariantized Maurer-Cartan forms

ikl = THU(T ik ), Biiki = T (€ ijkl),

Yijkt = THL(N,ijkl); Cijkt = T (P.ijkl )

satisfy the lifted infinitesimal determining equations.
—
A basis for these is provided by

Qpn, BT”) YT, n Z 0.
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Consequently,

OTn XpyaUyr = 07 if (p7 q, T) # (07 07 0)7
BT”X — %QT""‘la BT”Y — _%EVT”‘H)
ﬂT”YY — _%E ﬁT"H-Qy YTy = %O‘T"‘H?

Brexryeyr =0, yrnxpryayr =0, for all other choices of (p, q,7);

n
n
2 9
Crn = 507n+1 — 3 TsooQupn—s+1,
3 3 E : S
s=0

S

n
n
2 2
(rnx = §Qrn+2 — 3 ( )IsloaT”—S"‘la
0

S

win

n
A n
(rny = —g€YTn+2 — E . Lso10epn—s+t1,

=0

n
4 n
Crnyy = — o7 Qnt3 — 3 E S Lso20rn—s+1,
s=0

Vsl

N

. /n
(rnxryd = —% Z <S)IquozTns+1, for all other choices of (p,q),

2 .
CT”U — —gOéTnJrl, CTnXquUr = 0, if r Z 2.



CORRECTION TERMS:

2 4 8
Vpgr = §0q10r00r+2 — 50q00r1€ VTp+2 — 55040072€ Qpp+s

P
Z p) (2—|—q—|—27“ p—s)
o —|_ Ip_87q7’r.aTs+l
g (3 3 s+ 1

p
p
+ %6 r(r—1) Z ( >Ips,q+1,r204TS+2

S
s=0

i

P
p
)Ip_s,q—i—l,’l“ﬁTS — Z (3) Ip—S,q,T—i—lfYTS

s=1

p
p
+ %6 r Z <S) Ip—s,q+1,,—17T541

s=0

S

=1

V)
VA
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RECURRENCE FORMULAS:
dyH" = W' + o, dyH? = w* + f3, dyH? = w¥ + 7,

dgrTooo = Toow" + Io1ow® + Toow? — 2Ioooer + 2 P37,
dgrTioo = Iooow’ + I1iow® + Lioiw” — 3Tgooer — 2 ToooQrr
— Inwofr + 2611 — looiyrs
dirIoo = Iow® + Tnoow® + Toriw? — Ipoar + 2arr,
dyIoor = Loww' + Ip11w® + Tooow? — 5Ioorer
+ 2 elotoyr — 5 €Y7
dprIo00 = Isoow" + Io1ow® + Tomw? — SIaooar — 5 IipoorT
— 2Ioooarrr — 21110087 — InwoBrr + 2Brrr
— 2Lo1yr — looryrT,
dy o = Liow’ + Liaow® + Ii1iw? — 2loar — Iptoarr
+ 2arrr — To2oBr — Toniyr,
dylior = Iow' + [1iw® + Toow? — £Io1ar — 5loororr
— Io118r + (3 €l110 — Too2)vr + 5 elowoyrr — § €VrTTS
dprIo20 = T2ow" + Tozow™ + loo1w? — 51200,

_ t T 5 2
dgloin = hnw' + Ioo1w® + Ig1ow? — 3loriar + 5 €lo2oT,
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We impose normalizations of the invariants so that the re-
sulting phantom recurrence relations can be solved for the

basis of invariantized Maurer-Cartan forms. For this we let

H'—0, H? —0, H?+—0,
Iooo — 0, I100 — 0, Io10 — 0,
Ioo1 — 0, I200 — 0, Loy — 0,
Iooo — 1, lo11 — 0, Ioo2 — 0,
Lioo——0, Ii—101+—0, Ii_202+—0, for all ¢ > 3.

These yield the following expressions for the basic invari-

antized Maurer-Cartan forms:
ot _ .z _
o= —Ww, 6——(‘)7 f)/__wyv
_ 3 T t ], T T, Yy _ 9 I t T
ar = 3§ (li20w" + lozow” + lo21w?), arr = 5([110w" + w®),
— 27 (] T T y
arrr = 5 €{o12w” + Igozw?), . ..,
br =0, Orr=-35hiow", Brrr =—35l10w",...,

vr = —Se(hinw' + Ipo1w® + Ipiow?), 71 =0,

Yrrr = Je(—Iolinw’ + (Ii1 — liolo21)w”™ — Iiioloaw?), . . .,
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The higher order invariantized Maurer—Cartan forms can be

recursively determined from the equations

—_

p_

27 x 3 E : p
ATp+3 = §€(Ip12w + Ip()gwy) —l— 5 (3) Ip—2,1,0&TS+2
s=0

p p—1
p p
DS (8> Ip-sa2Bre 45 <S) Ip—s,1,1V7s 41
s=1

s=0

p—1
3 T 3 D
6Tp+1 — — 3 plOw + 3 (S) Ip—s,l,OﬁTsa

p—1 D p—1 D
9 T 9 3
YTr+2 = ZEIpllw — 3¢ (S) Ip—s,l,l/@TS + 3 ( )Ips,l,OfYTs‘H'



36

Recurrence formulas between the differentiated and normal-

ized invariants:

Dil11o = Io10 — 311101120,

D,Iv10 = T20 — 511101030 + S€lo12,

Dyliio = i1 — $110do21 + Selnos,

Diloio = Iz10 — 1101120 + 2€lfh; + 211111003 + 1217,

Dylorg = Ioao — SIo10l0s0 + Seliia + 2elin1loar + 21ooslo21 + Z 1110,

Dylz10 = I211 — 212101021 + %611111012 - %61103 + 21012[003,

Dili2o = Ixoo + Seliiiloon — 21350 + 61110,

Dyl120 = Tis0 — $Iia0loz0 + S€l5y, + 6,

Dyli20 = I121 — $Th20lo21 + Seloo1lo12,
(3T120 — 3€l012) 111,

D,Ii11 = L2 — (T120 — 3€lo12) o1 — 21111 Loso,
(

Dyl111 = I112 — ({120 — %61012)—7012 — 211111021,

Dtllll — 1211 -
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Syzygies for I119, Lo30, Lo21, Lo12, Loos:
Dyloi2 — Diloos + 3Io121o21 — 2Io30L00s = 0,

D, Ioo1 — Dyloso + 2In21los0 = 0,
Dyloo1 — Dulorz — 51551 — 10121030 — 2€ = 0,
D,DyI110 — Didoso — 2€Dyloo1 + S1110Dxloz0 + 21030 Da 1110

— eIy + elozolorz + 215501110 — 5 =0,
D,Dyl110 — Dieloa1 + LozoDylr10 + Io21Duliio + 21110DyLoz0

— 3eDyloos — 31100z lo21 — 2elozoloos — gelo21lorz =0,
D,Dyl110 — Diloor + IozoDyli10 + loo1Duliio + 31110 Do

+ 2T10d0301021 — 5€Dy 1003 — S€lo21lo12 — Selozoloos = 0,
DyDyI110 — Diloiz + 51021Dylr10 — 310121110

+ (3Dulo12 + 3155, + €) 1o — 2€Dyloos — 12elgy, = 0,
DyDyDyl110 — DiDyloos — 21030Didoos + 31o21Dilo12 — 21003 D30
+ (2Dyloo1 — £1551)Dyli10 + (2 Ioi2loo1 — 2Dylo12)Dalino
+ (2DyDyloor — L21021Dyloo1 — 2Dylo121o30 + 55 Lo21lo121030
+ 31551 + 6€l921) I110 — 2€DyDyloos + 3€loa1Dyloos — 2Lelo1aDyloro

3 3 712 3 9 2 _
+ ZE[@@gDyI()Ql — §610211003 - 51003 + 6_4610211012 = 0.
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Theorem. The differential invariants I11g, Igo1, logg form
a generating set for the algebra of differential invariants for

the KP symmetry pseudogroup.

Specifically,
_ .. —3/2 3 3.2 3
IllO - qum/ (ut:v + §uu:c:r; =+ §u$ + Zeuyy>7
—5/2
IO21 — uxag/ (uxxua::cy - umyua:xx)a
3
T

2 3 )

__ .0 2

Invariant differential operators:
Dy = u 4D, + %u;xll/‘l(Zuuix — euiy)Dm + %eumyu;}z/‘lDy,
D, = u,/*D,,

D, = —u;§/2u$ny + u;xl/ZDy.



