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Sur la theorie, si importante sans doute, mais
pour nous si obscure, des groupes de Lie innis
Nous ne savons rien que ce qui trouve dans les
nmemoires de Cartan, premere explorationa travers
une jungle presque imperetrable; mais celle-ci menace
de se refermer sur les sentiers cea traes, si l'on
ne proede bientbta un indispensable travail de

cefrichement.

| Ande Weil, 1947




Pseudo-groups in Action

Lie | Medolaghi | Vessiot

Cartan ::: Guillemin, Sternberg

Kuranishi, Spencer, Goldschmidt, Kumpera,: ::

Relativity
Noether's Second Theorem

Gauge theory and eld theories

Maxwell, Yang{Mills, conformal, string, :::

Fluid Mechanics, Metereology
Euler, Navier{Stokes,
boundary layer, quasi-geostropic ,:::

Linear and linearizable PDEs

Solitons  (in 2 + 1 dimensions)
K{P, Davey-Stewartson, :::

Kac{Moody

Lie groups!




What's New?

Direct constructive algorithms for:

Invariant Maurer{Cartan forms

Structure equations

Moving frames

Di erential invariants

Invariant di erential operators

Basis Theorem

Syzygies and recurrence formulae

Further applications
=)  Symmetry groups of di erential equations =)
Vessiot group splitting

=) Gauge theories
=)  Calculus of variations




Symmetry Groups | Review

System of di erential equations:

(x;u™y=0; =1;2::k
Prolonged vector eld:
ymz X i@ XX, @
1 @X o 4o @y
where !

J X i » i

= DJ Ui + uJ;i

i=1 i=1

J (X, u(n)’ (n)’ ! (n))

In nitesimal invariance:

vi( )=0  whenever

=0 :
In nitesimal determining equations:
L(x;u; M;r(My=0
L(:oox'sooosu sy bt an i) =0

=) involutive completion




The Korteweg{deVries equation

U + Uy, + Uuu, =0

Symmetry generator:

@ @ @
vV = (txu)@t+ (txu)@x+ (txu)@
Prolongation:
V(3)_V+|t@+.x @+ + ' XXX @
@u @y @y
where
= 4y u u? u u,u
t t u Tt t u X t t¥x u
1 X — 1 2
- x+ux u utx utuxu uxx uxu
XXX — 1
XXX +3 ux u +
In nitesimal invariance:
V(3)(Ut+ Uy, + UU) =" Cgp n XXy X + u,' =0
on solutions




« = u= u:'t:'X:O
" 2 1 — 2 —_
= t 33Uy U= 5= 24
t — tX — XX — ="w=0
General solution:
= ¢, + 3 Cyt; =ctcot+cex T =c 2cu

Basis for symmetry algebra:

@ Q; t@ + @; 3t@+ x@ 2u@:

The symmetry group G4, Iis four-dimensional

(x;t;tu) 7! (3t+a x +ct+b; 2u+c




Di erential Invariants
G | transformation group acting on p-dimensional submani-
foldsN = fu=f(x)g M

G | prolonged action on
the submanifold jet space J =J"(M;p)

Di erential invariant | :J"! R

(g™ (Gu™)) = 1(xu™)
=) curvature, torsion, :::
Invariant di erential operators:

=) arc length derivative

??1 (G) | the algebra of di erential invariants ?7?




The Basis Theorem

Theorem. AssumeG™") acts locally freely on a dense open
subset of J' for all su ciently large n. Then its di erential
invariant algebra | (G) is generated by a nite number of dif-

invariant can be locally expressed as a function of the genat-
ing invariants and their invariant derivatives:

D,l =D; D, DjI:

=) Lie, Tresse, Ovsiannikov, Kumpera

}} functional independence }}

? ? Constructive Version ? ?

=) Computational algebra & Gmbner bases




Main Goals

Given a system of partial di erential equations:

Find the structure of its symmetry (pseudo-) group G

directly from the determining equations.

Find and classify its di erential invariants.

Determine the structure of the

—_ e e

di erential invariant algebra | (G):

Generating invariants: PP
Invariant di erential operators: ~ Dy;:::;D,
Commutation relations [D; ;D, ] = i Kl D
Syzyqgies: H(::: Dyl ) O

=) Gauss{Codazzi relations




Basic Themes

The structure of a (connected) pseudo-group is xed by
its Lie algebra of in nitesimal generators : g

The in nitesimal generators satisfy an overdetermined
system of linear partial di erential equations
| the determining equations F =0

The basic structure of an overdetermined system of PDEs
is xed by the algebraic structure of its
symbol module |

The structure of the di erential invariant algebra 1 (G) is
xed by the prolonged in nitesimal generators: g(*)

These satisfy an overdetermined system of partial di er-
ential equations
| the prolonged determining equations H =0

The basic structure of the prolonged determining equa-
tions is xed by the algebraic structure of its
prolonged symbol module J
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Pseudo-groups

De nition. A pseudo-groupis a collection of local di eomor-
phisms' : M ! M such that

|dentity : 1y 2G,
Inverses; 126G,

Restriction: U dom' =) ' jU2G¢G,

Continuation: dom' = | U and' jU 2G =) ' 2G,
Composition: im' dom =) ' 2G.
De nition. A Lie pseudo-groupG is a pseudo-group whose

transformations are the solutions to an involutive system
of partial di erential equations:

F(z;' ™)=0:

? Nonlinear determining equations
=) analytic (Cartan{Kahler )

?? Key complication: 69Abstract object G ??? ?°?

11




A Non-Lie Pseudo-group

Acting on M = R?:

X ="(x) Y ="(y)

where' 2 D (R).

« Cannot be characterized by a system of partial di erential
equations
( xy; X M:y(My=0

Theorem. (Johnson, Itskov) Any non-Lie pseudo-group
can be completed to a Lie pseudo-group with the same
di erential invariants.

Completion of previous example:
X =" (x); Y= (y)

where';, 2D (R).
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In nitesimal Generators

g | Lie algebra of in nitesimal generators of
the pseudo-groupG

z =(x;u) | local coordinates on M

Vector eld:

Vector eld jet:

é:é\b @b
@2 @ @

In nitesimal (Linearized) Determining Equations

L(z; ™M)=0 ()

Remark: If Gis the symmetry group of a system of di erential
equations ( x;u(™) = 0, then ( ) is the (involutive
completion of) the usual Lie determining equations for
the symmetry group.

13




The Di eomorphism Pseudogroup

M | smooth m-dimensional manifold

D=D(M)
| pseudo-group of all local di eomorphisms

( z = (x;u) | source coordinates

Z="(z _
(2) Z =(X;U) | target coordinates

DM =DMWM) JI"(M;M)| n" order jets

=) groupoid
Local coordinates onD("):
oM =(z;zMy=( ::0 2% 10 ZD i)
=(:oxiiiu i Xy iUy )

The multi-indices A indicate partial derivatives with respect
to z=(x;u)

=) The Maurer{Cartan forms for the di eomor-
phism pseudo-group are theight-invariant con-
tact forms on D(1 ):

R ()=

14




Di eomorphism Jets and
the Variational Bicomplex

DU Il (M:M)

Local coordinates:

zb oo™ ozt o™ o zB
| {z P {z }ooo {z }
source target jet
Horizontal forms:
dzt: ::: odZ™
Contact forms:
xn
P = dgZ} =dz} 1 Z3., dz°
a=

Maurer{Cartan forms:

b — nA b_— b
AT DZ - DZal DZan

15




Maurer{Cartan forms for D)

Key observation The target coordinate functions Z2 are right-
invariant.

Decompose
dza = a + a

horizontal contact

Invariant horizontal forms:

X b
a=gd,z%= " Z2dz
b=1

Invariant total di erentiation (dual operators):

X
"= d;z°= P=dz° Z2dz*
a=1
A=D7 =Dy, Dyay °

=)  Maurer{Cartan forms

16




One-dimensional case: M
Contact forms:
= dg X =dX X, dx
=D, = dX, X, dx
X oy dX

XX XXX

X X

o = D2 = dX

Right-invariant horizontal form:
= dy X = X, dx

Invariant di erentiation:

Maurer{Cartan forms:

17




Two-dimensional case: M = R?2

Coordinates on D(* )(R?):
U X U X XU U X Xy s 100)

Contact forms on D® (R?):

= dX X,dx X,du = du U,dx U,du
= dX, X, dx X, du ,=dy, U, dx U,du
= dX, X,,dx X, du s =dy, U, dx U, du

Maurer{Cartan forms:

=dy X = X, dx+ X, du; =dy U= U dx+ U, du;
= = dG X = = dG U
— D — UU X UX u — D — UU X UX u
X X XXUU XUUX X X XXUU XUUX
— D — XX u Xu X — D — ><X u XU X
v v ><XLJU XUUX v v ><XLJU ><ULJX
Right-invariant di erentiations:
D)( — Uu DX UX Du . DU — XU DX + XX DU :
><XLJU ><ULJX ><XLJU Xqu

18




The Universal Di eomorphism

Structure Equations

Maurer{Cartan formal series:

=) H=(HY:::;H™M) | parameters

Universal Structure Equations

d [Hl=ry [HI1*( [H] d2)
d = d[0]=r, [0]"

=) equate powers ofH:

X
b _ bbD;F ¢ A e
d A T CA;c;e D F

19




One-dimensional case: M =R
Structure equations:

d = " d [H]= 4IH]*"(CIH] d2)

where
= X, dx = dX

[Hl= + xH+3 xx H*+

[H] dz-= + xH+ 3 xx H?+
WIHI= x+ xx H+ 3 xxx H?+
In components:
d = ;7
|
X1 n
dn: n+lA + I |+1A n i
i=0
[n+1 . |
A X <n 2J+1 n+1l
n j=1 n+1 J : n+l o

Cartan

20




Two-dimensional case: M = R2
Maurer{Cartan form series:
daX = + dyY = +
[HK1= + 4jH+ (K
*5 mn Ho+ g HK + 5 o K2+ :
[HK]1= + jH+ (K
5o Ho A g HK + 5 K24 :
Structure equations:

0 1 0 1 0 1
d [H:K H: K H: K H: K dX
GO [HKT,  WIHKT ([HKD, o [HK ] dx

d [H;K ] yIH;KT «I[H:K] [H;K] du

First order structure equations:

—_ —_ N AN

d = d = X U :
—_ —_ N N -

d = d = X U :
—_ N N N .

dy = XX XU U X
—_ N N N

dy = XX XU + M x u)s
—_ N N N

dy= XU uu +( u) us
—_ N N N

dy= XU uu T ox U




The Structure Equations
for a Lie Pseudo-group

In nitesimal determining equations:

L(::: 2% 0 B )

0 (?)

The Maurer{Cartan forms for G are obtained by

restricting the di eomorphism Maurer{Cartan forms
b o Gl) p (),

The resulting forms & are no longer linearly independent:

Theorem. The Maurer{Cartan forms on G\! ) satisfy the

invariant in nitesimal determining equations

L(:::z% ;20 %2 :i)=0 (?2?)
obtained from the in nitesimal determining equations ( ?)
by replacing
source variablesz? by target variables Z?2

derivatives of vector eld coe cients & by

right-invariant Maurer{Cartan forms &

22




The Fundamental
Structure Theorem

Theorem. The structure equations for the pseudo-
group G are obtained by restricting the universal
di eomorphism structure equations

dH]=ry [H]*( [H] dZ)

to the solution space of the linearized involutive
system

L(::: 2% ::0 %, :00)=0:

« The structure equations are on the principal bundle G ); if G is a
nite-dimensional Lie group, then G*)' M G, and the usual Lie
group structure equations are found by neestriction to the target
bers fZ =cg' G.

23




Korteweg{deVries Equation

U,

+ Uy, + uu, =0

Di eomorphism Maurer{Cartan forms:

t X. u t . t . t X o o u.
’ ' ' T X U: T ’ U:
Maurer{Cartan determining equations:
t — t — x = u — u —
x= u=- uv=- 1v= x=0;
u_—_ X 2 t. u — 2t
=1 35U U= § T
t - t - t — — u —
TT = TX = XX — - uUu
Basis (dmG,, =4):
1_ t. 2 —  X. 3 - u.
Structure equations:
d 1= 1an 4.
2 _ 1A 3 2 1A 4 1
d “= sU 3
3—- 2 3Aan 4.
d =3 ;
d 4=0:

24




Lie{Kumpera Example

X = f(x) U=

Linearized determining system

= — =0 o=
X u u u u
Maurer{Cartan forms:
u U uf, dx+ f du
:de:fxdx; :Ude+Udu: X 2 X
U u u
= dX de:d‘ f, dx; =du U, dx Udu: ﬁ(dx
_du dU Ugdx _ d, f,odx, —0o
X u U f ’ v
v

x
1

U
S(dU, Uy, ) (U U

u uf
ﬁ(dxx fxxx dX)+ f—);x(dx

f o 0dx)

du  du U, dx o, f,dx
U = — 4+ =
u U fy
Right-invariant linearized system:
= — =0 =
X U U U U
First order structure equations:
N N
d = d = ; d = A
U X U
d = 7\ X " ( +2 )
X XX U

25




Action of Pseudo-groups on Submanifolds

G | Lie pseudo-group acting on p-dimensional
submanifolds | solutions to di erential equations:
N=fu=f(x)g M
n=J"(M;p) | n'™ order jet bundle
Local coordinates

zZM = (x;u™My=( oo xh riiuy o)

Prolongation

Prolonged action of G™) on submanifolds:
Out™y 71 (x; 0M)
Coordinate formulae:

BJ = FJ (X’u(n)’g(n))

) Implicit di erentiation.

26




Moving Frames for Pseudo{Groups

In the nite-dimensional Lie group case, a moving frame is
de ned as an equivariant map

M- G

However, we no longer have an abstract object to represent
our pseudo-groupG, and so the moving frame will be an
equivariant section of the pulled-back pseudo-group pringal

jet bundle:
el H ()

?

M — Jn:

De nition. A (right) moving frame of order n is a right-
equivariant section (M :Vv" I'H (™) de ned on an open

subsetVv" J".

27




Freeness

Proposition. A moving frame of order n exists if and only if
G acts freely and regularly.

| In nite-dimensions, freeness means no isotropy. For
in nite-dimensional pseudo-groups, one must restrict to
the transformation jets of order n.

Isotropy subgroup

M _ "Moo g g ) = )
G g G, g’ z Z

z(n)
De nition. The pseudo-groupG acts
freely at z(™ 2 J" if G, = f 1{ g
locally freely if

G!" is a discrete subgroup ofG"

z(n
the orbits have dim = r, =dim G

28




Freeness Theorem

Theorem. 1Ifn 1 and G") acts locally freely
at z(") 2 J" then it acts locally freely at any

z(®) 2 Jk with eX(z(K)) = z(™ forall k >n.

29




Normalization

 To construct a moving frame :

|. Choose a cross-section to the pseudo-group orbits:
u; =c; =1;:::;r, = berdim G™
Il. Solve the normalization equations
F; (x;u™;gMy=c¢
for the pseudo-group parameters

g(n) — (n)(X,u(n))

l1l. Invariantization maps di erential functions to
di erential invariants:

Fou™y 71 1 ocu™y= F( Mu™y (x;uM))

=) an algebra morphism and a projection:

L(x;utM) =" (1 (x;ut™))

30




Invariantization

A moving frame induces an invariantization process, denotd
, that projects functions to invariants, di erential opera tors
to invariant di erential operators; di erential forms to i nvari-
ant di erential forms, etc.

Geometrically, the invariantization of an object is the unique
invariant version that has the same cross-section values.

Algebraically, invariantization amounts to replacing the group
parameters in the transformed object by their moving frame
formulas.

31




Invariantization

In particular, invariantization of the jet coordinates lea ds to

a complete system of functionally independent di erential
invariants:

(X)=H'" (uy) =1,
Phantom di erential invariants: 1; =c

The non-constant invariants form a functionally inde-

pendent generating set for the di erential invariant
algebral (G

Replacement Theorem
I(:oox iirug )= (1o X iy o)

= 1(: HY oy o)

} Dierential forms =) invariant di erential forms
(dx'y=1" i=1;:::;p

} Dierential operators =)

invariant di erential operators

(D,i)= D i=1;:::;p

32




Recurrence Formulae

o Xp) Invariantization and di erentiation oXp)
© do not commute ©

The recurrence formulae connect the di erentiated invariants
with their invariantized counterparts:

Dil; = I3 + My,

=) M, | correction terms

~ Once established, they completely prescribe the structure
of the di erential invariant algebra | (G) | thanks
to the functional independence of the non-phantom
normalized di erential invariants.

? ? The recurrence formulae can be explicitly determined
using only the in nitesimal generators and linear
di erential algebra!
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The Key Formula

where
b o= (by)= S(iH g g R
are the invariantized prolonged vector eld coe cients, wh ich

are particular linear combinations of

b= (®) | invariantized Maurer{Cartan forms
prescribed by the invariantized prolongation map.

Proposition.

The invariantized Maurer{Cartan forms are subject to the
invariantized determining equations:

34




Step 1: Solve the phantom recurrence formulas
X .
0=dyl; = Iy P+ Py R o)
i=1

for the invariantized Maurer{Cartan forms:

XP .
A= IR ()
i=1

Step 2: Substitute ( ) into the non-phantom recurrence
formulae to obtain the explicit correction terms.

} Only uses linear di erential algebra based on the speci ca-
tion of cross-section.

~ Does not require explicit formulas for the moving frame,
the di erential invariants, the invariant di erential ope ra-
tors, or even the Maurer{Cartan forms!
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Korteweg{deVries equation

Symmetry Group Action:
T=¢&+t+ ,)=0
X=e(st+x+ 5 3+ =0
U=e 24u+ 5)=0
Prolonged Action:

Up=e >%u, 3U);

34u

Uy = e o
U =e 84u, 2 .,u,+ 3u,);
TT tt 3Mtx 3HXx /1
_ _ o 6 :
Ury = DxDrU=e ” ‘(U 3Ux);

— 4 .
UXX =€ 4uxx’

Cross Section:

—
I

=€ (t+ )=0
X=e'(st+x+ 5 3+ ,)=0
U=e ?4u+ 5)=0
Ur=e®*u 3u)=1

Moving Frame:
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Phantom Invariants:

H1= (1)=0; lgo= (U)=0;
H2= (x)=0; 0= (u)=1:
Normalized di erential invariants:
—_ —_ uX
I01 - (ux) - (ut + uux)3=5
2
o= (U)= Uys +2UU, + UU,
20 tt (ut + uux)8:5
—_ — utX + quX
I3 = (uy) = (U, + uu, )65
—_ — uXX
|02 - (uxx) - (ut + UUX)4=5
u
I03 = (uxxx ) = u -:XGU
t X

Replacement Theorem:

ut + qu + uXXX .

0= (utuu +u, )=1+ Iy =

U, + uu,
Invariant horizontal one-forms:
1= (dt) = (u, + uu,)*>>dt;
12= (dx)= u(u, + uu)*™>dt+ (u, + uu, )™ dx:

Invariant di erential operators:

D, = (D,)=(u,+ uu,) 3D, + u(u, + uu,) >*D,;

D2 (Dx) = ( Uy + UUX) 1:SDX:
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Recurrence formula:;

dlije = 14 4!

Invariantized Maurer{Cartan forms:

(=3 O=3 ()= =
Invariantized determining equations:
X = u = u = t =
= y= 2
t = X oxx =

1 2
ol !

Invariantizations of prolonged vector eld coe cients:

()= ()= (‘)=
()= 1l o ("= ZARTY

()
(t)= t =
=0

2

3t
= =0
(= ln

8] .
3120 t

wlo

ts
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Phantom recurrence formulae:
0=dyH ' =1"+;
0=dyH>=1%+;

0=dylgg=lyo! T+l 2+ =11+ %+
0=dylyg=lp! " H Iyl 24 =l byl 2 0y 3
=) Solve for = 11 = 1% = 1o
t = %(lzo"' lop)! 1+ %(Ill-l- 16)! %
Non-phantom recurrence formulae:
Ay log = Tog! P+ 10! 2 g 1
Ay Do = lgo! 4 1501 % 205, 31y o
Ay lag = Dot P4 15502 1oy 209y o
Ay 1o = oo P+ 1gg! 2 3oy o
Dilr =1y &6 2ol Dolor=loz &l61 2loaluas
Dilyg=l30+2ly  Eloly 215 Doloo = 1o +2lglss §18i020  Elaaloo;
Dilyy = lo+ 1oy Sloalan Elaalogs Dolyg = i+ lggloy  Elgila 81

— 4 4 . - 4 4 .
D1|02 - I12 5'01'02 5'02'20' D2|02 - |03 5'01'02 5'02'11'




Generating di erential invariants:

Uy

2
Uy +2uutx +u Uyx .

(U + wuys 207 ()

(U + uuy)B=>
Invariant di erential operators:
D, = (D) =(u,+ uuy) *°D+ u(u, + uu,) *°Dy;
D, = (D) =(u+ uuy) *°Dy:

Commutation formula:
[Dy;Dy]1= 14Dy

Fundamental syzygy:
2 3 1 19
Dilos * §101P1lao D 2lpt 5lpt Floa Dilos

6 2 7.2 2413 _ Q-
D olor 25lo1l20 zsloalao+ 55101 =0
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Lie{Tresse{Kumpera Example

X = f(x); Y =y, U_fo(x)

Horizontal coframe

d, X = f, dx; d, Y = dy;
Implicit di erentiations
1
Dy = o D, Dy =D,
X
Prolonged pseudo-group transformations on surface§ R3
X =f Y =y U= i
fX
u uf u
U, = X XX U, = 2
Xf2 f3 Yo,
UXX — uXX 3uXfXX ufXXX + 3u":)(ZX
N fx fx f2
u u, f u
Ugy = fg yf 7 Uyy = %
X X X

=) action is free at every order.

Coordinate cross-section
X =0; U=1; Uy =0; Uyx =0:

Moving frame
f =0; f.=u fo = Uy, foox = Uy

Di erential invariants

41




Horizontal invariant coframe

dy, X 7! udx; dyY 7! dy;

Invariant di erentiations

Higher order di erential invariants: DT D5 J

J,=DJ = qu3 = = J,;
_ _ Uuy,  ug 2,
J,= D)= —5—>=1J, J*%

=)  All higher order di erential invariants are obtained from J by

invariant di erentiation

42




1) _
V( )_ @x u 1@ (U 2+2ux 1)@X uy 1@y

Phantom invariants:

O=dH =$"'+ ; 0=dly=J,$2+#,
O=dlgp=J3$%+# ; 0=dl,yy=J;$2+ #,
Solve for pulled-back Maurer{Cartan forms:
= $1 ,= 3,82+ #,;
1= I8+ # 3= 387+ #;

Recurrence formulae: dy = $7?

dl=J3,$+(J, JH)$?2+#, I#

dl; = J;$1+(J, 33J)$%+#, JI#, I #
dl, = 3,81+ (3 JJI,)$%+#, I, #
D,J=1J;; D,J=1J, J% dyJ =#, J#

2

37

J, #;

=)  All higher order di erential invariants are obtained from J by

invariant di erentiation
Invariant horizontal forms

d$l= J$ing2+#nrst: d$2=0;

Commmutation formula
[D;;D,]=JDy:
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Gebner Basis Approach

Identify the cross-section variables with the complementay
monomials to a certain algebraic module] , which is the pull-
back of the symbol module of the pseudo-group under a certain
explicit linear map.

=) Compatible term ordering.

=) Algebraic speci cation of compatible moving frames of

all ordersn>n?~.

Theorem. SupposeG acts freely at ordern?. Then
a system of generating di erential invariants is
contained in the non-phantom normalized di er-
ential invariants of order n? and those di eren-
tial invariants corresponding to a Gmbner basis
for the module J >" .
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The Symbol Module

Linearized determining equations

L(z; ™M)=0
t=(t;rnty,), T=(Ty:0T)
( 0 )
T= P(@{T)= P,()T, ' R[t] R™ R[tT]
a=1
I T | symbol module
S=(S;:11;Sp) S=(S55;:11:S)
( N )
8= T(s;9)= T(s)S ' R[s] RY RIs:S]

=1

De ne the linear map

X
s = (=t + U;

i tos I=1;:::;p
=1
X
S =B (T)=T,. u T;; =1;:::5;Q:

i=1

Prolonged symbol module:
J=( )
N | leading monomials s;S
=) normalized dierential invariants 1,

K | complementary monomials s, S

=) phantom dierential invariants |y
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The Symbol Module

b ...

Vector eld: - @
V= "(2) =
a=1 @E
Vector eld jet:
jLv 0 W)= B oo
o _ @ A b= @ b
AT @2 @2 O

Determining Equations for v 2 g

L(z; :::

b ...
A = om

~
I

0

()
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Polynomial module:

( N )
T= PtT)= P,()T, ' R[t] R"
a=1
T ' (@' T™j,)
Dual pairing: D E
jpv,t, TP = P

Each polynomial

X0 X A b
(z;t;T) = hy ()t  T° 2T
b=1 #A n

induces a linear partial di erential equation

D E
Lz, ™)= j,v; (ztT)

hp(z) A =0
b=1 #A n

R[t;T ]
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The Linear Determining Equations

Annihilator
L=J"9)’

Determining Equations

D E
j1 V; =0 for all 2L vV2g

Symbol = highest degree terms:

[L(z; ™)]= H[ (z;t;T)] = X h (2) t, T®:
b=1 # A=n

Symbol submodule

| = H(L)

=) Formal integrability (involutivity)
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Prolonged Duality

Prolonged vector eld:

V(l):)@ i(X;u)Q.+x 'bJ(X;U(k))—@

=1 @X 'J @lcll

\Prolonged" polynomial module:

( N: N )
8= (s;S:8) = cs + b (s)S ' RP (R[s] RY)
i=1 =1

8 13,

Dual pairing:

D E
vit).g =

D E X :
vit):s =@ = u '

i=1

D E

V(l ) ; SJS — 'bJ — J(u(n)’ (I”I))
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Algebraic Prolongation

Prolongation of vector elds:

p:Jtg 70 o)
j,v 70 vid)

Dual prolongation map:

p : S I!T

D E D E D
jrvip () = pG,v); = v,

?? Onthe symbol level, p is algebraic ?7?

E
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Prolongation Symbols

De ne the linear map :R?™ | RM
X
s;= ()=t + up t,, I=1;:11;p
=1
X
S =B (T)= T, u. T;; =1;:::;0
i=1
Pull-back map
[ (S13::1585:S1,:01,8y) ]
= (a0 p(0:B(T)1::5Bg(T))

Lemma. The symbols of the prolonged vector eld coe -
cients are

(=T (b )=T *P
Q)= (S)=B (T)
(b,)= (5S)= (5, §,S)

= . i, (B (T)
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Prolonged annihilator:
Z=(p) ‘L=(g"))’

hv?): i=0 forall v2g ( 27

Prolonged symbol subbundle:

U= H@Z) JWM:p) S

Prolonged symbol module:

J=( ) )

Warning :

But
ur = Jn when n>n?

n? | order of freeness.

52




Algebraic Recurrence

Polynomial:

X
e(1®:s5;9)=" nl(1M)s,s 28
J

Di erential invariant:

o= )1,
'J
Recurrence:
D, I_= IDi~ Isi~+ R -
orderl_ = n
e25" n>n? =) orderl, . = n+1
orderR;._. n
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Algebra =) Invariants

| | symbol module
determining equations forg

M'T =1 | complementary monomials t, TP
pseudo-group parameters

Maurer{Cartan forms

N | leading monomials s;S
normalized di erential invariants 1,

K=S8=N | complementary monomials sy S
cross-section coordinatesi, = cy

phantom di erential invariants |

J=( ) )

Freeness: - K g M
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Generating
Di erential Invariants

Theorem. The di erential invariant algebra is generated by
di erential invariants that are in one-to-one correspon-
dence with the Gm®bner basis elements of the prolonged
symbol module plus, possibly, a nite number of di eren-

tial invariants of order n’.
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Syzygies

Theorem. Every di erential syzygy among the generating
di erential invariants is either a syzygy among those of
order n?, or arises from an algebraic syzygy among the
Gmbner basis polynomials in 9 .
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