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Many classes of surfaces/submanifolds in ho-
mogeneous spaces constitute integrable sys-
tems. Is there some common structure?

Examples include:

e Pseudospherical surfaces (sine-Gordon eq.),
and CMC surfaces (sinh-Gordon eq.)

e Harmonic maps from RL1 or R? into Lie
groups and symmetric spaces

e Isometric immersions of space forms into
space forms

e Isothermic and Willmore surfaces in Mobius
and Laguerre geometry

e [ he curved flat system of Ferus and Pedit
and the G/Ggp-system of Terng

e Demoulin and Godeaux-Rozet surfaces in pro-
jective differential geometry and their counter-
parts in Lie sphere geometry



Properties of integrable systems include:

e Possibility of writing down explicit solutions
e EXistence of Backlund’s transformations

e Soliton solutions

e Hamiltonian formulation

e Formulation in terms of a Lax pair of oper-
ators: dA/dt = [B, A]

e Zero-curvature formulation: df, = —0, A 0,

e A construction of solutions using loop group
factorizations (dressing actions).

e An inverse scattering transform to solve the
Cauchy problem



Curved flats in symmetric spaces.

N = G/K semisimple symmetric space;

g=%t®p symmetric decomposition

[e,e] e, [ep]Cp, [p,p]CE

Def. An immersion ¢ : M — G/K is a curved
flat if each dp(TpM) is an abelian subalgebra
of g (where T,y N =p C g)

Theorem. Let FF: M — G be a frame of ¢
(i,e. ¢ = FK) with F~1dF = 0y 4+ 6p. Then
F frames a curved flat <= 0, = 0 + A\0Op
satisfies

d@)\+1/2[6)\/\9)\]20, VA eR

Remark. By a canonical choice of frame for a
curved flat, the Maurer-Cartan equations for 6
reduces to the G/K-system of Terng.



Curved flats and isothermic surfaces.
Consider N := S3 x S3/A.
SO(4,1) acts transitively on N.

A map ¢ : M? — N amounts to a pair of maps
f.f: M — S3 whose values never coincide.
Suppose both f and f are immersions, then

Theorem. (f,f) : M — N is a curved flat
<= f and f are isothermic and are Darboux
transforms of each other.



Basic observation:

e Using the moving frame method, the equa-
tions defining the submanifolds arise as com-
patibility conditions for the linear equations sat-
isfied by frames adapted to the submanifolds

e The (framed) submanifolds can be interpreted
as integral manifolds of appropriate linear Pfaf-
fian differential systems (PDS), possibly in in-
volution.

The purpose is to:

e Find a unifying approach to the different
classes of integrable submanifolds in the con-
text of linear PDSs

e Understand the mechanism underlying the
involutiveness of the associated linear PDSs
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The common structure we are looking for is
the concept of tableau over a Lie algebra

It builds on and generalizes the notion of invo-
lutive tableau in the theory of EDS as devel-
oped by Y. Matsushima (1950s).
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Plan of the talk:
Part I. Tableaux, Involutive Tableaux

Part II: Tableaux over Lie algebras; exam-
ples: Cartan’s tableaux (i.e., tableaux associ-
ated with semisimple Lie algebras)

Part III: The linear Pfaffian system associated
with a tableau over a Lie algebra: involutive-
ness

Part IV: Interpretation of the G/Gg-system in
terms of the Pfaffian system defined by a Car-
tan’s tableau

Further developments



Part I. Tableaux

A tableau is a linear subspace A C Hom(a,b),
where a, b are (real or complex) finite dimen-
sional vector spaces.

An h-dimensional subspace a; C a is called
generic w.r.t. A if the dimension of Ker (A, ay)
={Q €A Q|ah = 0} is @ minimum

A flag (0) C a;g C --- C ap = a of a is said
generic if a; is generic, for all h=1,... n.

The characters of A are the non-negative in-
tegers s;(A), 7 = 1,...,n, defined inductively
by

s1(A) +---+s;(A) = codimKer (A, a;),

for any generic flag (0) Cay C--- C ap = a.



From the definition, it is clear that

dimb>s1>s>>--->sp, dimMA =s14---+sn.

If s, 72 0, but 5,47 = 0, we say that A has
principal character s, and call v the Cartan
integer of A.
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The first prolongation A(1) of A is the kernel
of the linear map

b1 Hom(a,A) 2 A®a* — b® A?(a*)

SV (A1, Ap) 1= 3 (F(A41)(A2) — F(42)(A1)).
for ' €¢ Hom(a,A), and Aq, A> € a.

The h-th prolongation of A is defined induc-
tively by setting AR = A(h—1)<1>, for h > 1
(by convention A(®) = A and A(-1) =p). AW
identifies with

A — (A ® Sh(a*)) N (b ® Sh+1(a*)) .

An element Q) € b®S"T1(a*) belongs to A
if and only if i(X)Q,) € A1), for all X € a.

Theorem. dim A(1) <s1+2s>+4+ -+ nsp.

A is said involutive if equality holds.
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Theorem. For any tableau A there exists an
integer hg such that A is involutive, for all
h > hg.

Theorem. If A is involutive, then A1) js in-
volutive and

sV = 5;(AM) = sp(A) + - + 55(A),
17 =1,...,n.

Thus every prolongation of an involutive tableau
is involutive. Moreover, the principal charac-
ter and the Cartan integer are invariant under
prolongation of an involutive tableau.

Remark. A is involutive iff H?P(A) = (0),
Vg > 1, p > 0 (Guillemin-Sternberg, Serre,
1964).

If H%2(A) = (0), for all ¢ > 1, the tableau A
IS called 2-acyclic.

This notion plays an essential role when one
needs to prolong a non involutive linear Pfaf-
fian system (cf. Kuranishi, Goldschmidt)
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Example. Let V and W be vector spaces
with coordinates z1,...,2™ and y!,..., y% dual
to bases vq,...,vn fOor V and wq,...,ws for W.
Consider the first-order constant coefficient sys-
tem of PDEs for maps f : V. — W given in
coordinates by

OR -

(A=1,...,7r).

The linear solutions y%(z) = A;P:cj to this sys-
tem give rise to a tableau A ¢ Hom(V,W).

Conversely, any tableau A C Hom(V, W) deter-
mines a PDE system of this type.

NB: A9 is the set of homogeneous polynomial
solutions of degree ¢+ 1 to ().

The annihilator of A, denoted B .= Al c Vv ®
W* is called the symbol of the system (x).

Theorem. The PDE system associated to A
is involutive «<— A is involutive.
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Example. Let (M,7Z,w) be a Pfaffian system,
T ={601,...,6%dpt, ... do5} (algebraic ideal),
w=wlA---Aw” (independence condition)

Let 71 ... «t be 1-forms such that
91,...,95; wl,...,wn; 7T1,...,7Tt

be a local adapted coframe of M.
(Z,w) is called linear (or quasi-linear) <—
de® =0 mod {61,...,0% wl ... W™}, 0<a<s,

( <= the variety of admissible integral ele-
ments Vi, (Z,w) C Gn(TM,w) is an affine bundle
over M)

A linear Pfaffian system is described locally by

N
! doa EA?Z-WE/\wi—I—%c%wi/\wj mod {61,...,6%}
wzwl/\---/\w”;ﬁO,

=t 1<a<s 1<ij<n 1<e<t.
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Invariants of a linear PDS: torsion and tableau

At a point x € M, the following are equivalent:

) VT, w)|, # 0;

i) cf (a;') = 0, Va,1,7j; (“torsion vanishes at z.")

At z € M, let V* = span {w'} and (%ﬂ the basis
of its dual V. Further, let W* = span {6%}, and
% the basis of its dual W.

We define the tableau A C W ® V* by

A _span{Aga%@w re=1,...,t}

Theorem. The linear PDS (Z,w) is involutive
at £ <= 1) the torsion at x is zero and 2) A
IS involutive.
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Part II: Tableaux over Lie algebras [MN1]

Let (g,[,]) be a finite dimensional Lie algebra,
a, b vector subspaces of g such that a® b = g,
and A ¢ Hom(a, b) a tableau.

Define the polynomial map 7 : A - b6 ® /\Q(a*)
defined by

7(Q)(A1,A2) :=[A1 + Q(A1), Ax + Q(A)]y
- Q([Al + Q(Al)a AQ _I_ Q(AQ)]CL)a

where X, (resp. Xj) denotes the a (resp. b)
component of X.

By a tableau over g is meant a tableau A C
Hom(a, b) such that:

1) A isinvolutive (or, more generally, 2-acyclic);
2) 7(Q) e Imsbl Cc b® A2(a*), for each Q € A.
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Example. If A ¢ Hom(a,b) is involutive and
g is the abelian Lie algebra g = a ¢ b, then
7(Q) = 0, foreach Q € A. A can be considered
as a tableau over g. Therefore, the concept of
tableau over a Lie algebra is a natural (non-
abelian) generalization of the classical notion
of involutive (or 2-acyclic) tableau.

Example. Let g be a semisimple Lie algebra
with Killing form (,). Let g = go ® g1 be a
Cartan decomposition. Then

[90,90] C g0, [90,981] C 91, [91,91] C go.

Assume that rankg/go = k and a be a maximal
(k-dimensional) abelian subspace of g;. Then
g1 = adm, where

m=a nNgy
Further, let
(90)a=1{X €90 : [X,a] =0}
(o) ={X €g: (X,Y)=0,VY € (g0)a},
b:=goN (g0)x-
17



Then, for any regular element A € a, the maps

ady4 :m — b, adg:b—m

are vector space isomorphisms and

X em— —ady € Hom(a, b)

IS injective, hence m can be identified with a
linear subspace of Hom(a,b).

Proposition [MN1]. If g is a semisimple Lie
algebra and a, b, and m are defined as above,
then m, regarded as a subspace of Hom(a,b),
IS a tableau over g.

Def. m is called a Cartan tableau over g.

Remark. The notion of tableau over a Lie
algebra originates from the method of moving
frames and reflects the existence of canonical
adapted frames. (e.g., the Wilczynski—Cartan
frame in projective differential geometry)
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Part III: The linear Pfaffian differential system
associated with a tableau over a Lie algebra

Let A C Hom(a,b) be a tableau over g and let
G be a connected Lie group with Lie algebra
g. We set Y ;= G x A and refer to it as the
configuration space.

A basis (Aq,..., A, B1,...,By,Cq1,...,Cs) of g
is said adapted to A if

1) a=span{Aq,..., AL},

2) ImA 1= 0ecaImQ =span{By,..., B},

3) b=span{Bi,...,B,,C1,...,Cs},

An adapted basis is a generic if the flag

(0) Cspan{A1} C---Cspan{A1,..., A} =a

iSs generic with respect to A.
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For a generic adapted basis, let

(a17"'7ak7/817'"7/8}7)771""778)

denote the dual coframe on G. Given a basis

Qe = Q‘ZiBj®ozi (e=1,...m)
of the tableau A, Y identifies with G x R™ by

(9,0°Qe) €Y — (g:pt,...,p"™) € G x R™.

Def. [MN1l] The EDS associated with A is
the Pfaffian system (Z,w) on Y generated (as
a differential ideal) by the linearly independent
1-forms

{ 77“1: B]_pngzaza (]: 177h)7
fy 7“‘7/)/87
with indepenent condition w = alA---AaF # 0.
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Integral manifolds. Consider an immersed
submanifold

®=(gq"....,¢")  N* = Gx A=GxR™
(N* &) is an integral manifold of (Z,w) iff

1) (al/\"'/\ak)‘N#O;

Y |
2) 7 =qQLat, j=1,...,h;
3) ’yl:...:ryS: ]
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Theorem [MN1]. Let A be a tableau over
a Lie algebra g. Then, the EDS (Z,w) on Y
associated with A is a linear Pfaffian system in
involution. In particular, the characters of A
coincide with the Cartan characters of (Z,w).

Remark. This provides a general scheme for
producing linear Pfaffian systems in involution
starting from tableaux over Lie algebras

Developments.

e Identify the geometry associated to a given
tableau/system, i.e., find submanifolds in some
homogeneous space whose integrability condi-
tions are given by the PDS associated with the
tableau

e Study the algebraic structure of tableaux to
understand when a tableaux generate integrable
geometries

e Study the Cauchy problem

e Analyze characteristic cohomology ...
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Part IV: The G/Gp-system and the PDS as-
sociated with a Cartan tableaux

Example (abelian case). Let A ¢ Hom(R*, R")
be an m-dimensional involutive tableau over
the (abelian) Lie algebra g = RF @ R"”, spanned
by the lin. indep. h x k matrices Q¢ = (Q‘Zi).

The A(D_system: Consider the linear, homo-
geneous, constant coefficient PDE system for
maps P = (pl,...,p™) : RF - A =& R™ defined
by the differential inclusion dP, € A1, for all
x € RF (A(l) is the first prolongation of A).

T his system can be written
sH1(dpP) = 0,
where 611 is the Spencer coboundary of the

tableau A (Rk: ¢b1:Cll = Ag RF)* — €0-2)
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Lemma. A map P :RF - A =2 R™ is a solution
to the A(M_system iff the R"-valued 1-form

0= (0,...,0") e QL (R") 9 R", 09 = p°QJ ,dz”

IS closed.
AsS a conseguence, we have

Corollary. Let P :RF - A =2 R™ pe a solution
to the A(D-system and let y = (y1,...,y") be
a primitive of 0 (i.e., 6 = dy). Then

R* 5 2 — (z,y(z), P(x)) € RF ¢ R @ R™

is an integral manifold of the PDS (Z,w) asso-
ciated with A. Moreover, every integral mani-
fold of (Z,w) arises in this way.

Conclusion: The integral manifolds of (Z,w)
correspond to the solutions of the A(l)—system.
Moreover, (Z,w) is in involution (as differential
system) and the Cartan characters with those
of the tableau A (cf. Matsushima).
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Example (the G/Gg-system). Let G/Gg be a
semisimple symmetric space of rank £ and g =
go @ g1 a Cartan decomposition of G/Gp. Let
(Aq,...,Ar) be a regular basis for the maximal
abelian subalgebra a C g7. According to Terng
[T], the G/Gp-system is the system of PDEs
for maps V : U Ca — m := gy Nal defined by
7»%} — [Aja%] = [[Aiav], [Aj,V]} :

1 <1 <3 <k, where ' are the coordinates
with respect to (A1,...,Ar).

A

Lemma. V :a — mis a solution of the G/Gp-
system iff the g-valued 1-form

0 =a+[a, V] € QM (a)®g,

satisfies the Maurer—Cartan equation, where
a = a'® A, is the tautological 1-form on a.
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Corollary. Let V :a — m be a solution of the
G /Gg-system and let g : a — G be a primitive
of 0 (i.e. a solution to g~ 1dg = 6). Then

adz+— (g(x),V(z)) € G xm

is an integral manifold of the PDS (Z,w) on
Y = G x m associated with the Cartan tableau
m C Hom(a,b). Conversely, any integral mani-
fold of (Z,w) arises in this way.

Conclusion: The integral manifolds of the
PDS (Z,w) associated to the Cartan tableau
m C Hom(a, b) are given by the solutions of the
corresponding G/Gp-system. Moreover, (Z,w)
is in involution and its Cartan characters coin-
cide with those of the tableau m (i.e., s1 = n,
s; =0, 7=2,...,n). In particular, the general
solution depends on n functions in one variabe.
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