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1. Overiew

Introduction to the local di erential geometry of submanif olds of projective space
Introduction to moving frames for projective geometry

How much must a submanifoldX PN resemble a given submanifol& P in nites-
imally before we can concludex ' Z7?

To what order must a line eld on a submanifold X PN have contact with X before
we can conclude the lines are contained i ?

Applications to algebraic geometry

A new variant of the Hwang-Yamaguchi rigidity theorem

An exposition of the Hwang-Yamaguchi rigidity theorem in the language of moving
frames.

Open questions and problems.

Representation theory and algebraic geometry are natural éols for studying submanifolds
of projective space. Recently there has also been progreske other way, using projective
di erential geometry to prove results in algebraic geometry and representation theory. These
talks will focus on the basics of submanifolds of projectivespace, and give a few applications
to algebraic geometry. For further applications to algebrdc geometry the reader is invited to
consult chapter 3 of [11] and the references therein.

Due to constraints of time and space, applications to represntation theory will not be given
here, but the interested reader can consult [23] for an ovenew. Entertaining applications
include new proofs of the classi cation of compact Hermitian symmetric spaces, and of complex
simple Lie algebras, based on the geometry of rational homameous varieties (instead of root
systems), see [22]. The applications are not limited to clescal representation theory. There are
applications to Deligne's conjectured categorical geneiization of the exceptional series [25], to
Vogel's proposedUniversal Lie algebra[27], and to the study of the intermediate Lie algebra

67% [26].

Notations, conventions. | mostly work over the complex numbers in the complex analytc
category, although most of the results are valid in theC! category and over other elds, even
characteristic p, as long as the usual precautions are taken. When working oveR, some results
become more complicated as there are more possible normalrifies. | use notations and the
ordering of roots as in [2] and label maximal parabolic subgoups accordingly, e.g.,Px refers to
the maximal parabolic obtained by omitting the spaces corrsponding to the simple root .
hvy; ;v denotes the linear span of the vectorsvy;:i;vg. If X PV is a subset,)’(\ V
denotes the corresponding cone iV n0, the inverse image ofX under the projection Vn0! PV.
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and X PV denotes the Zariski closure ofX , the zero set of all the homogeneous polynomials
vanishing on X. When we write X", we mean dim(X) = n. We often useld to denote the
identity matrix or identity map. Repeated indicies are to be summed over.

Acknowledgements.  These notes are based on lectures given at Seoul National Umirsity
in June 2006 and at the IMA workshop Symmetries and overdetermined systems of partial
di erential equations, July 2006. It is a pleasure to thank Professors Han and Easteod for
inviting me to give these respective lecture series. | woul@lso like to thank Professor Yamaguchi
for carefully explaining his results with Hwang to me at the workshop.

2. Submanifolds of projective space

2.1. Projective geometry. Let V be a vector space and letPV denote the associated pro-
jective space. We think of PV as the quotient of GL (V), the general linear group of invertible
endomorphisms ofV, by the subgroup P; preserving a line. For example if we take the line

01
1
O.
L
0
0 DO 1

b

0

then

where, if dimV = N +1 the blocking is (1;N) (1;N), soP; is the group of invertible matrices
with zeros in the lower left hand block.

In the spirit of Klein, we consider two submanifolds M1; M, PV to be equivalentif there
exists someg 2 GL(V) such that g:M1 = M, and de ne the corresponding notion of local
equivalence.

Just as in the geometry of submanifolds of Euclidean space, avwill look for di erential in-
variants that will enable us to determine if a neighborhood (germ) of apoint of M 1 is equivalent
to a neighborhood (germ) of a point ofM,. These invariants will be obtained by taking deriva-
tives at a point in a geometrically meaningful way. Recall that second derivatives furnish a
complete set of di erential invariants for surfaces in Euclidean three space- the vector-bundle
valued Euclidean rst and second fundamental forms, and twosurfaces are locally equivalent i
there exists a local di eomorphismf : M1 ! My preserving the rst and second fundamental
forms.

The group of admissible motions in projective space is largehan the corresponding Euclidean
group so we expect to have to take more derivatives to determme equivalence in the projective
case than the Euclidean. For example, it was long known that ér hypersurfacesX"  P"*1
that one needs at least three derivatives and Jensen and Mues[12] showed that for most
hypersurfaces, whenn > 1, three derivatives are su cient. For curves in the plane one needs
six derivatives!

In order to take derivatives in a way that will facilitate ext racting geometric information from
them, we will use the moving frame. Before developing the moving frame inx3, we discuss a
few coarse invariants without machinery and state several igidity results.
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2.2. Asymptotic directions. Fix x 2 X" PV. After taking one derivative, we have the
tangent spaceTyX  TxPV, which is the set of tangent directions to lines inPV having contact
with X at x to order at least one. Since we are discussing directions, is better to consider
PTx X PTxPV. Inside PTyX is G:x:x PTx X, the set of tangent directions to lines having
contact at least two with X at X, these are called theasymptotic directions in Euclidean
geometry, and we continue to use the same terminology in the qjective setting. Continuing,
we de ne G.xx for all k, and nally, G .xx, which, in the analytic category, equals Gy , the
lines on (the completion of) X through x. When X is understood we sometimes writeG.x for
Q(;X;X .

**¥picture here***

What does G:x.x , or more generally G.x.x tell us about the geometry oiX ?

That is, what can we learn of the macroscopic geometry oK from the microscopic geometry
at a point? To increase the chances of getting meaningful idrmation, from now on, when we
are in the analytic or algebraic category, we will work at ageneral point Loosely speaking, after
taking k derivatives there will be both discrete and continuous invaiants. A general point is
one where all the discrete invariants are locally constant.

(To be more precise, if one is in the analytic category, one ghuld really speak ofk-general
points (those that are general to orderk), to insure there is just a nite number of discrete
invariants. In everything that follows we will be taking just a nite number of derivatives
and we should say we are working at &-general point wherek is larger than the number of
derivatives we are taking.)

When we are in theC! category, we will work in open subsets and require whatever qpperty
we are studying at a point holds at all points in the open subse

For example, if X" is a hypersurface,G.x.x is a degree two hypersurface irPTx X (we will
prove this below), and thus its only invariant is its rank r. In particular, if X is a smooth
algebraic variety and x 2 Xgeneral the rank is n (see e.g., [6, 11]) and thus we do not get much
information. (In contrast, if r < n, then the Gauss map ofX is degenerate andX is (locally)
ruled by P" 's))

More generally, if X" P""2 then G.x.x is the intersection of at most min (a; ”’51 ) quadric
hypersurfaces, and one generally expects that equality hdk. In particular, if the codimension is
su ciently large we expect G.x to be empty and otherwise it should have codimensiora. When
this fails to happen, there are often interesting consequeres for the macroscopic geometry of
X.

2.3. The Segre variety and Gri ths-Harris conjecture. Let A;B be vector spaces and
letV=A B. Let

X = P(rank one tensors) PV:
Recall that every rank one matrix (i.e., rank one tensor expessed in terms of bases) is the matrix

product of a column vector with a row vector, and that this representation is unique up to a
choice of scale, so when we projectivize (and thus introducanother choice of scale) we obtain

X' PA PB:

X is called the Segre varietyand is often written X = SegPA PB) P(A B).

We calculate G,.x for the Segre. We rst must calculate Ty X T«PV. We identify T4PV
with V mod ® and locate Ty X as a subspace of/ mod X.

Let x = [ap Ip] 2 SegPA PB). A curve x(t) in X with x(0) = x is given by curves
a(t) A, Dbt) B, with a(0) = ag;b(0) = by by taking x(t) =[a(t) b(t)].

d.
a]tzoat h=a) +a K
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and thus
TxX =(A=a9) bbb a B=hpymoda; Iy
Write A°=(A=ag) Iy, B?= ay (B=hp) so

X' A° B®

We now take second derivatives modulo the tangent space to sewhich tangent directions
have lines osculating to order two (these will be the derivaives that are zero modulo the tangent
space).

d2
(2.1) @ b= a3’ b+ ay B+ a H’modx

(2.2) al ) mod Ty X
Thus we get zero i either a8 =0 or § =0, i.e.
Gxx = PA%t PB? P(A° B9

i.e., Gxx Is the disjoint union of two linear spaces, of dimensions dirA  2;dimB 2. Note
that dim G.x is much larger than expected.

For example, consider the caseSegP> P?) P8 Here Gy is de ned by four quadratic
polynomials onP? = P(T,X ), so one would have expected;. to be empty. This rather extreme
pathology led Gri ths and Harris to conjecture:

Conjecture 2.1  (Gri ths-Harris, 1979 [6]) . Let Y* P8 be a variety not contained in a
hyperplane and lety 2 Ygenerai- If Guv:yy = P1t Pt P3 = P(TyY), then Y is isomorphic to
SeqP? P?).

(The original statement of the conjecture was in terms of theprojective second fundamental
form de ned below.) Twenty years later, in [16] | showed the ®njecture was true, and moreover
in [16, 20] | showed:

Theorem 2.2. Let X" = G=P PV be arank two compact Hermitian symmetric space (CHSS)
in its minimal homogeneous embedding, other than a quadricylpersurface. LetY" PV be a
variety not contained in a hyperplane and lety 2 Ygenerai- If Giviy ' C 2:x:x then'Y is projectively
isomorphic to X .

An analogous result is true in the C! category, namely

Theorem 2.3. Let X" = G=P PV be arank two compact Hermitian symmetric space (CHSS)
in its minimal homogeneous embedding, other than a quadricyipersurface. LetY" PW be a
smooth submanifold not contained in a hyperplane. 1iGy,y = Gx;x forall y 2 Y, thenY is
projectively isomorphic to an open subset oK .

The situation of the quadric hypersurface is explained bela (Fubini's theorem) - to charac-
terize it, one must have Gy.y = Goix -

The rank two CHSS areSegPA PB), the Grassmanians of two-planesG(2;V), the quadric
hypersurfaces, the complexi ed Cayley planeOP? = Eg=Ps, and the spinor variety Ds=Ps
(essentially the isotropic 5-planes through the origin in C1° equipped with a quadratic form -
the set of such planes is disconnected and the spinor varietis one (of the two) isormorphic
components. The minimal homogenous embedding is also in a stter linear space than the
Plucker embedding of the Grassmannian.) The only rank one CISS is projective spacé””. The
rank two CHSS and projective space are examples aational homogeneous varieties
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2.4. Homogeneous varieties. Let G GL(V) be a reductive group acting irreducibly on a
vector spaceV. Then there exists a unique closed orbitX = G=P PV which is a rational
homogeneous variety (Equivalently, X may be characterized as the orbit of a highest weight
line, or as the minimal orbit.)

Note thatif X = G=P PV is homogenous Ty X inherits additional structure beyond that of
a vector space. Namely, considex = [Id] as the class of the identity element for the projection
G! G=P. Then P acts onTxX and, as aP-module TyX ' g=p. For example, in the case of
the Segre,TxX was the direct sum of two vector spaces.

A homogeneous varietyX = G=P is acompact Hermitian symmetric space or CHSS for short,
if P acts irreducibly on Ty X . The rank of a CHSS is the number of its last nonzero fundamental
form in its minimal homogeneous embedding. (This de nition agress with the standard one.)
Fundamental forms are de ned in x3.4.

Exercise 2.4. The Grassmannian ofk-planes through the origin in V, which we denoteG(k; V),
is homogenous forGL (V) (we have already seen the special cagg(1;V) = PV).

Determine the group Py~ GL (V) that stabilizes a point. Show that TeG(k;V)' E V=E
in two dierent ways - by an argument as in the Segre case aboveand by determining the
structure of g=p.

While all homogeneous varieties have many special propesgs, the rank at most two CHSS
(other than the quadric hypersurface) are distinguished bythe following property:

Proposition 2.5. [21] Theorem 2.2 is sharp in the sense that no other homogeneous riey
is completely determined by its asymptotic directions at a gneral point other than a linearly
embedded projective space.

Nevertheless, there are signi cant generalizations of therem 2.2 due to Hwang-Yamaguchi and
Robles discussed below ix3.5. To state these results we will need de nitions of the furdamental
forms and Fubini cubic forms, which are given in the next sedcbn.

However, with an additional hypothesis - namely that the unknown variety has the correct
codimension, we obtain the following result (which appearshere for the rst time):

Theorem 2.6. Let X" CP"" 2 be a complex submanifold not contained in a hyperplane. Let
X 2 X be a general point. LetZ" P"*2 be an irreducible compact Hermitian symmetric space
in its minimal homogeneous embedding, other than a quadricyipersurface. If Gxx = Gz
then X = Z.

Remark 2.7. The Segre variety hasGy = G = PA%t PB® P(A° B9 = PT,X. To see
this, note that a matrix has rank one i all its 2 2 minors are zero, and these minors provide
de ning equations for the Segre. In general, if a variety is @& ned by equations of degree at most
d, then any line having contact to order d at any point must be contained in the variety. In
fact all homogeneously embedded rational homogeneous vaties G=P are cut out by quadratic

equations s0G.g=p.x = Co=px-

3. Moving frames and differential invariants

For more details regarding this section, see chapter 3 of [11
Once and forall xindexranges1 ; ; n,n+1 : n+a,0 A;B;C n+a=N.

3.1. The Maurer-Cartan form of GL(V). LetdimV = N +1, denote an elementf 2 GL (V)
by f = (ep;:::;en) where we may think of the ea as column vectors providing a basis o¥/. (Once
a reference basis o¥ is xed, GL (V) is isomorphic to the space of all bases o¥.) Each es is a
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V -valued function on GL(V), ea : GL(V) ! V. For any di erentiable map between manifolds
we can compute the induced di erential
deajr 1 Tt GL(V)! Te,V
but now sinceV is a vector space, we may identifyTe, V ' V and consider
der (T GL(V)! V
i.e., dey is a V-valued one-form onGL (V). As such, we may express it as
dea=e! 2+ el 2+ +ey!N
where! £ 2 }(GL(V)) are ordinary one-forms (This is becauseey; ::;; ey is a basis ofV so any
V -valued one form is a linear combination of these with scalavalued one forms as coe cients.)
Collect the forms! £ into a matrix =( !5). Write of = (dep;::;;dey), sod = f or
= f o

is called the Maurer-Cartan form for GL (V).
Amazing fact: we can compute the exterior derivative of algebraically! We haved =
d(f )~ o so we need to calculated(f 1). Here is where an extremely useful fact comes in:

The derivative of a constant function is zero.

We calculate 0 = d(ld) = d(f )= d(f )f +f 'df,andthusd = f df 1~ d but
we can move a scalar valued-matrix across the wedge producbtconclude
d = N

which is called the Maurer-Cartan equation. The notation is such that ( ~ ) § =12~ 1§.

3.2. Moving frames for X PV. Now let X" P"*2= PV be a submanifold. We are ready
to take derivatives. Were we working in coordinates, to takederivatives at x 2 X, we might
want to choose coordinates such thaix is the origin. We will make the analoguous adaptation
using moving frames, but the advantage of moving frames is tat all points will be as if they were
the origin of a coordinate system. To do this, let FQ = GL(V)jx ! X be the restriction of
:GL(V)! PV.
***picture coming here***

Similarly, we might want to choose local coordinates k?;:::;x"*?2) about x = (0;:::;0) such
that TxX is spanned by@—%; o @—%. Again, using moving frames the e ect will be as if we had
chosen such coordinates about each point simultaneously. dfdo this, let : F1! X denote

the sub-bundle ofFQ preserving the ag

2 KXo v
Recall ® V denotes the line corresponding tox and Ty X denotes the a ne tangent space
T.X  V, where /] = x. Let (ep;:; en+ a) be a basis ofV with dual basis (€°; :::; €"* @) adapted
such that eg 2 ® and feg;e g spanfxx. Write T = TyX and N = NyX = T,PV=T(X.

Remark 3.1. (Aside for the experts) | am slightly abusing notation in thi s section by identifying
TuX=R with TxX = (TxX=R) 2 and similarly for N, X .

The berof :F'! X over a point is isomorphic to the grou%

< ® @ ¢
Gi=, g=@0 g gA g2GL(V)

0O 0 g
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While F1 is not in general a Lie group, sinceF*  GL(V), we may pull back the Maurer-
Cartan from on GL (V) to F1. Write the pullback of the Maurer-Cartan formto F! as

0!0 10 !01

The de nition of F!implies that ! , = 0 becausedey = ! Jep+  + ! Jen + ! 0™ eny +  +
! 8+aen+1 but we have required that ey only move towards es;::;;e, to rst order. Similarly,
because dimX = n, the adaptation implies that the forms ! , are all linearly independent.

At this point you should know what to do - seeing something eqal to zero, we di erentiate
it. Thanks to the Maurer-Cartan equation, we may calculate the derivative algebraically. We
obtain

0=d(ly)= ! ~ly8

Since the one-forms! ; are all linearly independent, it is clear that the ! must be linear

combinations of the! ;, and in fact the Cartan lemma (see e.g., [11], p 314) implies that the
dependence is symmetric. More precisely (exercise!) themxist functions

q :F't C

with ! =q !, and moreoverq = q
Now F ! was de ned geometrically (i.e., without making any arbitra ry choices) so any function
on F 1 invariant under the action of G; descends to be a well de ned function onX , and will be
a di erential invariant . Our functions g are not invariant under the action of G, but we can
form a tensor from them that is invariant, which will lead to a vector-bundle valued di erential
invariant for X (the same phenomenon happens in the Euclidean geometry of Bmanifolds).
Consider

ITs=Far = 1! (e modTxX)=q !o!y (e modTxX)

IT 2 (FL (S?T X NX))isconstantonthe berandinducesatensorll 2 ( X;S2T X NX).
called the projective second fundamental form
Thinking of 11y : N, X ! S?T, X, we may now properly de ne the asymptotic directions by

Gix = P(Zeros(ll x(N, X)) PTxX

3.3. Higher order di erential invariants: the Fubini forms. We continue di erentiating
constant functions:

0=d! q !

yields functionsr  : F1! C that induce a tensor F3 2 ( F1; (ST X NX)) called the
Fubini cubic form. Unlike the second fundamental form, it doesnot descend to be a tensor
over X because it varies in the ber. We discuss this variation in x6. Such tensors provide
relative di erential invariants and by sucessive di erentiations, one obtains a series of imriants
F« 2 (FL (ST N)). For example,
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where the functionsr  ;r are given by
(3.1) r !'yo= dg q!3 g! +q! +q!
(3.2) r lg= dr 2r 19 1

+S (r ! +3q !% gq!)

We de ne G.x = Zeros(Fas;:5Frs)  PTxX, which is independent of our choice off 2

(x).

If one chooses local a ne coordinates k1;:::;x"*2) such that x = (0;:::;0) and Ty X = h@%i,
and writes X as a graph

X =0 XX +r X X X +7r X X X X +

then there exists a local section ofF 1 such that

o @
Fojx = q dx dx @x

o @
Fsjx = r dx dx dx @x
Fajx = @

r dx dx dx dx @

and similarly for higher orders.

(3.1) is a system ofan equations with one-forms as coe cients for the a ”; coe cients of
F3 and is overdetermined if we assumalqg = 0, as we do in the rigidity problems. One can
calculate directly in the SegreSegP™ P"), m;r > 1 case that the only possible solutions are
normalizable to zero by a ber motion as described in (6.4). The situation is the same forF4; Fs
in this case.

In general, onceFy; ::;; Fox are normalized to zero at a general point, it is automatic tha all
higher F; are zero, see [15]. Thus one has the entire Taylor series anéd completely identi ed
the variety. This was the method of proof used in [16], as the ank two CHSS have all Fy
normalizable to zero whenk > 2.

Another perspective, for those familiar with G-structures, is that one obtains rigidity by
reducing F! to a smaller bundle which is isomorphic to G, where the homogeneous model is
G=P.

Yet another perspective, for those familiar with exterior di erential systems, is that after
three prolongations, the EDS de ned by | = f! ;! g !,g9o0nGL(V) becomes involutive,
in fact Frobenius.

2

3.4. The higher fundamental forms. A component of F3 does descend to a well de ned
tensor on X . Namely, consideringFz : N | S3T | if we restrict F3jker,, We obtain a tensor
F3= 11l 2 S®T N3z whereN3 = T,PV=FT,X + Il (S°T,X)g. One continues in this manner

to get a series of tensord- called the fundamental forms

Geometrically, II measures howX is leaving its embedded tangent space akx to rst order,
Il measures howX is leaving its second osculating space at to rst order while F3 mod |11
measures howX is moving away from its embedded tangent space to second orde

3.5. More rigidity theorems. Now that we have de ned fundamental forms, we may state:

Theorem 3.2 (Hwang-Yamaguchi). [10] Let X" CP"*2 be a complex submanifold. Let
X 2 X be a general point. LetZ be an irreducible rankr compact Hermitian symmetric space
in its natural embedding, other than a quadric hypersurface If there exists linear mapsf :



DIFFERENTIAL GEOMETRY OF SUBMANIFOLDS OF PROJECTIVE SPACE : ROUGH DRAFT 9

TuX ! T,Z, gk : NkxX ! Nyg:zZ such that the induced mapsSkT, X NyX ! SKT,Z N,Z

In [22] we calculated the dierential invariants of the adjoint varieties, the closed orbits
in the projectivization of the adjoint representation of a simple Lie algebra. (These are the
homogeneous complex contact manifolds in their natural horageneous embedding.) The adjoint
varieties have Ill = 0, but, in all cases but vo(P™" 1) = C,=P; P(c,) = P(S?C?") which
we exclude from discussion in the remainder of this paragramp the invariants F3;F4 are not
normalizable to zero, even thoughGyx = Gx = Gx = G. In a normalized frame G is
contained in a hyperplaneH and F4 is the equation of the tangential variety of G, in H, where
the tangential variety (X) PV of an algebraic manifoldX PV is the union of the points
on the embedded tangent lines P's) to the manifold. In this case the tangential variety is a
hypersurface inH, except forg = a5 = slh,+1 which is discussed below. MoreoverFs consists
of the de ning equations for the singular locus of (G). In [22] we speculated that the varieties
X ad, With the exception of vo(P?" 1) would be rigid to order four, but not three, due to the
nonvanishing of F4. Thus the following result came as a suprise to us:

Theorem 3.3 (Robles, [31]) Let X2M 2 CP™* 2 he a complex submanifold. Lek 2 X be a
general point. LetZ  Psl, be the adjoint variety. If there exists linear mapsf : TyX ! T,Z,
g : NyX ! N,Z such that the induced mapsSKT, X NyX ! SKT,Z N,Z take Fy.xx tO
Fy.z:z for k=2;3, then X = Z.

Again, the corresponding result holds in theC! category.

The adjoint variety of sl,, = sl(W) has the geometric interpretation of the variety of ags of
lines inside hyperplanes insidaV, or equivalently as the traceless, rank one matrices. It hass.,
the union of two disjoint linear spaces in a hyperplane inPT,Z. The quartic F4 is the square of
a quadratic equation (whose zero set contains the two lineaspaces), and the cubics inF3 are
the derivatives of this quartic, see [22],x6.

3.6. The prolongation property and proof of theorem 2.6. The precise restrictionsl|
places on theFy in general is not known at this time. However, there is a stromg restriction 11
places on the higher fundamental forms that dates back to Calan. We recall a de nition from
exterior di erential systems:

Let U; W be vector spaces. Given a linear subspack SKU W, de ne the j-th prolonga-
tion of A to be Al) := (A SIU )\ (S¥*JU  W). Thinking of A as a collection ofW -valued
homogeneous polynomials orJ, the j-th prolongation of A is the set of all homogeneoush -
valued polynomials of degreek + j on U with the property that all their j-th order partial
derivatives lie in A.

Proposition 3.4 (Cartan [3] p 377). Let X" P"2 and letx 2 X be a general point. Then
Fex(Ny)  Fax(N,)K 2. (Here W is taken to be the trivial vector space andJ = TyX.)

Proposition 3.5. [21]Let X = G=P PV be a CHSS in its minimal homogeneous embedding.
Then Fix(Ny) = Fax(N,)& 2. Moreover, the only nonzero components of theFy are the
fundamental forms.

The only homogeneous varieties having the property that thenly nonzero components of the
Fr are the fundamental forms are the CHSS.

proof of 2.6. The strict prolongation property for CHSS in their minimal h omogenous embedding
implies that any variety with the same second fundamental fom at a general point as a CHSS
in its minimal homogeneous embedding can have codimensiort most that of the corresponding

CHSS, and equality holds i all the other fundamental forms are the prolongations of the second.
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4. Bertini type theorems and applications

The results discussed so far dealt with homogeneous varies. We now broaden our study to
various pathologies of theG..

Let T be a vector space. The classicaBertini theorem implies that for a linear subspace
A S°T , if g 2 A is generic, thenu 2 Gsing = fv 2 T jqlv;w) =0 8w 2 Tg implies
u2Zeros@A):=fv2TjQ(v;v)=0 8Q2 Ag.
Theorem 4.1 (Mobile Bertini) . Let X" PV be a complex manifold and lek 2 X be a general
point. Let g2 Il (N, X) be a generic quadric. Thengsing is tangent to a linear space onX .

For generalizations and variations, see [20].
The result holds in the C category if one replaces a general point by all points and thiathe
linear space is contained inX as long asX continues (e.g., it is contained inX if X is complete).

Proof. Assumev = e; and q = ¢"*™! o! o- Our hypotheses imply q&‘*l =0 for all . Formula
(3.1) reduces to
rilo= o "

If gis generic we are working on a reduction of * where the! are independent of each other
and independent of the semi-basic forms (although theé  will no longer be independent of the
I'o;! ), thus the coe cients on both sides of the equality are zero, proving both the classical

Bertini theorem and v 2 rging Wherer is a generic cubic inF3(N ). Then using the formula for

F4 one obtainsv 2 Zeros(F3) and v 2 sging Wheres is a generic element ofF4(N ). One then

concludes by induction.

Remark 4.2. The mobile Bertini theorem essentially dates back to B. Sege [34], and was re-
discovered in various forms in [6, 4]. Its primarary use is inthe study of varieties X" PV

with defective dual varieties X PV , where the dual variety of a smooth variety is the set of
tangent hyperplanes to X, which is usually a hypersurface. The point is that a genericquadric

in 11 (Ny.x ) (With X 2 Xgenerar) is singular of rankr i codim X =n r+1,

Example 4.3. Taking X = SegPA PB) and keeping the notations of above, LetY have the
same second fundamental form oX at a general pointy 2 Y so we inherit an identi cation
T,Y ' A® BC If dimB = b >a = dim A, then mobile Bertini implies that PB?is actually
tangent to a linear space onY, because the maximum rank of a quadric ia 1 so at any point
[o] 2 sPBCthere is even a generic quadric singular atl. (Of course the directions of PA? are
also tangent to lines onY because the Segre is rigid.)

While in [16] | did not calculate the rigidity of SegP* P") P(C? C"*1), the rigidity
follows from the same calculations, however one must take alitional derivatives to get the
appropriate vanishing of the Fubini forms. However there isalso an elementary proof of rigidity
in this case using the mobile Bertini theorem [20]. Given a vaiety Y"** PN such that at a
general pointy 2 Y, G, contains a P" 1 by 4.1 the n-plane eld is integrable and thus Y is
ruled by P"'s. Such a variety arises necessarily from a curve in the GrasnannianG(n+1;N +1)
(as the union of the points on the P"'s in the curve). But in order to also have the P factor in
Gy, such a curve must be a line and thusy must be the Segre.

The mobile Bertini theorem describes consequences Gb.x being pathological. Here are some
results when G« is pathological for k > 2.

Theorem 4.4 (Darboux). Let X2 P2"2 pe an analytic submanifold and lex 2 X general- If

there exists a linel having contact to order three withX at x, then| X. In other words, for
surfaces in projective space,

Gix = G 8X 2 Xgeneral -
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The C! analogue holds replacing general points by all points and fies by line segments
contained in X .
There are several generalizations of this result in [18, 19]Here is one of them:

Theorem 4.5. [19]Let X" P"*1 pe an analytic submanifold and leix 2 Xgeneral - If C kx
is an irreducible component with dim >n  k, then Cy.

The C! analog holds with the by now obvious modi cations.
The proof is similar to that of the mobile Bertini theorem.

Exercise 4.6. One of my favorite problems to put on an undergraduate di erential geometry

exam is: Prove that a surface in Euclidean three space that h& more than two lines passing
through each point is a plane (i.e., has an in nite humber of ines passing through). In [30],
Mezzetti and Portelli showed that a 3-fold having more than sx lines passing through a general
point must have an in nite number. Show that an n-fold having more than n! lines passing
through a general point must have an in nite number passing through each point. (See [19] if
you need help.)

The rigidity of the quadric hypersurface is a classical resli:

Theorem 4.7 (Fubini). Let X" P"*! pe an analytic submanifold or algebraic variety and let
If r> 1, then X is a quadric hypersurface of rankr.
If r =1, then X has a one-dimensional Gauss image. In particular, it is rule by P" !'s.

In all situations, the dimension of the Gauss image ofX isr, see [11]x3.4.

One way to prove Fubini's theorem (assumingr > 1) is to rst use mobile Bertini to see that
X contains large linear spaces, then to note that degree is imriant under linear section, so one
can reduce to the case of a surface. But then it is elementaryat show that the only analytic
surface that is doubly ruled by lines is the quadric surface.

Another way to prove Fubini's theorem (assumingr > 1) is to use moving frames to reduce
the frame bundle to O(n + 2).

What can we say in higher codimension? Consider codimensiotwo. What are the varieties
X" P"™2 sych that for generalx 2 X we haveGy = G ?

Note that there are two principal di culties in codimension two. First, in codimension one,
having G.x = G.x implies that F3 is normalizable to zero - this is no longer true in codimensio
greater than one. Second, in codimension one, there is jushe quadratic form in Il , so its only
invariant is its rank. In larger codimension there are modul spaces, although for pencils at least
there are normal forms, convienently given in [9].

For examples, we have inherited from Fubini's theorem:

0. P" P"*2 as a linear subspace

0. Q" P™l pP"™2 3 quadric

0". A variety with a one-dimensional Gauss image.

To these it is easy to see the following are also possible:

1. The (local) product of a curve with a variety with a one dimensional Gauss image.

2. The intersection of two quadric hypersurfaces.

3. A (local) product of a curve with a quadric hypersurface.

There is one more example we have already seen several timesthese lectures:

4. The SegreSegP! P?) P° or a cone over it.
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Theorem 4.8 (Codimension two Fubini). [29] Let X" P"*2 be an analytic submanifold and
let X 2 X general- If Gax = Gox then X is (an open subset of) one oD;0%0%1 4 above.

Here if one were to work overR, the corresponding result would be more complicated as ther
are more normal forms for pencils of quadrics.

5. Applications to algebraic geometry

One nice aspect of algebraic geometry is that spaces parameing algebraic varieties tend
to also be algebraic varieties (or at leaststacks which is the algebraic geometer's version of
an orbifold). For example, let Z" P"*1 be a hypersurface. The study of the images of
holomorphic mapsf : P11 Z, called rational curves on Z is of interest to algebraic geometers
and physicists. One can break this into a series of problemsased on the degree of (P!) (that
is, the number of points in the intersection f (P*)\ H whereH = P" is a general hyperplane).
When the degree is one, these are just the lines od, and already here there are many open
questions. LetF(Z) G(PL; P"*1) = G(2;C"*?) denote the variety of lines (i.e. linear P's) on
Z.

Note that if the lines are distributed evenly on Z, then dmF(Z) =dim G.z + n 1, and we
always have dimF(Z) dimG.z + n 1, so the microscopic geometry bounds the macroscopic
geometry.

Example 5.1. Let Z = P", then F(Z) = G(2;n+1). In particular, dim F(Z)=2n 2 and this
is the largest possible dimension, and®" is the only variety with dim F(Z)=2n 2.

Which are the varieties X" PV with dim F(X)=2n 3? A classical theorem states that
in this case X must be a quadric hypersurface.

Rogora, in [32], classied all X" P" & with dim F(X) =2n 4, with the extra hypothesis
codimX > 2. The only \new"example is the GrassmannianG(2;5). (A classi cation in codi-
mension one would be quite dicult.) A corollary of the codim ension two Fubini theorem is
that Rogora's theorem in codimension two is nearly proved - rarly and not completely because
one needs to add the extra hypothesis thaiG.x has only one component or thatGx = G-

If one has extra information about X , one can say more. SayX is a hypersurface of degree
d. Then it is easy to show that dimF(X) 2n 1 d.

Conjecture 5.2 (Debarre, dedong) If X" P"*1 is smooth andn > d = degX), then
dmF(X)=2n 1 d.

Without loss of generality it would be su cient to prove the ¢ onjecture whenn = d (slice by
linear sections to reduce the dimension). The conjecture i®asy to show whenn = 2, it was
proven by Collino when n = 3, by deBarre when n = 4, and the proof of the n = 5 case was
was the PhD thesis of R. Beheshti [1]. Beheshti's thesis hadhree ingredients, a general lemma
(that F(X) could not be uniruled by rational curves), theorem 4.5 aboe, and a case by case
argument. As a corollary of the codimension two Fubini theolem one obtains a new proof of
Beheshti's theorem eliminating the case by case argument (it there is a di erent case by case
argument buried in the proof of the codimension two Fubini theorem). More importantly, the
techniques should be useful in either proving the theorem opointing to where one should look
for potential counter-examples.

6. Moving frames proof of the Hwang-Yamaguchi theorem

The principle of calculation in [20] was to use mobile Bertin theorems and the decomposition
of the spacesS9T N into irreducible R-modules, whereR  GL(T) GL(N) is the subgroup
preservingll 2 S2T  N. One can isolate where eacliF, can \live " as the intersection of two
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vector spaces (one of which iSKT N, the other is explained below). Then, sinceR acts on
bers, we can decomposd-y into R-modules and in order for a module to appear, it most be in
both the vector spaces. This combined with mobile Bertini theorems reduces the calculations
to almost nothing.

Hwang and Yamaguchi use representation theory in a more sopsticated way via a theory de-
veloped by Se-ashi [33]. What follows is a proof of their redti(modulo a Lie algebra cohomology
calculation made easy by work of Kostant [13]).

Let Z = G=P PW be a CHSS in its minimal homogeneous embedding. For the momeén
we restrict to the case wherelll z =0. Let X PV be an analytic submanifold, letx 2 X be
a general point and assumdl x.x ' Il z;;. We determine su cient conditions that imply X is
projectively isomorphic to Z.

We have a ltration of V, Vo =% V; = TyX V = Vo. Write L = Vo, T = Vi=\p;)N =
V=\,. We have an induced grading ofgl(V) where

gl(V)o=gl(L) gl(T) gl(N);
gl(Vv) 1=L T T N;

g(V)i1=L T T N;
gl(V) 2=L N;

gl(V)=L N :

Let go gl(V)o denote the subalggbra annhilatilngll . More precisely
X3
u= @ x A 2 gl(V)o
X
isingi
(6.1) wll ==( xq +xqg +xqg x3g )e e e =0

Let g2 gl(V): denote the subspace such thatdi;g 1] = go. Notethat g=9g 1 Qo 01
coincides with the Z-graded semi-simple Lie algebra giving rise toZ = G=P and that the
inclusion g gl(V) coincides with the embeddingg! gl(W). The grading on g induced from
the grading of gl(V) agrees with the grading induced byP. In particular, g » =0.

We let g° = gl(V)=g and note that g’ is naturally an g-module. Alternatively, one can
work with sl(V) instead of gl(V) and de ne g° as the Killing-orthogonal complement to go in
sl(V) (Working with sl(V)-frames does not e ect projective geometry since the actubgroup of
projective transformations is PGL(V)).

Recall that F3 arises by applying the Cartan lemma to the equations

(6.2) 0= 1 ~I A +q(!0’\!8+! N1g) 85
i.e., the tensor
(6.3) (q ! q ! q!'3+q ! )M, e e

must vanish. Exactly dim (g?)o independent entries of the Maurer-Cartan form ofgl(V)o appear
in (6.3) and these forms are forced to be linear combination®f the semi-basic forms! ;. To
see this, comparing with (6.1), we see (6.3) is just the actio of gl(V)g on Il and (g7 )o is by
de nition the cokernel of this action.

Thus we may think of obtaining the coe cients of F3 at x in two stages, rstwe write the (g7 )o
component of the Maurer-Cartan form of GL (V) as an arbitrary linear combination of semi-
basic forms, i.e., we choose a maf ! (g”)o. Once we have chosen such a map, substituting
the image into (6.3) yields a ( 2T  gl(V) 1)-valued tensor. But by the de nition of g, it is
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actually ( 2T  (g°) 1)-valued. Then we require moreover that that substitution satisfy (6.3)
be zero. In other words, pointwise we have a map

@' T (@)! T (d)1
and the (at this stage) admissible coe cients of F3 are determined by a choice of magl ! (g”)o
which is in the kernel of @1.

Now the variation of F3 as one moves in the ber is given by a mapl ! (g )o induced from
the action of (g”)1 on (g°)o. We may express it as:

(6.4) X’ e +xe e 7'x%, e L+(x%,+x! ) e e
0 0
where 0 0 1
0 x 0
@ o0 xA
0O 0 O

is a general element ofgl(V)1. The kernel of this map is g; so it induces a linear map with
source @°)1. Similarly, the image automatically takes values inT  (g?)o. In summary, (6.4)
may be expressed as a map

@ (@n! T (@)
Let CP4:= PT  (g°)q 1. Consideringg® as aT-module (via the embeddingT ! g) we
have the Lie algebra cohomology groups
ker@?:cpl1 cpl:0
Image@ 10:Cp 101 cril

HPYT:g?) =
We summarize the above discussion:

Proposition 6.1. Let X PV be an analytic submanifold, letx 2 Xgeneras and suppose
Ilxx ' Il zz; whereZ PW is a CHSS in its minimal homogeneous embedding. The choice$ o
Fa.x:x imposed by(6.2), modulo motions in the ber, is isomorphic to the Lie algebracohomology
group H54(T; 7).

Now if F3 is normalizable and normalized to zero, di erentiating again, we obtain the equation

(g '°+gq! ), e e e =0

which determines the possible coe cients ofF4.
We conclude any choice ofF4 must be in the kernel of the map

@ T (@n! T (@)
The variation of of F4 in the ber of F1!is given by the image of the map
% e 71x% g 1o 1(vrw) e e

asv” w ranges over the decomposable elements ofT. Without indicies, the variation of Fa4
is the image of the map
@°:(g’)! T (@)
We conclude that if F3 has been normalized to zero, thenF, is normalizable to zero if
H24(T:;g?)=0.
Finally, if F3;F4 are normalized to zero, then the coe cients of F5 are given by
ker@:T (¢7)2! T (9°)u

and note that there is nothing to quotient by in this case. In summary
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Proposition 6.2. A su cient condition for second order rigidity to hold for a r ank two CHSS
Z=G=P PW isthat H5Y(T;g°)=0,H%YT;9°)=0,H%Y(T;¢g?)=0.

Using Kostant's results in [13], the calculation of these goups is easy.

Remark 6.3. We note that this condition is not necessary for second order rigidity. It holds in
all rigid rank two cases but one,Seg P! P"), with n > 1, which we saw, inx4.3, is indeed rigid
to order two. Note that in that case the nasve moving frames gpproach is signi cantly more
di cult as one must prolong several times before obtaining the vanishing of the normalizedFs.

When the last nonzero fundamental form is thek-th, one must showH %1: :::: H**1:1 gre all
zero. Note that in this case,H Y1 governs the vanishingFz.,; :::; Fxx 1, where Fy, denotes the
component of F in SKT  N;.

7. Open questions and problems

This section under construction.
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