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Synopsis
Propose algebraic constructions of a generating set of invariants that comes with
a simple rewriting algorithm.

Differential elimination/completion for symmetric differential systems [Mansfield
2001]

Avoid the implicit function theorem in [Fels & Olver 1999)

E. Hubert and I. Kogan, Rational Invariants of a Group Action. Construction and
Rewriting. Journal of Symbolic Computation.
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1 Rational Invariants of a Group Action

1.1 Definitions

Algebraic Group G

K=RorC
G C K! an algebraic variety G C K[\, N] its ideal
m: GxG — @G and i: G — @
) = Aop A= ATt
A e KA, pl and At e K[
e€eg e A=Xr-e=A
G K* Kx{-1,1} SO(2)
G | (MA—1) (A -1 (A +A-1)
Ao | (A, Aopen) (A4 pen, Aopra)  (Arpn — Aapta, Adpig + Agpn)
e (1,1) (0,1) (1,0)
AL (A2, A1) (—A1, A2) (A1, —A2)
Rational Action on Z =K"
g: GxZ — Z (A-p)*z=Ax(uxz)
A2) = Axz= <!;,I(</\A.',§)\) """ U/:[((AA.;))
Orbit of z € Z
O, ={\xz|XegG}
hygiy-ooygn € KA1, . A, 21,00, 20
g K* Kx{-1,1} SO(2)
G | (MA2—1) (A -1) A +23-1)
) ) ()
scaling translation+reflection rotation
N\~
7N
scaling translation+reflection rotation



Field of Rational Invariants K(z)¢

Rational invariant: 2 € K(2)
q

Field of rational invariants: K(z)¢

g K* K x {~1,1} SO(2)

K(z)¢| K (f) K (22) K (2 + 22)

2

1.2 Results

Rational Invariants
ALGORITHM

In: G, (g1(N,2),...,90(N, 2),h(A, 2)) € K[\, 2]

Out : {ri,...,me} C K(2)¢
Q- K(’Z)G - K(yla‘”»yn) T:R(Tl,...,’[’ﬂ)
r — R
So :

I : Grobner basis of an unmixed dimensional ideal of dimension s

IT : Grobner basis of a zero dimensional ideal
Relies on the choice of a generic linear space of codimension s

Code: www.inria.fr/cafe/Evelyne.Hubert/Publi/RationalInvariants

Algebraic Moving Frame
We introduce replacement invariants

with property

¢ is the algebraic counterpart of the Cartan normalized invariants.

2 Intermezzo

2.1 Grobner bases

Grobner bases in K[z, ..., 2]
I a (radical) ideal in K[z] = K[z, ..., 5]
Hilbert: I = (¢1,.-.,q)
Reduc®: z% = 2" ... 20"
q:zachBzﬁ 22— 2 Y epsf



Grobner: {q1,...,q} a Grobner basis if peEl & p—50
Prop: Reduced Grébner bases are canonical representative for ideals

Algo: INPUT: p1,...,pm a generating set of I
OuTPUT: Q ={q1,...,q} a reduced Grobner basis of T

~» K-basis for K[z]/I, its Hilbert polynomial, resolution.
Observe: p1,...,pm € k2] = Q C k[Z] kECcK
~+ The coefficients of @ give the field of definition of I.

3 Construction and rewriting of rational invariants

Synopsis
3.1 Graph ideal ~> Rosenlicht (1956),..
Graph of the action & its ideal O

e Graph of the action
O={(z2)eZxZ|INEF st. 2/ =Axz}

Z =(Zy,...,Zy,) new set of variables
(Z—-Axz)=(hZ;—gi|1<i<n):h™

e O° the extension of O to K(z)[Z].
~» the ideal of a generic orbit

Construction of rational invariants

Invariance: (z,2') € O = (Ax2,2/) €O

Examples
G K* K x {-1,1} 50(2)
0 Z - 27, Z3 - 23 73+ 77 = (4 + 23)



Rewriting & Generation
Q@ reduced Grobner basis of O°¢
{r1,...,r} the coefficients of @

Theorem:

K(2) =K(rq, ..., )
i2-4
Rewriting Pe K(2)¢
q
® y1,...,Yx anew indeterminates

* Qy = Qri —yi)

Example of rewriting for the scaling
zZ9 <
Q:{Z‘Z*;Z'l} r=_— Qy=1{%2—yZ1}
1

P _ 22 +4z120 + 23

- 2 2
q 2y — 325

p(2) =2} +4Z1Z,+ 25 —q, WP +4y+1)Z3

((2) =23 -325 —q, (W —3)7Z3

Y

q(2)p(Z) = p(2)q(Z) modO° = q(z)(r”

—3)7Z2 = p(2)(r* + 4r + 1)Z3

zf +4z120 + 23 2+ 4r 41 Z1
R = 5 where r = —
z7 — 325 re—3 29

Previously

Miiller-Quade & Beth 99 e Case of linear group actions.
e Proof: (Q) = (Z —2)NK(2)%]Z]

Vinberg & Popov 89 e There exists a generating set @ of O¢ the coefficients {r1, ...

of which are in K(2)¢



e {ry,...,7,} separate orbits

e A set of rational invariant that separate orbits is a generating set for K(z)“

Rosenlicht 56 o The coefficients of the Chow form of O¢ are rational invariants and
separate orbits

e A set of rational invariant that separate orbits is a generating set for K(z)¢

3.2 Graph-section ideal ~> Fels & Olver (1999)

Cross-section of degree d
A wariety P that intersects generic orbits in d simple points.

0° = (G+(Z—-X*2))NK(2)[Z].
s = dimension of O¢ = dimension of generic orbits

The ideal P defines a cross-section P of degree d:
e P C K[Z] prime ideal of codimension s
e [¢ = 0° + P radical and zero-dimensional

o dimg(,) K(2)[Z]/I¢ = d

Rational Invariants 2

I°=P+0°=(P+G+(Z-Axz)) N K(2)[Z]

@ a reduced Grobner basis of I¢ {r1,...,7rx} its coeflicients

K x {-1,1} SO(2)

P
P

Q Zl 71, ZQ* Z2 Zl 7ZQ¢ fozg ZQ, Z%*(Z%+Z%)

zZ1

4 Algebraic Moving frame

Replacement Invariant &

e P a cross-section of degree d = 1

I¢=(Z1 —1(2),..., Zn —r(2))



e P a cross-section of degree d > 1
I9 = I° NK(2)%[Z] = (Q) has d distinct K(Z)G—zeros

——G y
Thm: & = (&1,...,&,) a K(2) -zero of I€.

Replacement Invariant £. Examples

P a cross-section of degree d
I =I°NK(2)%Z] = (Q) has d distinct mg—zeros
Thm: £ = (&1,...,&,) a m(}—zero of I€. r(z) = 7€), r e K(2)¢
g K* K x {-1,1} SO(2)

Q Zl—]., Zg—z—? 21—227 Z;—Z% ZQ, Zf—(z%—i—z%)
¢ (1, 2) (20, +29) (i 2 22, 0)

Algebraic moving frame

P an algebraic cross-section = P NU a local cross-section.

——G
Replacement invariant : K(z) -zero of ¢

Thm: The normalized invariants (zz1,...,0z,) form the smooth zero of IG that agrees
with the coordinate functions on P NU.

E. Hubert and I. Kogan. Smooth and Algebraic Invariants of a Group Action. Local

and Global Constructions. (Preprint).

Mereci.

Thanks.



