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© Motivating the search for stable finite elements:
finding the right element for the job

@ The mathematical framework: exterior calculus
© The star of the show: finite element differential forms

Q Application to elasticity: the holy grail attained
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Steady heat conduction problem: finite elements in H*

—divCgradu =f
/Cgradu~gradvdx/fvdx Vv
JQ

JQ

el U
/ <2Cgradu-gradu— fu) dx — minimum
JQ
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Steady heat conduction problem: finite elements in H*

—divCgradu =f

/ Cgradu-gradvdx = / fvdx Vv
Ja JQ

el U
/ <2Cgradu-gradu— fu) dx — minimum
JQ

/ |grad ul? dx < 0o <= u € H(Q)
Q
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Steady heat conduction problem: finite elements in H*

—divCgradu =f

/Cgradu~gradvdx/fvdx Vv
Ja JQ

el U

/ <2Cgradu-gradu— fu) dx — minimum
JQ

/graduzdx<c>c — uc HYQ)
Q

The right FE spaces: Lagrange elements: {v € HY(Q) | v|T € P,(Q) }
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Elasticity in displacement formulation

u: Q — R" displacement field

/ (;Ce(u) ce(u)dx —f - u) dx —— minimum
JQ

/ | e(u)|? dx ~ / | grad u|? dx u e [HY(Q)]"
Again, Lagrange elements have the right stuff.
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First order (mixed) formulations

Thermal Ao =gradu, —divo="f

1 o, . .
/(2Aa -0 +divo u + f u) dx = stationary point

o € H(div,Q), uec Q)



First order (mixed) formulations

Thermal Ao =gradu, —divo="f

1 o, . .
/(2Aa -0 +divo u + f u) dx = stationary point

o € H(div,Q), uec Q)
Elasticity Ao =¢(u), —dive="f

1 : : .
/(2Aa o +divo-u+f-u)dx 25 stationary point

o € H(div,;S), ueL*(R")

Lagrange elements?
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First order (mixed) formulations

Thermal Ao =gradu, —divo="f

1 o, . .
/(2Aa -0 +divo u + f u) dx = stationary point

o € H(div,Q), uec Q)
Elasticity Ao =¢(u), —dive="f

1 : : .
/(2Aa o +divo-u+f-u)dx 25 stationary point

o € H(div,;S), ueL*(R")

Lagrange elements? Unstable!
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Thermal problem in 1D

o=u, —o' =f on(-1,1)

I o.u
— 0° + o u-+ fu)dx —— stationary point
e ./1( ) T y p
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Thermal problem in 1D
o=u, —o' =f on(-1,1)

1 [t :
= / (02 + o' u + f u) dx —2~— stationary point
2 )4 Hlx L2

P1-Py PPy
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Thermal problem in 1D

/
o=u, —o=fF

on (—1,1)

(02 + o' u + f u) dx —2~— stationary point

Hlx 2

Pi=P1

PPy

P1-Po
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Thermal problem in 2D

o=gradu, —divo="f

/ (Z|o|? +divo u+ f u) dx ﬁ stationary point
JQ H(div



Thermal problem in 2D

o=gradu, —divo="f

' 1 g, u . .
/ (Z|o|? + divo u+ f u) dx —2~— stationary point
Ja 2 H(div)x L2

P1-Po
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Thermal problem in 2D

o=gradu, —divo="f

' 1 g, u . .
/ (Z|o|? + divo u+ f u) dx —2~— stationary point
Ja 2 H(div)x L2

P1-Po Raviart—Thomas - Py

JANWAS AWA
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Raviart—Thomas elements

A mixed FEM for 2nd order elliptic problems, Proc. conf. Math'l Aspects
of the FEM, Rome 1975. Springer Lect. Notes in Math #606, 1977.

Shape functions: ((1)) ((1)) (;) DOFs:

Generalizes to all degrees, and all dimensions (n = 3: Nédélec '80)
Citations to Raviart-Thomas 1977

- I Engineering & applications Math & CS
I Vathematics & CS T . .
‘ SIAM J. Numerical Analysis

Numerische Mathematik
Mathematics of Computation
RAIRO — M?AN

Num. Methods for PDEs

Eng. & Apps
CMAME
Computational Geosciences
J. Computational Physics
IJNME
COMPEL

1980 1985 1990 1995 2000 2005



Maxwell eigenvalue problem, unstructured mesh

/plcurIE~curIE_vu2/eE-E VE
Ja Ja

Right space is H(curl)




Maxwell eigenvalue problem, unstructured mesh

/ulcurIE~curIE_—Wv2/eE-E VE
Ja Ja

Right space is H(curl)
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Maxwell eigenvalue problem, unstructured mesh

/ulcurIE-curIE_W'2/eE-E VE
Ja Ja

Right space is H(curl)
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Maxwell eigenvalue problem, regular mesh
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Maxwell eigenvalue problem, regular mesh

254 574 1022 1598

—

O =N WA IO NXOO

1.0043 1.0019 1.0011 1.0007
* 1.0043 1.0019 1.0011 1.0007
| 2.0171 2.0076 2.0043 2.0027

— 4.0680 4.0304 4.0171 4.0110
— 4.0680 4.0304 4.0171 4.0110
5.1063 5.0475 5.0267 5.0171
- 5.1063 5.0475 5.0267 5.0171
59229 5.9658 5.9807 5.9877
8.2713 8.1215 8.0685 8.0438
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Vector Laplacian

curlcurlu — graddivu = f in Q

u-t=0, divu=0on 0




Vector Laplacian

curlcurlu — graddivu = f in Q

u-t=0, divu=0on 0
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/ 5(\cur| ul?> + | divul?) — f - v = minimum
Ja

Lagrange finite elements will converge



Vector Laplacian

curlcurlu — graddivu = f in Q

u-t=0, divu=0on 0

"1 u -
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Ja

Lagrange finite elements will converge to the wrong solution!



Vector Laplacian

curlcurlu — graddivu = f in Q

u-t=0, divu=0on 0

"1 u -
/ 5(\cur| ul?> + | divul?) — f - v = minimum
Ja

Lagrange finite elements will converge to the wrong solution!
In fact same holds for any conforming finite elements.
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Vector Laplacian

curlcurlu — graddivu = f in Q

u-t=0, divu=0on 0

"1 u -
/ 5(\ curl u|® + |div u|?) — - v~ minimum
Ja

Lagrange finite elements will converge to the wrong solution!
In fact same holds for any conforming finite elements.

A mixed formulation based on appropriate finite elements works
just fine

1
/(202—cur|a u—f] div u>—f v) dx W stationary point
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EM calculations based on the generalized RT elements

Schoberl, Zaglmayr 2006, NGSolve

Also: White EMSolve,
Demkowicz 3Dhp90,
Durufle Montjoie,. . .
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The Mathematical Framework:

Exterior Calculus
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Differential forms

An algebraic k-form F on R” is a skew-symmetric k-linear form: it
takes k vectors and delivers a number.

R" x --- xR" = R, (v, oeoyvi) — Fva, ..oy vk)
—_—
K



Differential forms

An algebraic k-form F on R” is a skew-symmetric k-linear form: it
takes k vectors and delivers a number.

R?x .- xR" = R, (vayeooyvi) = F(va, ..oy v)
—_———
K

For example if u = (ux, Uy, uz) denotes a vector

dx(u) := uy is a 1-form, dxady (u,v) := uyxv, — uy vy is a 2-form
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Differential forms

An algebraic k-form F on R” is a skew-symmetric k-linear form: it
takes k vectors and delivers a number.

R?x .- xR" = R, (vayeooyvi) = F(va, ..oy v)
—_———
K

For example if u = (ux, Uy, uz) denotes a vector

dx(u) := uy is a 1-form, dxady (u,v) := uyxv, — uy vy is a 2-form

A differential k-form on € C R" is a field of algebraic k-forms:
(Vi, ooy Vi) mwx(vr, ..., vi) €ER ¥x € Q.

0-form = function, 1-form = covector field f(x,y)dx + g(x,y)dy
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Differential forms

An algebraic k-form F on R” is a skew-symmetric k-linear form: it
takes k vectors and delivers a number.

R?x .- xR" = R, (vayeooyvi) = F(va, ..oy v)
—_———

k
For example if u = (ux, Uy, uz) denotes a vector
dx(u) := uy is a 1-form, dxady (u,v) := uyxv, — uy vy is a 2-form
A differential k-form on € C R" is a field of algebraic k-forms:
(Vi, ooy Vi) mwx(vr, ..., vi) €ER ¥x € Q.

0-form = function, 1-form = covector field f(x,y)dx + g(x,y)dy

0-forms: temperature, electric field potential
1-forms: electric field, magnetic field
2-forms: electric flux, magnetic flux, heat flux

3-forms: charge density, heat density, mass density
14 /39



Exterior calculus and the de Rham complex

@ A k-form w can be naturally integrated over a k-dimensional
/M\\

surface: fsw eR / \



Exterior calculus and the de Rham complex

@ A k-form w can be naturally integrated over a k-dimensional
/M\\
surface: [cweR / \
@ A k-form can be differentiated to get a (k + 1)-form dw: take
the directional derivative of wy(vi, ..., vk) in the direction
vk+1 and skew-symmetrize. This is the exterior derivative.
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Exterior calculus and the de Rham complex

@ A k-form w can be naturally integrated over a k-dimensional
i /M\\
surface: [cweR / \

@ A k-form can be differentiated to get a (k + 1)-form dw: take
the directional derivative of wy(vi, ..., vk) in the direction
vk+1 and skew-symmetrize. This is the exterior derivative.

@ The finite energy k-forms are

HAK(Q) = {w € 2AX(Q) | dw € HAK(Q) }
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Exterior calculus and the de Rham complex

@ A k-form w can be naturally integrated over a k-dimensional
i TN
surface: [cweR / \

@ A k-form can be differentiated to get a (k + 1)-form dw: take
the directional derivative of wy(vi, ..., vk) in the direction
vk+1 and skew-symmetrize. This is the exterior derivative.

@ The finite energy k-forms are

HAK(Q) = {w € 2AX(Q) | dw € HAK(Q) }
@ They connect via the exterior derivative to form the

de Rham complex:

0— HA(Q) 2 HAYQ) & ... 25 HA(Q) — 0
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Exterior calculus and the de Rham complex

@ A k-form w can be naturally integrated over a k-dimensional
i TN
surface: [cweR / \

@ A k-form can be differentiated to get a (k + 1)-form dw: take
the directional derivative of wy(vi, ..., vk) in the direction
vk+1 and skew-symmetrize. This is the exterior derivative.

@ The finite energy k-forms are

HAK(Q) = {w € 2AX(Q) | dw € HAK(Q) }

@ They connect via the exterior derivative to form the
de Rham complex:

dl dnl
— ..

0 — HA(Q) 2 HAY(Q) S HAQ) — 0

o d**lodk =0, range(d¥) C ker(d¥), cohomology: ker/range
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The case of Q C R3

For Q c R3, the de Rham complex boils down to

0— HI(Q)

grad curl div
-

H(curl, Q) =% H(div,Q) — L3(Q) — 0
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The case of Q C R3

For Q c R3, the de Rham complex boils down to

0— HI(Q)

grad curl div
-

H(curl, Q) =% H(div,Q) — L3(Q) — 0

vector

all calculus

that

third edition

h. m. schey

# components of Q, k=0
dim(ker/range) = < # tunnels thru Q, k =
# voids in Q, k=2



PDEs closely connected to the de Rham sequence

—divgradu = f

(curl curl — graddiv)u = f

curlcurlu=f, divu =0

divu="f,curlu=0

dynamic problems, eigenvalue problems, lower order-terms

Maxwell's equations

variable coefficients, nonlinearities. . .
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curlcurlu=f, divu =0
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dynamic problems, eigenvalue problems, lower order-terms

Maxwell's equations

variable coefficients, nonlinearities. . .

The well-posedness of these PDEs is intimately tied to the
cohomology of the de Rham complex.
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PDEs closely connected to the de Rham sequence

—divgradu = f

(curl curl — graddiv)u = f

curlcurlu=f, divu =0

divu=f,curlu=0

dynamic problems, eigenvalue problems, lower order-terms

Maxwell's equations

variable coefficients, nonlinearities. . .

The well-posedness of these PDEs is intimately tied to the
cohomology of the de Rham complex.

To get a stable numerical method, our discretization must capture
the essential structure of the de Rham complex, in particular the
cohomology.

17 /39



Design principles for discretizing PDEs related to de Rham

@ Treat things for what they are: treat 1-forms as 1-forms,
2-forms as 2-forms, . ..
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2-forms as 2-forms, . ..

@ A finite element subspace /\ﬁ of some HAK should fit together
with finite element subspaces of all HN
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Design principles for discretizing PDEs related to de Rham

@ Treat things for what they are: treat 1-forms as 1-forms,
2-forms as 2-forms, ...

@ A finite element subspace /\ﬁ of some HAK should fit together
with finite element subspaces of all HN

° d/\ﬁ_1 should be contained in /\ﬁ so we get a discrete
de Rham subcomplex

N /\ﬁ—l AN Nk AN /\ﬁ+1 .

@ The subcomplex should relate to the full complex via

commuting projections

dk71
oo — /\kil _ /\k — ccoo

k—1 k

k—1
N /\E — ...

mpd = dmp,
RN /\/’;*1

18 /39



The payoff

A finite element method based on these principles generally
captures all the essential structure:

@ dimension of the cohomology spaces
@ the cohomology classes
@ Hodge decomposition (Helmoltz decomposition)

@ Poincaré inequality

If the continuous problem is well-posed, the discretization inherits
this, i.e., is stable.



The Star of the Show:
Finite Element Differential Forms
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Constructing spaces of finite element differential forms

To construct a finite element space of differential forms, we have
to specify for a given simplex T C R":
@ Shape functions: a finite dimensional space of polynomial
forms on the simplex

@ Degrees of freedom: grouped into subspaces associated to the
subsimplices
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Constructing spaces of finite element differential forms

To construct a finite element space of differential forms, we have
to specify for a given simplex T C R":
@ Shape functions: a finite dimensional space of polynomial
forms on the simplex

@ Degrees of freedom: grouped into subspaces associated to the
subsimplices

Prototypical case: Lagrange finite elements
Shape functions: V(T)="P/(T)

DOFs associated to a subsimplex f:

W(T,f):{quftrT«,fUVdX . Veprflfdimf(f)}

The assembled space is then precisely
{ue HY(Q) : u|lr € V(T) VT}
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The spaces P,A* and P, Ak

For general form degree k there are two families of spaces of
polynomial differential forms, P,A* and Pf/\k, which, when
assembled lead to the natural finite element subspaces of HAX(Q).

They assemble into complexes with commuting projections in
numerous ways.

The two families are inter-related and should be studied together.



The spaces P,A* and P, Ak

For general form degree k there are two families of spaces of
polynomial differential forms, P,A* and Pf/\k, which, when
assembled lead to the natural finite element subspaces of HAX(Q).

They assemble into complexes with commuting projections in
numerous ways.

The two families are inter-related and should be studied together.
Special cases:

@ P,A% = P~ the Lagrange finite elements

o P,A"(T) =P, ;A" all piecewise polynomials of degree r

o P; AX(T) is the space of Whitney k-forms (1 DOF per k-face)



Finite element differential forms and classical mixed FEM

o P,N(T)="P,N(T)cC H!
o PrA"(T) =P, 1A"(T) C L?
e n=2: P, NY(T) C H(curl)

P, NY(T) C H(curl)

e n=3: P, AYT) C H(curl)
P, N(T) C H(curl)
PoN(T) C H(div)
P, N3(T) C H(div)

. w b B> EE

w
©



The Koszul complex

The key to the construction is the Koszul differential x : AK — AK—1:

(kw)x(VE, .., vE ) = we (X, v, L R, X =x—x0
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The Koszul complex

The key to the construction is the Koszul differential x : AK — AK—1:

(kw)x(VE, .., vE ) = we (X, v, L R, X =x—x0

0 — PA & PN & o & P A7 — 0

0 — P,A° e P, 1N\ e e PN — 0
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The Koszul complex

The key to the construction is the Koszul differential x : AK — AK—1:

(kw)x (VY. .., VDY = w (X v L R, X =x—xp
0 «— 73,/\O L Pr_1AL e a2 P, A" — 0
0 — PN AN P, 1AL 4, 49 P_ A" — 0
For Q c R3

0 PrQ) <X P_1(UR3) X P, (4 R3) & P,_5(Q) — 0
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The Koszul complex

The key to the construction is the Koszul differential x : AK — AK—1:

(kw)x (VY. .., VDY = w (X v L R, X =x—xp
0 «— 73,/\O L Pr_1AL e a2 P, A" — 0
0 — PN AN P, 1AL 4, 49 P_ A" — 0
For Q c R3

0 PrQ) <X P_1(UR3) X P, (4 R3) & P,_5(Q) — 0

Key relation: (dr + xd)w = (r + k)w Vw € H,A¥ (homogeneous polys)
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The Koszul complex

The key to the construction is the Koszul differential x : AK — AK—1:

(kw)x(VE, .., vE ) = we (X, v, L R, X =x—x0
0 — PN & PrgAl & oo & P A — 0
0 — P,A° e P, 1N\ e e PN — 0
For Q C R?

0 PrQ) <X P_1(UR3) X P, (4 R3) & P,_5(Q) — 0

Key relation: (dr + xd)w = (r + k)w Vw € H,A¥ (homogeneous polys)

HA = dH, AL @ kH, AR

24 /39



Definition of P, A*

Using this decomposition, we define the space Pf/\" contained
between P,AK and P,_i1Ak:

P N o= P N+ kH N dH AT



Definition of P, A*

Using this decomposition, we define the space Pf/\" contained
between P,AK and P,_i1Ak:

PN =P, N+ kH, N+ dH KN
Note
PN =P,A°

PN =P A"
P,_1AK C PNk C P.AK otherwise
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Definition of P, A*

Using this decomposition, we define the space Pf/\" contained
between P,AK and P,_i1Ak:

PN =P, N+ kH, N+ dH KN
Note
PN =P,A°

PN =P A"
P,_1AK C PNk C P.AK otherwise

God made P,N< and PN,
all the rest is the work of man.
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Degrees of freedom

The other ingredient of a finite element space are the degrees of freedom,
i.e., a decomposition of the dual spaces (P,A*(T))* and (P, A*(T))*,
into subspaces associated to subsimplices f of T.
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Degrees of freedom

The other ingredient of a finite element space are the degrees of freedom,
i.e., a decomposition of the dual spaces (P,A*(T))* and (P, A*(T))*,
into subspaces associated to subsimplices f of T.

DOF for P,AX(T): to a subsimplex f of dim. d > k we associate

W — /Trf'vu/\’r}, r/GPrlkfd/\d*k(f)
Jf
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i.e., a decomposition of the dual spaces (P,A*(T))* and (P, A*(T))*,
into subspaces associated to subsimplices f of T.

DOF for P,AX(T): to a subsimplex f of dim. d > k we associate
" AT - d—k
WH/TrfW/\f}./ N € P g\ "(f)

Jf

DOF for P, AX(T):
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f
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Degrees of freedom

The other ingredient of a finite element space are the degrees of freedom,
i.e., a decomposition of the dual spaces (P,A*(T))* and (P, A*(T))*,
into subspaces associated to subsimplices f of T.

DOF for P,AX(T): to a subsimplex f of dim. d > k we associate
" AT - d—k
WH/TrfW/\,}./ N € P g\ "(f)

Jf

DOF for P, AX(T):

W /Trfw AN, N E Prok—d—1NH(f)
f

The resulting FE spaces have exactly the continuity required by HAX:
Theorem.  PAX(T) = {w € HNY(Q) : w|T € PANT) VT €T}.
Similarly for P, .
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Bases for P,A% and P, A\

As a basis for P,AX(7) and P;AX(T) we may take the dual basis
to the degrees of freedom.

For k = 0 this is the standard Lagrange basis.

For P; AX(T) there is one basis element for each k-simplex, the
Whitney form

Bogcr, = Z ) Ao, Aoy A+ A dAg, A A dAy,

27 /39



Geometric bases

A useful alternative to the Lagrange basis for the Lagrange finite elements
is the Bernstein basis, given by monomials in the barycentric coords.

\ ~
- a P(T)= € PAT.f)
/\ 7N\ f subsimplex

' 1 &
7‘) ; \’\//\\ ) -
/‘l/‘ N P(T,f) —— Pr(f) = Pr_dimr-1(f)

trace
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Geometric bases

A useful alternative to the Lagrange basis for the Lagrange finite elements
is the Bernstein basis, given by monomials in the barycentric coords.

B P(T.0)

f subsimplex

ﬁ) (L PAT)
A \

. P(T, f) f:: Pr(F) = Pr_dim r—1(F)
A X /

g

PA(T)= € PAT,F), PA(T.F) — PN () = P,

dim f—k
— r+k—dim f/\ (f)
dim >k
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Geometric bases

A useful alternative to the Lagrange basis for the Lagrange finite elements
is the Bernstein basis, given by monomials in the barycentric coords.

\
A ~

AN P(T)= @ PAT.F)
/\ VA f subsimplex

' 1 &

7‘) ; \’\//\\ ) -

Al/‘ L ) PoT, ) — Po(f) = Prodimr-1(f)
: \ A X»/

e

PAN(T)= @ PAN(T.f), PA(T. ) 7“;75,/\ (F) = Pry sy fN™ 5 ()
dim f>k
PrA(T) = @ P AKT, ),
dim f>k

P, AT, f) ;;:P N(F) =2 Prik—dim -1 A5 (F)
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Finite element de Rham subcomplexes

We don't only want spaces, we also want them to fit together into
discrete de Rham complexes.

@ One such FEdR subcomplex uses the P AX spaces of
constant degree r:

0—P-AAT) L PAYT) L - -4 PoAY(T) — 0
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discrete de Rham complexes.
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constant degree r:

0—P-AAT) L PAYT) L - -4 PoAY(T) — 0
@ Another uses the P,AX spaces with decreasing degree:

0— PA(T) L PoAM(T) L - L P A(T) — 0

@ These are extreme cases. For every r there are 27! such
FEdR subcomplexes.
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Application to Elasticity:
The Holy Grail Attained
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Stress—displacement mixed finite elements for elasticity

The search for such elements dates back to Fraeijs de Veubeke,
Pian, Watwood and Hartz, Zienkiewicz, ...in the 1960'’s.

It is, of course, possible to derive elements that exhibit complete
continuity of the appropriate components along interfaces and
indeed this was achieved by Raviart and Thomas in the case of the
heat conduction problem discussed previously. Extension to the full
stress problem is difficult and as yet such elements have not been
successfully noted.
— Zienkiewicz, Taylor, Zhu
The Finite Element Method: Its Basis & Fundamentals, 6th ed., vol. 1
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Thanks to FEEC, it is time to retire that statement!



Mixed formulation with weak symmetry

Idea goes back to Fraeijs de Veubeke 1975, Amara—Thomas 1979

In the classical Hellinger—Reissner principle, symmetry of the stress
tensor (balance of angular momentum) is assumed to hold exactly.
Instead we impose it weakly with a Lagrange multiplier (the rotation).
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In the classical Hellinger—Reissner principle, symmetry of the stress
tensor (balance of angular momentum) is assumed to hold exactly.
Instead we impose it weakly with a Lagrange multiplier (the rotation).
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o,u,p

1
/<A0:0+divo~u+a:p+f~u> dx S.P
Ja \2 H(div;M) x L2(Rn) x L2(K)
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The elasticity complex

There is a complex for elasticity analogous to the de Rham complex.
It has versions both for strong symmetry and weak symmetry.

displacement rotation strain

! ! I

0— HY(QR3)x2(2,K) &40 pam) -

div

J . skw
— H(div,Q;M) —=— c
stress load couple

J is second order!

34 /39



New mixed finite elements for elasticity

The elasticity complex can be derived from the de Rham complex
by an intricate construction. Mimicking this construction on the
discrete level we have derived stable mixed finite elements for
elasticity. (Arnold-Falk-Winther 2006, 2007).

Main result
Choose two discretizations of the de Rham complex:

grad div

0 — AQ B2 AL el p2 dv, A3 L

0 — A0 £ A1 ol Ro o dv 75 g

Surjectivity Hypothesis:N(rougth) for each DOF of /\%7 there is a
corresponding DOF of /\}7.

stress: A2 (R3)
Then displacement: 7\2(]1%3) is a stable element choice.
rotation: A3 (K)
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The simplest choice

OHA - A& =X o &S =0




Features of the new mixed elements

@ Based on HR formulation with weak symmetry; very natural

Lowest degree element is very simple: full P; for stress, Py for
displacement and rotation

@ Works for every polynomial degree

Works the same in 2 and 3 (or more) dimensions

@ Robust to material constraints like incompressibility

Provably stable and convergent
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@ Capturing the right structure on the discrete level can be
essential to get stable methods.

e FEEC provides a very natural framework for the design and
understanding of subtle stability issues that arise in the
discretization of a wide variety of PDE systems. It brings to
bear tools from geometry, topology, and algebra to develop
discretizations which are compatible with the geometric,
topological, and algebraic structure of the PDE system, and
so obtain stability.

@ FEEC has been used to unify, clarify, and refine many known
finite element methods. It is a mathematically rigorous theory.

@ The P,A¥ and P, Ak spaces are the natural finite element
discretizations for differential forms and the de Rham complex.

@ Through FEEC we believe we have completed the long search

for “just the right” mixed finite elements for elasticity.
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