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Abstract

In this thesis we study two problems. First, we generalize the Robin boundary condition
for the scalar Possoin equation to the vector case and derive two kinds of general Robin
boundary value problems. We propose finite elements for these problems, and adapt
the finite element exterior calculus (FEEC) framework to analyze the methods. Second,
we study the time-harmonic Maxwell’s equations with impedance boundary condition.
We work with the function space J#(curl) consisting of L? vector fields whose curl
are square integrable in the domain and whose tangential traces are square integrable
on the boundary. We will show convergence of our numerical solution using ¢ (curl)-

conforming finite element methods.
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Chapter 1

Introduction

In this thesis, we study finite element methods for two problems related to the Hodge-
Laplace operator. First, the Hodge-Laplacian with two kinds of Robin boundary conditions,
and second, the time-harmonic Maxwell’s problem.

Partial differential equations, or PDEs, are widely used to describe laws in science
and engineering. The Laplace operator occurs in many of the most common and
fundamental ones. It is related to many phenomena in physics. For example, in
the diffusion of heat flow, wave propagation, and Schrodinger’s equation in quantum
mechanics.

Often the PDEs in physical models are impossible to solve analytically. To overcome
this and for practical purposes in science and engineering, people seek approximate
numerical solutions that are close enough to the true solution. That is, instead of
looking for a function u that solves the problem P, one uses a mesh in the domain,
studies another finite dimensional problem P, defined on the mesh and find its solution
up, where the index h is a size parameter of the mesh. Such a discrete problem Py
is much easier to solve, as it is a matrix-vector equation. Then one measures some
suitable error norm ||u — up||. As refining the mesh and obtain a sequence of numerical
solutions up, we hope uj; to converge to the real solution w. It is natural to consider
these questions: Does the original problem P admits a unique solution? Does P} do so
as well? As the parameter h — 0, does ||u — up|| — 0?7 If so, how fast does it converge?
The finite element method is one of the most useful numerical tools in study of PDEs.
In this thesis, we will propose finite element methods for the Hodge-Laplace equation
with two kinds of Robin boundary conditions, and the time-harmonic Maxwell equation
with impedance boundary condition. We will analyze the continuous and the discrete

problems, and establish the convergence of our methods.



1.1 Poisson problem and Hodge Laplacian

The scalar Poisson equation —Au = f is well studied with three kinds of boundary
conditions on the boundary: the Dirichlet condition u = 0, the Neumann condition
OJu/On = 0, and the Robin condition v + Adu/On = 0. When writing the Neumann

problem into variational form, one has

/gradu -gradvdr = / fuda,
Q Q

with both trial and test functions u,v € H'. For the Dirichlet problem, one has the
same variational form, but with u,v € H!. For the Robin problem, the variational form

is

1
/gradu-gradvdac—i—/uvds:/fvd:v.
Q AlJr Q

Thus we see that the Neumann boundary condition is implicitly imposed in the variational
form, while the Dirichlet boundary condition is explicitly imposed on the function
space. For this reason, we say they are natural and essential boundary conditions,
respectively[]]

In the vector case in three dimensions, the equation becomes
(curl curl — grad div)u = f. (1.1)

It is a known fact (cf. [3] for instance) that we have counterparts of the Neumann and
Dirichlet boundary conditions for . One of our results in this thesis is establishment
of two kinds of Robin boundary conditions for .

To treat scalar and vector Laplacian in three dimensions in a uniform way, we follow
[3] and view scalar and vector functions as proxies of differential forms, given by Table
Our usual differential operators, grad, curl, and div, can be viewed as instances of

the exterior differential d. We thus have the Hodge-Laplacian
(dé +dd)yu = f

where 0 is the formal adjoint of d. Moreover, we may impose the natural boundary

condition

trxdu =0, trxu =0,

1The concept is relative to the variational form we adopt. If one tries mixed variational form instead,
the Neumann boundary condition becomes essential, and the Dirichlet boundary condition becomes
natural. See Chapter 2 for detail.



or the essential boundary condition

tru=0, trdu=0.

The novelty in this thesis includes proposal and analysis of two types of Robin boundary

conditions, namely the semi-natural Robin boundary condition

trxdu =0, trxu — A*p trou =0,

and the semi-essential Robin boundary condition

trxdu + A*ptru =0, trou=0.

We will explain the meaning of the trace operator tr and the Hodge star x in detail in

Chapter 2.

degree k differential form function
0 U U
1 Z?:l u; dz; - (Ul, ug, U3)
2 S (V) ypday A AN dxg A ANdz, (un, —ug, ug)
3 wdxi N\ dzo A dxy, U
Table 1.1: Isomorphisms between k-forms (k = 0,1,2,3) in three dimensions and
functions.

Another discussion we will have in this thesis is the harmonic functions for these
problems. As we know, depending on the topology of the domain, there may exist
functions that satisfy the homogeneous Hodge-Laplace equation with homogeneous
boundary conditions. Those are called harmonic functions. It is essential to include
them in our formulation properly to derive well-posedness. One interesting result in our
research is that the harmonic function spaces for our semi-natural and semi-essential

Robin BVPs are identical to those for the natural and essential BVPs, respectively.

1.2 FEEC theory

As alarge portion of our analysis heavily depends on the theory of finite element exterior
calculus [4, 2], or FEEC, we briefly go over it in this section. Developed over the past
decade by Arnold, Falk, and Winther, FEEC analyzes problems associated with general
differential complexes, and provides a freamwork for analysis of concrete problems. One

essential result is that if one has a complex (W, D) consisting of spaces W and differential



operators D:

Dk—2 Dk71

L k!

wk P gk DR (1.2)

and if D and their domains V' possesses certain properties, which make (W, D) a closed
Hilbert complex, then the Hodge-Laplacian is well-posed.

As an example, the natural BVP corresponds to the L? de Rham complex, with
domains being spaces HA¥, where HAF represents the spaces of differential forms that
are square integrable and whose exterior differentials, (k + 1)-forms, are also square
integrable. In three dimensions, these domain spaces correspond to the function spaces
H', H(curl), H(div), and L?. For the essential BVPs, we have similar results, except
that we impose vanishing boundary traces on all these spaces. In this thesis, we will
introduce the Hilbert spaces ##AF, which consists functions in HA* whose trace is
square integrable on the boundary. In three dimensions, J#A* corresponds to H',
H(curl), s (div), and L?, where #(curl) (resp. 4#(div)) is the subspace of H(curl)
(resp. H(div)) consist of functions with square integrable tangential (resp. normal)
traces. We will provide Hilbert complexes associated with Robin BVPs.

In order to apply the theory, one non-trivial part is to verify a general Poincaré
inequality. In general, we need to prove there is C' > 0 such that for all v € WF
orthogonal to the null space of D*, it holds that |lu| < C||Dul|. For both natural and
essential BVPs, Poincaré inequalities are established in [3]. In Chapter 3 of this thesis,
we will validate various Poincaré inequalities for our Robin BVPs.

Once we have a closed Hilbert complex, FEEC also studies a discrete complex (V},, d)
where Vj, C V are finite dimensional. Relating (V, D) and (V},, D) is a cochain projection

II with commuting property, as illustrated below,

k—2 k—1 k k+1
] D k-1 D vk D Vk+1 D

lnkq \b—[k lnkﬂ h (1.3)

Dk72 _ Dk71 Dk Dk+1
R /A vk Vit

The discrete complex (V}, D) gives us a mixed finite element method. If these II are
uniformly bounded, then we have stability of the mixed method, and convergence of
the discrete solution to the true solution. Efforts have been put into finding such
uniformly bounded cochain projections. For L? de Rham complexes, Arnold, Falk,
and Winther [3] first provided such projection, based on earlier works of Chistiansen
[9] and Schéberl [30]. Later, Christiansen and Winther [11] found a uniformly bounded
cochain projection for de Rham complexes with vanishing traces. Unfortunately, neither

projection fits our need for the Robin BVPs, because our problems involve nonvanishing
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traces on the boundary. Nevertheless, thanks to [4, Theorem 3.7], we can overcome this
issue by verifying two things. First, we need to prove some discrete Poincaré inequality.
Second, we verify the gap between continuous and discrete harmonic function spaces is
not too large, cf. . As we will see in Chapter 3, establishment of discrete Poincaré
inequalities requires the most effort. For the harmonic function space gap, we can apply

some known results.

1.3 Finite element spaces

For our application, two families of finite elements are useful, the P.A* and P AF
spaces. These notations are from the exterior calculus point of view, and unifies some
well-known finite elements, such as the Lagrange element, the Nédélec elements [27, 28],
and the Discontinuous Galerkin element. Studies of these spaces can be found in many
works, for instance [3, [0, 19]. In particular, for 0 and 3 forms, we have P,.A? = P~ A°
and P,A® = P +1A3. Thus we only have the Lagrange element (for £ = 0) and the
Discontinuous Galerkin element (for k = 3).

In our analysis, it is common that we need to use some projection from our continuous
function space JZA* to the finite element. A difficulty is to find a suitable bounded
projection. As we mentioned before, the smoothed cochain projection cannot control the
boundary traces. Thus we will use the canonical projection. However, it is not bounded
for all HA*, as for functions in those spaces, we do not necessarily have bounded traces
on faces, edges, or vertex values. Fortunately, Amrouche et al. [I] proved that with
extra regularity, the canonical projection is defined and bounded. Therefore, we will

need to refer and prove a number of lemmas to establish such regularity.

1.4 Maxwell’s equations

Maxwell’s equations, first completed by James C. Maxwell in 1873, consists of four
fundamental physical laws in electromagnetism, Gauss’ laws for electricity and for
magnetism, Faraday’s law, and Ampere’s law. This set of differential equations has
numerous uses and applications. Almost everything in modern technology involving
electricity or magnets, for instance, magnetic tape, electricity generation, computers,
and MRI scanners, is based on understanding of electromagnetism and hence governed
by these equations.

Owing to Maxwell’s equations’ high importance, there is a huge amount of related
researches. Among them, numerical analysis of the equations is a useful and active
branch. Various finite difference and finite element methods have been proposed and
studied [21], 29], [12], 13| 22, 14, 23]. In this thesis, we will approach the problem with



the Nédélec edge element, and prove its convergence.

In order to uniquely determine a solution to the system, we need to impose a suitable
condition on the boundary. Different boundary conditions for Maxwell’s equations
reflects the surface characters of different materials. For the simplest example, if we
have a perfect conductor, then on the boundary, we will have normal electric field and
tangential magnetic field, that is, £ x n = 0 and B -n = 0. However, if the surface is
coated with some material that allows the electric fields to penetrate a small distance, a
more appropriate boundary condition that models the electromagnetic behavior of the

coating is
Hxn=MxEXxn. (1.4)

This is the impedance boundary condition, which we will analyze. As we have tangential
traces on the boundary, our function space will be .7 (curl).

In general, Maxwell’s equations are a time-dependant system, and it is possible to
recognized it as a Hodge wave equation, and apply finite element methods on the system
(cf. [2] for instance). Alternatively, if we assume all source fields are sinusoids with a
fixed frequency w, then so are the net fields. In this time-harmonic case, which we study
in the thesis, every fields can be viewed as the real part of the product of a purely-spacial
function and a time-dependent factor e=*!. We will derive and analyze a method for
the time-harmonic Maxwell’s equations with impedance boundary condition in
Chapter 4. The major difference between our result and Monk’s [26] is the boundary

condition we use in our analysis.

1.5 Outline

We divide the remainder of the thesis into three parts.

The first part consists of Chapters 2 and 3. We will study Hodge-Laplacian in three
dimensions with two types of Robin boundary conditions.

The first half of Chapter 2 is mostly dedicated to review of natural and essential
boundary value problems and related concepts in exterior calculus. In the second
half of this chapter, we will introduce the two kinds of Robin BVPs. In particular,
we will see that these two sets of boundary conditions can be viewed as natural and
essential boundary conditions with perturbation terms. In addition, when the domain
has nontrivial geometry, we will encounter harmonic functions. We will see that our
problems of interest have the same harmonic function space as the natural and essential
BVPs. Thus we will give them the names semi-natural and semi-essential Robin BVPs.

Chapter 3 first covers some preliminary results from the FEEC theory. Then a lot
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of effort is put into constructing suitable closed Hilbert complexes that will fits our
two kinds of Robin BVPs. This will leads to well-posedness of our problems. Further,
we propose finite elements for our problem, and give proof of stability of the discrete
problems and convergence of the discrete solutions.

The second part is Chapter 4 alone. We will give a brief introduction to Maxwell’s
equations and boundary conditions Then we will focus on the case of time-harmonic
fields with impedance boundary condition and derive the special formulation for our
problem. We follow [26] to give proof of well-posedness of the continuous Problem m
Next we propose to use the H(curl)-conforming Nédélec elements as our numerical
method. We will analyze the stability and convergence of our method. The result
generalizes that of [26].

In the last part, Chapter 5, we provide several numerical examples that verify our

theory.



Chapter 2

Hodge-Laplace equation with

Robin boundary conditions

2.1 Introduction

In this Chapter, we will introduce the Hodge-Laplace equation with Robin boundary
conditions and related finite elements. In a domain Q € R3, the Poisson equation is a

simple second order differential equation that has the form
82
A g _— g 1 Q 2.1
u % 6%2“ f, in (2.1)

Depending on whether u and f are scalar or vector functions, (2.1) may stand for
two different equations. As discussed in [3], we can establish correspondence between
differential forms and functions. Thus, all these equations can be included in a more

general problem of solving
(0d + dd)u = f, (2.2)

where u and f are differential forms, and in the operator (dd + dd), called the Hodge-
Laplacian, d is the exterior differential, and ¢ is its formal adjoint. Besides its uniformity,
also suggest a way of rewriting the original problem in a variational formulation in
which there are a pair of unknowns (o, u) := (du,u). Details will be given in following
sections.

For the scalar Poisson equation, three boundary conditions are typically considered,

Dirichlet condition, Neumann condition, and Robin condition, as shown below:

ou ou
u=0, or a—n—O, or u+/\a—n—0.
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As we come to vector version of Poisson equation, or Hodge-Laplace equation, we will
see counterparts of these boundary conditions. In the light of [3], we will call the first
two boundary conditions and their counterparts the natural and the essential conditions.
The third kind of boundary condition for Hodge-Laplace equation is not as well-known,
and is a major topic of this thesis. We will show it further splits into two kinds for
vector equations. We will called them the first and the second kinds of Robin boundary
condition and study finite element methods regarding such boundary conditions.

We will start by reviewing existing theories in exterior calculus in Section
Besides basic concepts, we will see correspondence between usual functions and differential
forms. Differential operators, such as grad, curl, div will be interpreted as exterior
differentials and their formal adjoint operators. With this knowledge, we can define some
useful function spaces in the language of exterior calculus. Next, we will review some
results for the Hodge Laplace problems with natural or essential boundary conditions
in Section [2.3] In Section [2.4] two sets of finite element spaces are introduced due to
[3]. Consisting of known finite element spaces, these sets provide a new perspective
that connect those spaces. We will also recall some results regarding projections from
function spaces to finite elements. Finally, we generalize the scalar Poisson equation
with the well-known Robin boundary condition in two ways, which gives us two kinds
of Robin boundary value problems in Section

2.2 Definitions and notations from exterior calculus

Throughout this thesis, we denote by €2 a bounded domain in R™ with Lipschitz boundary,
and by I' the boundary of €. For any such domain 2, we can consider differential
k-forms, each element u of which is an alternating k-linear map at every x € €
Uy T x ... T, Q2 — R. Here T, is the tangent space at x, which is R"™ under
our assumption on 2. We can define the wedge product of a ki-from w; and a ko-form
ug, denoted by u; A ug, to be the following (ki + k2)-form: For any (ki + k2) vectors

U1y« vy Uk ko € nga

(u1 Au2)z(vi, .- Vkyky )

= (sgn0) ura(Vo(1y, -, 0 (k1)) uga(o(ky +1),..., o (ks + ka)),

where o denotes the permutations of (1,...,k; + k2).
We denote ey, ...,e, an orthonormal basis of T, = R". Naturally, at each x € €2,

a differential k-forms has the following basis:

{d:l,‘il/\.../\dl‘ik|1§i1<...<ik§n},
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where dxz;; A ... A dx;, maps the k-tuple (ej,...,e;.) to 0 unless {ji,...,jx} is a
permutation of {i1,...,ix}, in which case the image is the sign of that permutation.

Thus each differential k-form can be written as

=
for functions u; defined in Q. Here we used the multi-index I = (i1,...,ix), whose
components are in {1,...,n}, and dzy denotes dx;; A ... Adz;,.

In n dimensions, there are interesting and useful isomorphisms between 0-, 1-,
(n — 1)-, and n-forms and usual functions. In particular, 0- and n-forms can be viewed as
scalar functions, while 1- and (n—1)-forms correspond to n-dimensional vector functions.

We give the isomorphisms in Table

degree k differential form function
0 U m
1 D Ui CE@ (U1, ..., up)
n—1 St uidry A Adx AL AN dy (ug, —ug, .. (—1) T )
n udry A ... Ndx, U

Table 2.1: Isomorphisms between k-forms (kK = 0,1,n — 1,n) in n dimensions and
functions.

We can define integrability and regularity for differential forms. A k-form wu is said
to be in LP(Q), denoted by u € LPAF(Q), if and only if for any k smooth vector fields
U1,...,V, the function x — wu(vi,...,vg) is in LP(2). Because our domain {2 is a
compact sub-manifold of R3, thus given any basis of R3, a form u = 3 jurdxy is in
LP(Q) if and only each uy, called a coefficient, is in LP(2). Similarly, we can define
C>A*(Q), H*AF(Q), etc. All these properties can be characterized by the regularity
of the coefficients uﬂ As convention, we denote by dF the exterior derivative from
k-forms to (k + 1)-forms, i.e., assuming that u = Y ; usdxy, then d*u is defined to be
the following (k + 1)-form:

n
dFu = EI: ; ngdxj Adz;.
We may abuse notation to write du when the degree of u is clear.
With the isomorphism introduced just before, we can identify some usual differential
operators as the exterior derivative. If u is a 0-form, which is also a scalar function, du
is isomorphic to gradu. If u is an (n — 1)-form, du is divu. For a 1 form u, du can

be used to define the curl operator in n dimensions. In particular, it is identical to the

!The regularity of such u; is independent of the choice of basis.
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usual rotation operator in 3 dimensions:

curl(ug, up, ug) = (208 — Quz Qw Ous Ouz  Ou
LI 8.7}2 8.7}3781’3 81‘176.7}1 8.7)2 '

We have a natural connection between k-forms and (n— k)-forms via the Hodge star,
*. For any dxy, xdx is defined to be tdx;, where I and J partitions N = {1,...,n},
and the sign of the image is the same as the sign of the permutation (I, J) of (1,...,n).
Then by linearity, we can define x for all k-forms.

With the definition of the Hodge star operator, we have the following for any k-form

up and any (n — k)-form uy at each x € Q:
(xui,ug)dry A ... Ndxy = uy A us.

Thus we can consider the inner product of two k-forms u and v over the whole domain

Q:

(u,v)q = / u A *v.
Q

Using the Hodge star operator, we can also introduce the coderivative operator,
denoted by d, which is an essential ingredient for the Hodge Laplace problem. For any
k-form wu, du is defined to be the (k — 1)-form that satisfies

*xou = (—1)%d % u.

Next, in order to implement proper boundary conditions in our problems, we need
to consider the trace operator of differential forms. For any domain €2, we have the

natural embedding of I" into €2: ¢ : I' < Q. Thus for any k-form w defined on 2, we can

define the trace of a k-form u to be the pullback of u under i: for any vy,...,v; € T,L,
we have vy, ...,v; € T,€), and
trug (v, ..., vg) = Ug(v1, ..., V).

Thus, at each point x, tru acts as an alternating k-linear map on the tangent space
T,I'. In other words, tru is a differential k-form on I'.

In the view of exterior calculus, one can write various differential equations in a
unified form. In order to formulate those problems in one framework, we need the

domain of d:

HAR(Q) = {u € L2AR(Q) | du € LQAk+1(Q)} .
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That is, HA*(Q) is the space of k-forms whose exterior differentials are in L2. Similarly,
we define the domain of §, denoted by H*AF, to be the space of k-forms whose coderivatives

are also in L?:
H*AR(Q) = {u e L2AF(Q) | du € LQA"“_l(Q)} .

These spaces are useful when one deals with natural boundary value problem, as later
we will see examples of.

We remark that the trace operator defined above maps everything in HAF(Q)
into H-Y2AK('). For any u € C®A*, and any p € HY2A¥T), we have +rp €
HY2A"=1=F(T"). Hence we can find v € H'A"'~%(Q) such that trv = xpp. Then,

we have
(tru,p)r:/tru/\*pp:/tru/\trvz/d(u/\v)
T I Q
= /Q [duno+ (=1)Fundv| < 2ullallollm < Cllullaalloloe .

Next, we can extend the definition of tr to HA* by density of C°®°A¥ in that space. The
above inequality shows the extended trace operator gives us an element in H~1/2A*(T).

It is also crucial to consider essential boundary value problems. In this case, we need
to introduce another space, TAF(Q). It is a subspace of HA¥((), whose elements have

vanishing traces:
HARQ) = {u € HAF(Q) | tru = 0} .
We also have a counterpart for H*A*(Q):
H*AF(Q) = {u e H*AF(Q) | trHu = o} .

In order to formulate the Robin boundary value problem, we define a space that lies
between HA* and HAF:

HNR(Q) = {u € HAF(Q) | tru e L2Ak(F)} . (2.3)
Similarly, we define the following subspace of H*A*:
HAR(Q) = {u € H*AF(Q) | trxu € L2A”_"‘(F)} .

When analyzing the well-posedness of the problems we consider, two spaces of
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harmonic forms will be needed. They are

H(Q) = {u € HAR(Q) | du = 0, (u, dv) = 0, Yo € HA’H(Q)} : (2.4)
and

H(Q) = {u e HARQ) | du =0, (u,dv) = 0, Vo € ﬁA’“‘l(Q)} . (2.5)

We shall prove that a k-form is harmonic if and only if it vanishes under both d and 4.
An important utility for the proof is integration by parts. It will be used in many other

places in this thesis. For this reason, we state it here as a lemma.

Lemma 2.2.1. For all w € HA* and v € H*AF1. If one of them has H'-regularity,
there holds

(du,v) = (u,ov) + / tru A tr*v,
r

If one of them has vanishing trace on I', there holds
(du,v) = (u, dv).

Proof. We note that the first equation is valid if u € HA*, v € H*A**!, and one of
them is smooth (in C*°). Then, recalling the well-known result that C* is dense in
H', we can validate the first part. The proof to the second case is similar. Starting
with « € HA* and v € H*A**1 such that one of them is in C§°, applying the density

argument, we have the proof. ]

Lemma 2.2.2. The harmonic spaces with natural or essential boundary conditions have
the following equivalent definitions:
H(Q) = {u € HAR(Q) N H*AF(Q) | du = 0, 0u = o} :

HE(Q) = {u e HAR(Q) N H*AF(Q) | du = 0,6u = 0

Proof. We only prove the first equation, since the second is similar. For any u € $*,
and any v € C®°AF~1(Q), we have, by Lemma that

0= (dv,u) = (v, 0u) —|—/trv/\tr*u.
r

This implies both du = 0, and trxu = 0. Thus “C” is proven in the first equation.
To prove the other direction, one just reverse the arguments, and use the density of
C®AF~1 in HAF-L, D
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2.2.1 Interpretation in 3 dimensions

We have already seen that 0-, 1-, (n — 1)-, and n-forms are isomorphic to scalar- or
vector-valued functions in general. In particular, if Q € R3, we know how all forms are
isomorphic to functions, or prozy (scalar or vector) fields. We also have interpretation
of d and ¢ for k = 0,1, 2, as shown in Table

k|l O 1 2 3
d | grad | curl | div 0
0 0 —div | curl | —grad

Table 2.2: Correspondence between d, § and usual differential operator in 3 dimensions.

The trace operator can be interpreted by appropriate operations applied on those
proxy fields, as well. The trace of a O-form w, identical to a function w, is the same
as the restriction on the boundary, w|r. Just as a 1-form on a domain in R? can be
viewed as a 2-vector field, on the 2-dimensional manifold I'; a 1-form may be viewed as
a tangential vector field (since it acts linearly on the tangent space at each point). If
w is a differential form on €2, and w is the associated vector field, then the vector field
associated to trw is the tangent vector field n x (w x n)\rﬂ Similarly, if w is a 2-form
and w is the associated vector field, then trw is associated to the scalar projection on
the unit outer normal, i.e., w - n. Finally, all 3-forms have vanishing traces. This is

summarized in Table 2.3

k 0 1 2 3

trw | wr | nx (wxn)lp|w-n|0

Table 2.3: Interpretation of the trace operators in 3 dimensions. Assuming the
differential form w has a proxy field w, we present the relationship between trw and w.

Then, we explain the meanings of the Hodge star x. If w is a scalar function, i.e., a
0-form, then xw = wdx1 A dxo A dxg is the 3-form associated to the same function. In
other words, if we identify 3-forms with scalar functions, then the Hodge star operator
from O-forms to 3-forms is just the identity map. Similarly the Hodge star applied on a
1- or 2-form w can be viewed as an identity operator on vector fields, because the proxy
fields of w and *w are identical vector fields. We also need to interpret the Hodge star
*r that applies on forms on I'. If u is a 0- or 2-form, which can be viewed as a scalar
field on the boundary, *ru is a 2- or O-form on I' that represents an identical scalar field
as u does. For a 1-form u on I', which represents a vector field, xru is another vector

field, which is generated by rotating the original one for 90 degrees with respect to the

2 Although the tangential projection corresponds to the trace, we do not call it the tangential trace.
In literature (cf. [6][8] for instance), the term tangential trace is used for the tangent vector field n x w,
which differs from the tangential projection by a 90-degree rotation.
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normal vector n = e; X ey of I' following right-hand rule, i.e., the vector field that *p
stands for is n x w. When it is clear that we take the Hodge star of a form defined on

the boundary, we may omit the subscript and just write x for .

2.3 Hodge Laplacian with natural or essential boundary

conditions

The Hodge Laplace equation
Lu=(dd+ déd)u = f (2.6)

is a generalization of the usual Poisson equation. The equation by itself is not a well-
posed problem, unless suitable boundary conditions and other restrictions are given.
In general, given such boundary conditions, we are interested in the problem: Given

S , we will seek © 1n the domain of the Hodge Laplacian
f L2\ ill seek v in the d in of the Hodge Laplaci
D(L) = {u € HAF N H*AF | 6u e HAM Y, du e H*Ak’“} , (2.7)

such that the equation , as well as the boundary conditions, is satisfied.

The goal of this chapter is to introduce two kinds of Hodge Laplacian with Robin
boundary conditions, a term that we will make clearer later. Before turning to these,
we first recall the simpler case of natural boundary value problem (natural BVP) and

the case of essential boundary value problem (essential BVP) in this section.

2.3.1 Natural BVP

Given any f € L2A*, we will seek u € D(L) that satisfies the Hodge Laplacian ({2.6)
with the boundary conditions

trau=0, trxdu=0onTl. (2.8)

This problem may not be well-posed. One can consider the homogeneous problem:
Find w € D(L) such that Lu = 0 and (2.8)) are satisfied. We have the solution space is

$*, the space of harmonic k-forms, as defined before.
Lemma 2.3.1. Any u € D(L) satisfies Lu = 0 and (@, if and only if u € H*.
Proof. The “if” part is straightforward from Lemma We now prove the “only if”

part. If u € D(L) satisfies Lu = 0, we have

(dou, u) + (ddu,u) = 0.
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We integrate by parts (cf. Lemma [2.2.1]), and write

(dou,v) = (du, ov) + / trou Atrxv, Yoe H'AF,
r

(w, ddu) = (dw, du) — /Ftrw Atrxdu = (du, dw), Yw e H'A,
where we applied in the last equation. In the first equation, we can take v = v,, = u
in H*A* by density of H'A* in H*A*, and hence obtain that (déu,u) = ||dul|?. In the
second equation, we similarly let w = w, — w in HA* by density of H'A¥ in HAF,
and thus have (6u,du) = ||du||?>. Then, we have du = 0 and du = 0, and proven that
u € Hk. O

Similar to the scalar Neumann problem —Aw = f, du/dn = 0, in which we
imposed compatibility conditions to guarantee well-posedness, we take into account

of the harmonic space $*, and have the well-posed natural BVP.

Problem 2.3.2 (Natural BVP). Given f € L?A*, find w € D(L) such that u L $H*,
and that

(dd+dd)u=f — Py f inQ, triu=0, tridu=0onT. (2.9)

We point out that this problem unifies a class of (scalar or vector) Laplace problems
by “translating” it to the language of partial differential equations using the correspondences
that we determined before. For simplicity, we assume f L $*, and omit the auxiliary
condition v L $*. If k = 0, it is the Laplace equation —Au = f with Neumann boundary
condition % = 0. If k = 1, it becomes the vector Laplace equation (grad div — curl curl)u =
f with boundary conditions u-n = 0 and curlu x n = 0. If k = 2, the equation is again
the vector Laplacian, and the boundary conditions are ©u x n = 0 and divu = 0. If
k = 3, it reduces to the scalar Laplacian with Dirichlet boundary condition u = 0.

These interpretation are summarized in Table 2.4]

k equation BC1 BC2
_ Ju _
0 —Au = f - e =0
1| (graddiv—curlcurlu=f | w-n=0 | curlu xn=0
2 | (graddiv—curlcurlu = f | u xn =20 divu =0
3 —Au=f u = -

Table 2.4: Interpretation of the natural BVP in 3 dimensions.

In practice, it is not the best to directly analyze these two problems with those
spaces, equations, and boundary condition. Much more preferable is to analyze their

weak formulations.
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Problem 2.3.3 (Weak form of the natural BVP). Find (o,u,p) € HA¥~1 x HAF x §F
that satisfies

—(o,7) + (u,dr) =0, Vre HAF L
(do,v) + (du, dv) + (p,v) = (f,v), VYve HAF, (2.10)
(u,q) =0, VqeH"

The formulation explains the origin of the name “natural” BVP. As we see from
above, one does not impose any boundary condition in the space HA¥1 x HAF x §H*,
while we will see in the next section that one needs to impose boundary conditions in
the space for the essential BVP. Given the names strong and weak forms, one natural
question is the relationship between them. As a matter of fact, these formulations are

equivalent, as the following theorems states more precisely.

Theorem 2.3.4. If u solves Problem then (u,0 = du,p = Py f) solves Problem

. If (u,0,p) solves Problem then u solves Problem m and o = du,
p=Psf.

We will not present the proof. However, we will have similar results (Theorems m
and [2.5.7) for the Robin problems, which is the main course of this chapter and will be

analyzed later. Since all these theorems have similar proof, we will only prove Theorems

2.5.4] and 2.5.7 later.

2.3.2 Essential BVP

In this section, we briefly review a second type of BVP for the Hodge Laplacian, the
essential BVP. Everything discussed in this section is in strong analogy to the natural
BVP, and hence we will omit details.

For any given f € L?A*, we seek u € D(L) that satisfies the Hodge Laplace equation
, and the boundary conditions

trou=0, tru=0. (2.11)

Just as in the natural boundary conditions, there may be nontrivial solutions to the
homogeneous problem. The space H* defined by |D consists of all solutions of the

homogeneous problem.
Lemma 2.3.5. Any u € D(L) satisfies Lu = 0 and , if and only if u € .

Proof. The “if” statement is obvious. Thus we just prove the “only if” part, as follows.

Any u € D(L) such that Lu = 0 must satisfy

(déu,u) + (ddu,u) = 0.
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We integrate by parts, and write

(dou,v) = (du, ov) + / trdu A trxv = (6u, 6v), Vv e H'A®
r

(w, ddu) = (dw, du) — / trw A trxdu = (dw, du), Yw € H'A¥,
r

where 1} is used in the first equation. Then by density of H'A* in HA* and in

H*A* we obtain that ||dul|? + ||0u||> = 0, as before. Hence the lemma is proven. [

Now we can state the strong form of the essential BVP.

Problem 2.3.6 (Essential BVP). Given f € L?>A*, find w € D(L) such that u L H*,

and
(d5—|—5d)u:f—P§ka inQ, trou=0,tru=0 onT. (2.12)

We note that tr du and tru are (k — 1)- and k-forms on I, respectively. Hence the

total dimension of the boundary conditions is given by

n—1 n n—1 _(n

k—1 k - \k)’
where the last coincides with the dimension of k-forms in 2. This means we have the
right number of (scalar) boundary conditions in (2.12)).

We now interpret the problem in 3 dimensions. For simplicity, we assume f 1 jﬁk ,
and omit that u L $*. The meanings of Problem are summarized in Table

k equation BC 1 BC 2

0 —Au=f - u=0

1 | (graddiv — curl curl)u = f divu =0 uxn=0
2 | (graddiv—curlcurhu = f | curlu x n=0| u-n=0
3 —Au=f =0 -

Table 2.5: Interpretation of the essential BVP in 3 dimensions.

From the tables and , we see that the Hodge Laplacian with natural
or essential boundary conditions covers several important boundary value problems:
The (scalar) Laplace equation with Neumann and Dirichlet boundary condition, the
vector Laplace equation with magnetic and electric boundary conditions. Nevertheless,
some other related types of boundary conditions are not covered by these formulations.
For instance, the scalar Laplace problem may come with Robin boundary condition.
Another example comes from the impedance boundary condition from electromagnetics.
These problems will motivate us to the generalized Robin problem, which we will discuss

in detail later.
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We will end this section with the weak formulation of the essential BVP and a

theorem of equivalence of the two formulations.

Problem 2.3.7 (Weak form of the essential BVP). Find (o, u,p) € HAF1 x HAF x §F
that satisfies

—(o,7) + (u,dr) =0, V1€ I;TAkfl,
(do,v) + (du, dv) + (p,v) = (f,v), Yve HAF, (2.13)
<U7Q> = 07 Vq S ék

Here we see the boundary conditions (2.11]) are explicitly imposed in the space
HAP 1 x HAF x Jrg)k, which explains the name “essential”. We also have the equivalence
between the strong and weak formulations for the essential BVP, which is stated in the

next theorem.

Theorem 2.3.8. If u solves Problemm then (u,o0 = du,p = Pﬁf) solves Problem
2.5.6. If (u,o0,p) solves Problem then u solves Problem and o = du,

p=PFyf.

2.4 Finite element spaces

We will consider two families of finite element spaces which will be used in our analysis
and computation. First we need to introduce some function spaces.

Just as we defined C®°A¥, HSA* etc., we define P.A¥(R"™)(resp. H,A¥(R")) to
be the space of k-forms whose coefficients are polynomials of degree at most r (resp.
homogeneous polynomials of degree r). As before, we may omit R™ in these notations
when the context is clear.

Besides P,A* and #,A*, we also need to define P A*. a space that lies between
P.A*1 and P,A*. Let us start by defining an operator, denoted by r, that maps any
k-form w to a (k — 1)-form kw. For any =z € Q, and any (k — 1) vectors vy, ...,v5_1 in

the tangent space T,€), we define
(kw)g(v1y ..oy vk—1) = we (=X (), v1,. .., VK1),

where X (z) is the vector that starts at x and terminates at the origin. The vector X ()
in the definition is in 7,2, as  C R™. Thus the right-hand side of the last equation is
meaningful.

An important property of & is that it maps H,AF to H,.1A*~ 1. In fact for each
(=1)7  idai, AL A

k-form w = fdx;, A ... Adx;, , one can verify that kw = ijGI
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gx\j A ... Adz;, . The property hence follows. Consequently, for each k, we can define
P;Ak = PrflAk + K}PrflAk-H = PrflAk + K’HrflAkJ'_l.

It is obvious that this space satisfies the desired property that P,_1A¥ ¢ P-AF C P.A*.
In most cases, these inclusions are proper. However, we have special cases for £k = 0

and n:
PrAY =PA°, PoAT =P A" (2.14)

The second equation is straightforward, as all (n 4 1)-forms vanish. To validate the first
equation, it suffices to show that xH,_1A' = H,A°. In fact, for any 1-form >, fidxy,
the image of « is Y,(—1)""! f;z;. The result follows from the fact that

{Z(—l)”lfixi | fi € HH,W} =H,.
i
Thus we have verified the equations.

After the brief introduction to the spaces P,AF and P AF, we next use them as
our shape function space, and define appropriate degrees of freedom to turn them into
useful finite element spaces. When context is clear, we will refer these spaces as the
P~ and P spaces, without degrees of polynomials and differential forms. In the next
subsections, we will take functions in P~ spaces to give degrees of freedom of P spaces,

and vice versa.

2.4.1 The P,A* finite element space

On an n-dimensional simplex 7', for each subsimplex f € A(T'), we consider the following

functional ¢,, where v € ;+k7dimfAdimf_k, on P, AF:

ub—>/trfu/\v. (2.15)
!

This P~ space vanishes if r+ &k —dim f < 1 or dim f — k < 0 holds. In addition, f being
a subsimplex, we must have dim f < n. Thus only the functionals with £ < dim f <
min(r 4+ k — 1,n) are of interest. It is proved [3, Theorem 4.8] that any u € P, A with

¢y(u) = 0 for all such v must vanish. Besides, [3, Theorem 4.9] verifies that

D> dim P g AT TE(S) = dim PANT).
FeA(T)
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Thus we have obtained a set of degrees of freedom on T: {¢,} with v being basis
functions of P, 4. ; Adim f—k_

2.4.2 The P, A* finite element space

The P~ element is defined in a similar way to the P element. On a simplex T' C R", and
any subsimplex f € A(T), for each v € Pyypidim -1 AT/, the following ¢, defines a

functional on P A*:
ub—>/trfu/\v. (2.16)
f

As before, only those functionals with & < dim f < min(r + k — 1,n) are of interest,
because others are associated with vanishing P spaces. A unisolvance property is given
by [3, Theorem 4.12]: if u € P, A¥ satisfies ¢, (v) = 0 for all such v above, then u must

vanish. We also have the dimension equation

> dimPrpp—dim (-1 AT TF(F) = dim P AR(T).
FEA(T)

Hence if we let v be all basis functions of those P spaces associated with A(T'), such

{¢y} is a set of degrees of freedom of P A*.

2.4.3 The P,A* and P, A" spaces in three dimensions

As this thesis focuses on problems in three dimensions, we want to associated these P
and P~ spaces with some well-known finite element spaces. For k = 0, we have proved
that P.AY = P-AY in . Both the P and P~ spaces are the Lagrange element.
They are elements for the H! function space. For k = 1 and k = 2, the P~ spaces are
the two kinds of Nédélec edge elements, and the P spaces are the two kinds of Nédélec
face elements. Moreover, the 1-form spaces P~A! and PA! are elements for H(curl),
and the 2-form spaces P~A% and PA? are elements for H(div). For k = 3, thanks to
, PrA3 =P +1A3 , and both spaces are the discontinuous Lagrange element. They
do not assume any continutiy accorse elements. These instances of finite elements are

summarized in the following table.

2.4.4 Projections to finite element spaces

We recall two kinds of projections from the continuous function spaces (e.g., HAF, A,
HAF) to the finite element spaces (e.g., P,A*, P=A¥). The first kind is the canonical
projection, denoted by ¥, or simply 7 when there is no confusion. It is the interpolation

via degrees of freedom. Unfortunately, such projections may not be continuous. For
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k Finite element space name degree regularity
0 Lagrange element r H'
P Ak 1 Nédélec edge element of the 1st kind r H(curl)
" 2 Nédélec face element of the 1st kind r H(div)
3 Discontinuous Lagrange element r—1 L?
0 Lagrange element r H!
P Ak 1 Nédélec edge element of the 2nd kind r H(curl)
" 2 Nédélec face element of the 2nd kind r H(div)
3 Discontinuous Lagrange element r L?

Table 2.6: Correspondence of finite element spaces in three dimensions

instance, in order to project an arbitrary function u € H(curl) to the first-kind Nédélec
edge element P~A!, one needs to consider the moment feu - tqds, where t is a unit
vector along an edge e of some triangulation of the domain. Such moment requires
to have L? tangential traces along the edge e, which property v may not possess. This
illustrate that in general, extra regularity of u € HA" is needed when we consider mu.
Some well-known results can be found in [I]. We do not list all results in the thesis, but
will refer to such ones in future when needed, e.g. Lemma [3.3.10]in this thesis.

The canonical projection has two important additional properties. It commutes with

the exterior derivative:
d¥ o by = 78 o dFu,  for all u € HA* smooth enough. (2.17)

We sometimes just write d o m = m o d for short. The other important property of the

canonical projection is that it preserves vanishing traces:
tru=0 = trmru =0, for all u smooth enough.

These properties will be used later in our analysis.

Another kind of projection, called smoothed projection, is rather new. Unlike the
canonical projection, the smoothed projection is bounded on all of HA¥. In fact, as
given in [3, Section 5] such projections are even bounded from L2AF to the finite element
spaces. These operators, denoted by I in [3] or simply II in this thesis, also commute

with exterior derivatives:
doMu=Tlodu, forall ue L2AF.

However, unlike the canonical projection, the smoothed projection does not preserve
vanishing traces. Even if we have u € C$°AF, it is not guaranteed that trIlu = 0.

Thus, this class of projection is ideal only when we are interested in HAF and their
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finite dimensional subspaces. When it comes to essential boundary conditions, thanks
to Christiansen and Winther (cf. [1I, Section 6]), a similar smoothed projection will
help. We abuse notation and still denoted the other class of projection by II in this

thesis. It preserves vanishing trace, and commutes with d:

dollu=ITodu, trllu=0, foralluc€ HAF.

2.5 Two types of Robin problem

In this section we will start with the scalar Poisson equation with Robin boundary

condition. Then we consider two types of generalization of this problem.

2.5.1 Semi-essential Robin problem

For the scalar Poisson equation,
—Au = f)

the most commonly studied boundary conditions are the Dirichlet condition v = 0, and
the Neumann condition du/dn = 0. Viewing the differential equation as the Hodge
Laplacian for 0-forms, these are exactly the cases of essential and natural boundary
conditions, respectively, as we have seen in the preceding section (cf. Tables and
. Another important boundary condition for the Poisson equation is Robin boundary

condition, as appears in the next problem.

Problem 2.5.1. Given f € L*(Q) and a constant X > 0, find u € H'(Q) that satisfies:

—Au = fin §, /\u—i—@:O on I
on

All three kinds of BVPs arise in physics. For example, in the case of steady-state
heat flow, which is one application of the Poisson equation, natural boundary conditions
describe an insulated boundary, essential boundary conditions describe a boundary held
at a fixed temperature, and Robin boundary conditions describe a Newton’s law of
cooling, that the heat flow is proportional to the temperature drop.

In this section we study the following set of boundary conditions for the Hodge

Laplacian which generalize these Robin boundary conditions:
trou =0 and trxdu+ A*ptru =0, (2.18)

where A\ > 0 is a constant.
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We first verify that (2.18) is indeed a generalization of the boundary condition in
the model Problem In the case of O-forms, the first condition in (2.18)) is null and
the second becomes the usual Robin boundary condition. We also remark that another

interesting case is for 1-forms in 3 dimensions, where these boundary conditions are
divu=0 and An x (uxn)+curlu xn=0. (2.19)

We will see in section Chapter {d| that these are closely related to impedance boundary
conditions for Maxwell’s equations.

We next take a closer look at the conditions. We have two different Hodge stars in
the second condition, the usual * that maps the (k+1)-form du to a (n—k—1)-form in €,
and the boundary *p that maps tr xdu, an (n—k—1)-form defined on the boundary I', to
*p trxdu, a k-form on I". Thus we see the addition in the second condition makes sense,
since both terms are k-forms defined on I'. The conditions (2.18]) are closely related
to the essential boundary conditions. As a matter of fact, while keeping one piece
of the essential boundary conditions, one can obtain by adding a perturbation
%*p tr xdu the other piece of essential boundary condition. Thus, the constant A can be
viewed as a permutation parameter that indicates how far is from the essential
conditions. As A\ — oo in , we get the essential boundary condition. Because of
these observations, we call this type of Robin problem semi-essential BVP.

Just as for the natural and essential BVPs, these problems may be ill-posed, unless
we take into account the solution space of the homogeneous problem. We have seen
that the solution space is § (cf. ) Thus the strong form of our first kind of Robin

problem states as follows.

Problem 2.5.2. : Find u € D(L) N A such that u L %, and
(d6 +dd)u=f — Pgrf inQ, trou=0, trxdu+ Axptru=0 onT. (2.20)

The problem has the following weak formulation.

Problem 2.5.3. Find (o,u,p) € HAR1 x A% x §F that satisfies

—(o,7) + (u,d7) =0, Vre HAF
(do,v) + (du, dv) + \tru, tro)p + (p,v) = (f,v), Yv e AAF, (2.21)
(u,q) =0, Vge .

Here A > 0.

We have pointed out for the natural and essential BVPs that the strong and weak

formulations are equivalent. We have a similar result for this Robin problem.
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Theorem 2.5.4. If u solves Problem then (u,o0 = du,p = Pﬁf) solves Problem

2.5.8. If (u,0,p) solves Problem then u solves Problem and o = du,
p=Pyf.

Proof. We prove the first statement first. Assuming such a solution u, we set ¢ =
Su € HA* 1 and p = Pgf € §. Then we have immediately that o € HA*! from the

boundary condition. Next, from the two equations
oc—0u=0, do+ddu=f—p,
taking appropriate test functions, integrating by parts (cf. Lemma [2.2.1]), we obtain

(0,7) — (du,7) = (0,7) — (u,d7) =0, Yre HAFL (2.22)

(do,v) + (ddu,v) = (do,v) + (du, dv) — / tro Atrxdu = (f,v) — (p,v), Yo e CCAF.
r

(2.23)

Here we have used the fact that (tru,trv) = [tro Axtru. The first part of (2.21)
follows from ([2.22)) . Applying boundary condition (2.20)) to (2.23)), we obtain

(da,v)—f—(du,dv)—{—)\/trv/\*tru—f—(p,w:<f,v>, Vo € C®A*.
r

Since do,du,p, f € L>A*(Q) and tru € L2, ,A*(T), by density of C®A* in #A*, we

can validate the second equation in (2.5.4) from the last identity. The last equation in

is part of the theorem hypothesis.

The other statement can be proven in a similar way. Given , one has ,
hence o = du, which also implies the boundary condition tr u = 0. Besides, the second
equation of indicates that

(da,v)—f—(du,dv)—{—)\/trv/\*tru:<f,v>—(p,v>, Vv € C®A*.
r

Integrating the term (du,dv) by parts, one obtains

(do,v) + (6du,v) +/

trv/\tr*du—l—)\/trv/\*tru:<f,v>—<p,v), Vo € CAF,
r

T

Thus we must have

(do,v) + (6du,v) = (f,v) — (p,v), Vv e CPAF,
trxdu+ X xtru=0, onl,

where the first equation leads to the second part of (2.21)), and the other is the desired
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boundary condition. Finally, taking test functions v € Py, in (2.21)), ones sees f —p L
%, and must have p = Psg)kf. O

From the proof we know that we can analyze the weak formulation to obtain well-
posedness, which is a much easier task in practice. We will analyze the semi-essential

Robin problem and its discretization in Section

2.5.2 Interpretation of the semi-essential Robin BVPs in 3 dimensions

Before we do any analysis, we interpret Problem in 3 dimensions to get more
concrete examples. We have considered the cases k = 0 and 1. If & = 0, then HF is

vacuous, and the equation is just the scalar Laplacian with Robin boundary condition
) ou
—Au=f—Psyof=finQ, —+Iu=0, onTl.
9 on
If £ =1, the equation is the vector Laplacian
(—graddiv + curlcurl)u = f — Py, f. (2.24)
The boundary conditions become
divu =0, curluxn+Anx(uxn)=0, onl. (2.25)

This is the same as the conditions in (2.19). In fact, using the unit normal n to cross
the second equation above, we can validate the equivalence.
If £ = 2, the equation is again the vector Laplacian, but with a different boundary

condition
curlu xn =0, divu+Au-n=0, onl. (2.26)

If £ = 3, we have the scalar Laplacian again. Now the second boundary condition
in (2.20)) is vacuous, since the left hand side is a 3-form on a 2-dimension boundary, so
the only boundary condition that applies is Trdu = 0, or

ou
— =0, onl.
on ’
Thus we have the Neumann problem, or the essential BVP. The space $3 of harmonic
forms is simply a set of piecewise constant functions: each element of $3 takes a constant
value on each connected components of 2.
Another thing we can consider is to split the problem into subproblems, depending

on the space that f lies in. They are called the 8 and 26* problems, whose names will be
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explained after we introduced the concept of Hilber complex in the next Chapter. For
the B-problem, we assume f € dHA¥. For any v € #N*, we take v, the L?-projection
of v into the L? orthogonal compliment of dHA*1 & .?2)’“, to be the test function in the
second equation of . By the definition of v, and the fact that o € H A1 we
have (do,v,) = 0, Thus the second equation in now becomes

(du,dv ) + Xtru,trv ) =0. (2.27)
Besides, since v — v € dHA*! @ S%k, we have
dv—v1)=0, tr(v —v )=0 = dv=dvy, trv=tru,.
So becomes
(du, dv) + \(tru, trv) = 0.

Choosing v = u, we see that du = 0 and tru = 0. Therefore, the strong form of this

problem is
du=0, dbou=finQ, tru=0, tréu=0o0nT.

Now let us write down the problem in 3 dimensions. If & = 0, we do not have o,

and we have
gradu=0inQ, wu=0onT.

This leads to the trivial solution u© = 0.
If k=1, we have

curlu =0, —graddivu=fin 2, uxn=0, divu=0onT.
If £ =2, we have
divu =0, curlcurlu = fin Q, w-n=0, curlu xn=0onT.
If k = 3, we have
—Au =0in Q, %:mmr.

on

This is the Neumann BVP of the scalar Laplacian.
For the B*-problem, we have f L dHAF & $HF. Let v = do in 1) we have do = 0.
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Then we set 7 = o, and see that ¢ = 0 from the first equation. Thus we have
(u,dr) =0 and (du,dv)+ A{tru,trov)r = (f,v).
Consequently, we have the strong form of this problem:
ou=0, ddu=finQ, trxdu+ A*ptru=>0.
We also interpret this problem in 3 dimensions. If k = 0, we have
—Au:finQ,gZ—i—)\u:()onF.

This is the usual scalar Laplace equation with Robin boundary condition.
If £ =1, we have

divu =0, curlcurlu = fin Q,curlu x n+ A nx(uxn)=0onT.
If k =2, we have
curlu =0, —graddivu = fin Q, divu+Au-n=0onT.

If £ = 3, we have gradu = 0 with no boundary conditions. However, the auxiliary
condition u L $3 implies that u = div ¢ for some ¢ € HA2. We have (grad div ¢, w) = 0
for all w € HA?. In particular, taking w = ¢, integrating by parts, we obtain that
u = div¢ = 0. Thus we have a trivial problem in this case.

Thus, we have introduced our Robin BVP of the first kind, in both strong and weak
(mixed) formulation. We interpreted the abstract problem as concrete BVPs in three
dimensions. We also considered breaking up the problem to two types of subproblems.
We will postpone our analysis of this BVP in the next Chapter. Prior to that, we will
introduce another Robin BVP in the next section, and make a few comparisons among
these BVPs.

2.5.3 Semi-natural Robin problem

In this section we will introduce another problem that generalizes the usual scalar Robin
BVP.

Problem 2.5.5. Find u € D(L) such that du € N1, w L $*, and

(do +éd)u = f — P f in Q, trxdu = 0,trxu — A*ptréu =0 on I (2.28)
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As we will see in the next subsection, in the case of 3-form, this problem becomes

the usual Robin problem.

Similar to the relationship between the semi-essential and essential boundary conditions,

the boundary condition in can be viewed as a perturbation of the natural boundary
condition. As A — 0, this boundary condition formally approaches the natural boundary
condition. Therefore, we call this type of Robin problem semi-natural BVP.

We recall that the space A~ is the subspace of HA*~! such that the traces of
its elements on the boundary are all in L? (cf. ) The weak formulation associated
with this problem is

Problem 2.5.6. Find (o,u,p) € N1 x HAF x $§* that satisfies

—(o,7) = AMtro, tr 7)p + (u,dr) =0, Vre AN
(do,v) + (du, dv) + (p,v) = (f,v), Vo€ HAF, (2.29)
<u7 Q> == 07 vq E f)k.

Here A > 0.

Same as in the preceding section, we have equivalence of these two formulations.

Theorem 2.5.7. If u solves Problem then (u,0 = du,p = Py f) solves Problem

2.5.5. If (u,o0,p) solves Problem then u solves Problem and 0 = du,

Proof. The proof is similar to that of Theorem For any u solving Problem [2.5.6]
we let 0 = du € N1 and p = Py f. Taking appropriate test functions, by Lemma

we have

—(o,7) + (0u,7) = —(o,7) + (dT,u) — / trr Atrau =0, Vre C®AFL
r

(do,v) + (ddu,v) = (do,v) + (du, dv) — /Ftr dv Atrxdu = (f — p,v), Yo e C®A*.
By the boundary conditions in and the density of C®°AF~1 in #ZA*~1 and C>®A*
in HA*, one can derive the first two equations in (2.29). The last equation in is
obvious from the definition of p.

On the other hand, if we have a solution (o, u,p) € A~ x HA* x §H* satisfying
, we immediately have u L $* from the last equation. Letting v € $* € HA*, we
can conclude that f —p L $*, which implies p = Pge f. Thus by Lemma for all
v € C®A*, we have

<da,v>—i—<5du7v>—|—/trdv/\tr*du: (f = Pgr f,v).
T
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This shows that

do 4 ddu = f — Pgr f (2.30)

and the boundary condition trxdu = 0. Finally, taking 7 € C°A¥~! in (2.29)), Lemma
yields

—(U,T)—)\/trT/\*ptra+<(5u,7>+/tr7/\tr*u:0. (2.31)
r r

This implies o = du, and the boundary condition tr xu — A*xptro = tr*u— Axptrdu = 0.
Substituting o = du in ([2.30)), we have (dd + dd)u = f — Pgr f. Thus we verified that
u € HA* solves Problem O

The analysis of semi-natural Robin problem will also be done in Section |3.4

2.5.4 Interpretation of semi-natural Robin BVP in 3 dimensions
Similar to Problem we can interpret Problem in 3 dimensions, as follows. If
k = 0, the equation is the scalar Laplacian

The second piece of the boundary conditions in (2.28) drops out, and our boundary
condition hence becomes

ou

— =0.

on
Thus for k£ = 0, semi-natural BVP reduces to just the natural BVP (Neumann problem).

If £ =1, we have the vector Laplace equation
(—grad div + curlcurl)u = f — Pg1 f.
The boundary condition become
curlu xn =0, wu-n+ Adivu =0.

Notice that the boundary condition for k¥ = 1 is the same as the boundary condition
of the semi-essential problem for & = 2, except that the perturbation factor is A here,

whereas % there.
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If £ = 2, we have the vector Laplace equation still, but different boundary conditions:
divu=0, nx(uxn)+Acurluxn=0.

This boundary condition is the same as the boundary condition of the semi-essential
problem for k = 1, except that we have the reciprocal % there.

If k = 3, we have the scalar Laplacian again. The boundary condition is

ou
A =
u~+ o 0,

which is the usual Robin boundary value problem.

Next, we also consider splitting the problem into the 8 and 8* problem. For the B
problem of Problem [2.5.6] we consider the case when f is in the range of d. Then for any
v, we may take v| to be the L?-projection of v into the L?-compliment of dJZA* & H*.
Let v be the test function in the second equation of , we then have (du,dv ) =0,
which is equivalent to (du,dv) = 0. Choosing v = u, we can see that du = 0. Thus the

strong form of this problem is
du=0,déu= fin Q, tr*xu— Axptréu=0.

We interpret this sub-problem in 3 dimensions. If £ = 0, we have grad u = 0, which
indicates u is a constant on each connected component of 2. However, the auxiliary
condition u L $° guarantees that u = 0. So k = 1 is a trivial case.

If K =1, we have

curlu =0,—graddivu = fin Q, w-n+ Adivu=0onT.
If k =2, we have
divu = 0,curlcurlu = fin Q, nx (uxn)+ Acurlu xn=0onT.
If kK = 3, we have
—Au =0in Q, u—i—)\@:OonF.

on

For the B*-problem, setting v = do in the second equation of (2.29)), we have do = 0.
Then we take 7 = do in the first equation, and obtain ¢ = 0, or du = 0 equivalently.

Thus our problem becomes

ou=0, ddu=0inQ, trxdu=0, trxu=0onT.
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If £ = 0, the first equation and the second boundary condition vanish. We thus have

the scalar Neumann BVP.

—Au =0in Q, %zoonf.
on

If Kk =1, we have

divu =0,curlcurlu = fin 2, w-n=0,curlu xn=0onT.
If £ =2, we have

curlu =0, —graddivu = fin Q, uwxn=0,divu=0onT.

If k = 3, the second equation and the first boundary condition vanish. The remaining
problem is to find u such that gradu = 0 in 2 and u vanishes on the boundary, which
is obviously a trivial problem.

Thus, we have finished introducing the semi-natural Robin BVP, including the strong
and weak formulation, interpretation in three dimensions, and have splitting the original
problem into subproblems. So far we have four kinds of Hodge Laplace problem, the
natural BVP the essential BVP and two kinds of Robin BVPs (cf. Problems
[2.5.2f and [2.5.5). We will give a few remarks in the next section on their connections,

and leave the analysis of the Robin BVPs in the next Chapter.

2.5.5 Comparison of the two Robin BVPs

We will close this Chapter by comparing the problems [2.5.2] and [2.5.5| discussed just
before, as well as the natural and essential BVPs (cf. Problems and[2.3.6)). Looking
at the boundary conditions of Problem we see the boundary condition

tréou =0

is exactly the same as one from the essential BVP (cf. (2.12))). The other boundary
condition in ([2.20)),

trxdu + A *p tru = 0,
can be viewed as adding a perturbation term to the boundary condition

tru = 0.
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The last equation is the other boundary condition in the essential BVP. Besides, the

perturbation is related to one boundary condition from the natural BVP, cf. Problem

and Equation . Thus we see that the boundary conditions associated with

the semi-essential Robin BVP is in fact the boundary conditions from the essential BVP,
with a perturbation term from the natural BVP.

Another observation we make is that the functions spaces in the mixed formulations

of these problems are related. In the first kind of Robin BVP, we choose the space
HAR 5 2AF x HAF.

This is very like the space we used for the essential BVP, except that the middle one
HNF is a super set of I;TAI“, which we used for the essential BVP. Still, the space #A*
is a subset of HA*, which is used for the natural BVP. Thus, we see that, in terms
of function spaces, the first kind of Robin BVP is a perturbed version of the essential
BVP.

Based on the above observations, we can say the first Robin BVP is semi-essential.
From similar comparison, we can view the second kind of Robin BVPs as a perturbed
version of the natural BVP, and hence we say it is semi-natural. We list all boundary

conditions and function spaces in these problems in the following table.

BVP boundary conditions function spaces
Natural trxdu = 0, tr+u =0 HAF1x HAF x ©F
Secor%d Robin trxdu = 0, trxu — Axptrou=0 A1 x HAF x HF
(Semi-natural)
First Robin
(Semi-essential)
Essential tru =0,trou=0 HAP 1 x HAF x §*

trxdu + Axrtru =20, trou=0 HAFL x #NF x §F

Table 2.7: Boundary conditions in strong formulation and function spaces in weak
formulation of four BVPs in three dimensions.

Just as we saw that the k-form natural BVP and the (n — k)-form essential BVP
generates the same BVP (cf. Tables and , we also have such relation between
the semi-natural BVP and semi-essential BVP. This is not surprising. One can consider

the Hodge star x as a mapping between k-forms and (n — k)-forms. If u satisfies the
boundary conditions in ([2.20]), then w = *u satisfies the boundary conditions in (2.28)).



Chapter 3

Hilbert Complex Approach

3.1 Introduction

In this chapter, we analyze our two Robin BVPs introduced in Section following a
approach based on the finite element exterior calculus (FEEC) framework established
in [4]. The key concept in the FEEC theory is Hilbert complex, which generalizes de
Rham complexes and can represents more function spaces and operators.

Our main goal in the chapter is to fit the semi-natural and -essential BVPs into
the general FEEC framework established in [4]. Once we see that there are Hilbert
complexes with appropriate operators behind the concrete BVPs, we can directly apply
the general theory to our new Hilbert complexes, and immediately have wellposedness
of the original problems and stability of the corresponding discrete problems,

and approximation results.

3.2 Preliminaries

In this section we review some general results in FEEC from [4]. We consider a sequence

of Hilbert spaces W* with (maybe unbounded) linear operators D¥ : WF — W+l

Wk—l Dk-1 Wk Dk N Wk+1. (31)

If the operators satisfy that D*T! o D¥ = 0, the sequence is then called a complex.
We denote such a complex by (W, D). For each DF . we consider a suitable subspace
vk {u € Wk | DFu e W’“‘H}. This V* is called the domain of D*. For the domain

space V¥, we consider the inner product (-, -):

(u, V) e = (u, 0y 4 (DFu, DR i,

34
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and the resulting norm, called the V-norm or graph norm. Thus we have the domain
complex (V, D). Tt is straightforward that D¥|,x+ maps V* into V¥*1. We also consider
the (still maybe unbounded) adjoint operators Dy : W* — W*=1 and have the adjoint

complex

ko owk Dic1 Wk, (3.2)
For each Dy, we have its domain
Vi = {u e W* | Diu e Wk_l}.

Definition 3.2.1. A complex (W, D) is a Hilbert complex, if the following properties
hold:

1. Each D* is a closed operator. This means the resulting graph {(u, DFu) |u € Vk}

s a closed set;

2. Each DF is densely-defined in W, i.e., the corresponding domain V¥ is a dense
subset of W.

In addition, if the operators D* have closed ranges, we say that (W, D) is a closed Hilbert

complez.

Remark 3.2.1. It can be checked that for a Hilbert complex (W, D), the resulting
domain complezx (V, D), equipped with the graph norm, is a bounded Hilbert complex. A
Hilbert complex (W, D) is closed if and only if so is (V, D).

The closedness of a Hilbert complex, or the closed range property, plays an essential
role in our analysis. However, usually we do not verify this property directly. Instead,
we can check the Poincaré inequality. To introduce the general form of the inequality,
we shall define a few more spaces. For each DF continuously defined on V*, we denote
B++1 the range D¥(V*), and denote 3* the null space of D*. One can check that both
B* and 3* are subspaces of V*. Moreover, each 3* is always closed (under W-norm),
and every B* is closed if and only if the Hilbert complex is closed. For a Hilbert complex
(W, D), each domain V* can be decomposed as V¥ = 3% @ 35+ where L denotes the

W-orthogonality. Now we can introduce the General Poincaré inequality.

Definition 3.2.2 (General Poincaré inequality). Given a Hilbert complex (W, D) and
domain spaces V', We say that Poincaré inequality holds for k, if there exists a constant

C > 0, such that every u € 31 satisfies

lull < ClID*ull. (3-3)
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It has been pointed out in [4]E| that closedness of a Hilbert complex is equivalent

to Poincaré inequality (for all k). However, for the sake of conciseness, only a proof of
sufficiency was provided in that paper. We state the property as a lemma below and

give a complete proof.

Lemma 3.2.2. A Hilbert complex (W, D) with domains V is closed if and only if the
Poincaré inequality holds.

Proof. We will prove the “if” part first for D*. Suppose Du; — w € Wk for u; € V¥,
our goal is to show that there exists a u € V¥ such that Du = w. For each u;, we

decompose
k k,L
i = ujp+up L =3 D3

Applying Poincaré inequality on u; | — uj 1, we have |ju; | —uj (|| < C||Du; 1 —
Duj ||, where C' > 0 is some constant that does not depends on {u;}. Note that
Du; | = Du;, which means {u; | } is a Cauchy sequence. Since Wk is a Hilbert space,
there exists a u € W* such that u; — u. Next, because D is a closed operator, u; — u in
W* implies Du; — Du in W1, The last convergence shows that v € V¥, and Du = w
from our hypothesis Du; — w.

Next, we will prove the “only if” part. Obviously, D* maps 3% to B**! bijectively.
It is clear that 3% is a closed subspace of W¥*. Moreover, because (W, D) is closed, the
range B*+1 of D¥ is a closed subspace of W**1. Hence, both 3%+ and B* are Banach
spaces. Thus, by the well-known bounded inverse theorem, we have a constant C' > 0,

depending on those two spaces and the operator D* only, such that |lu|| < C||DFul|. O

We will see (cf. Lemmas [3.3.4] and [3.4.5) that validating an appropriate Poincaré

inequality makes up a nontrivial part of the analysis of both Robin BVPs.

Next we introduce the general Hodge Laplacian in the Hilbert complex context.
This will be useful, as our plan is to fit the two kinds of Robin BVPs in this framework,
and take advantages of analysis that has been done in [4]. We call the operator L =

Dy, o0 DF 4 D16 Dj the abstract Hodge Laplacian. The domain of L is
D(L) = {u e VFNVy | Due Vi, Due V’H} .

The abstract Hodge Laplace problem is to find u € D(L) satisfying Lu = f for given
f € W*. In general, the problem may not be well-posed. To obtain a well-posed Hodge

!See the remark after equation (16) in this paper.
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Laplacian, we need to take into account the space of abstract harmonic functions
ﬁk:{uevkﬂvk* yDu:o,D*uzo} (3.4)
- {u e VF| D" =0, {u, Do) =0, Yo € Vk‘l} . (3.5)
Remark 3.2.3. Despite the similarity of notations, the space $H* defined above is not
necessarily the same space given by . However, as we will see later in this chapter,

our (more abstract) harmonic function space H* above may equal the spaces $H* given
by or S%kgiven by , given appropriate complex (W, D) and domains V.

Remark 3.2.4. We see that $H* is the W-complement of B*. If (W, D) is a closed
Hilbert complex, B* is a closed subspace of 3*, we hence have 3¥ = B* @ H*, and

consequently the Hodge decomposition
Vk‘ — %k @f)k o ak:,J_.

Now we can consider the well-posed Hodge Laplacian in strong and mixed formulation,
assuming closedness of the associated Hilbert complex. All brackets (-, -) and norms ||- ||

stand for the W-inner products and W-norm, unless otherwise mentioned.

Problem 3.2.5 (Strong formulation). Assume that (W, D) is a closed Hilbert complez.
Given f € W*, find u € D(L) such that u L $*, and that

Lu=f mod f)k.

Problem 3.2.6 (Mixed formulation). Assume that (W, D) is a closed Hilbert complez.
Given f € WF, find (o,u,p) € VF71 x VF x ¥ that satisfies

(0,7) — (u, D7) =0, ¥Yre Vi1
(Do,v) + (Du, Dv) + (p,v) = (f,v), VoeVF
(u,q) =0, Vvqen.
We have the following well-posedness from [4, Theorem 3.1].

Theorem 3.2.7. For any closed Hilbert complex (W, D) and its domains V, there is
a constant C > 0, such that for all f € W¥, Problem has a unique solution

(o,u,p) € VFL x VF x $% and moreover,
lollye—r + llullye + llpll < CILFIL

To apply the finite element methods to this problem, we need to discretize the
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Hilbert complex (V, D) with a discrete complex (Vj, D), where each V¥ C V¥ is a
finite-dimensional subspace. Corresponding to this discretization is the abstract discrete

harmonic space

Pt = {u e V¥ | Du=0,(u, Do) =0, Yo € th‘l} . (3.6)
The discrete mixed problem is defined as below.
Problem 3.2.8. Given f € W, find (0,u,p) € VF™! x VIF x 9F that satisfies

(o,7) — (u,DT) =0, V1€ Vf_l,
(Do, v) + (Du, Dv) + (p,v) = (f,v), YveVy,
(u,q) =0, Vg€ N

We need a series of maps that connect the complex (V, D) and its discretization
(Vi, D). A series of projections s . vk - th, denoted by II, is called a cochain
projection from (V, D) to (V3, D), if it commutes with the D operators:

¥+ o DFy = DM o TPy,  Vu € VE, VE.

This property is illustrated by the following commuting diagram.

_1 D1 DF _
Vk 1 k Vk 1
lnk— 1 J/Hk lnk-‘—l
k—1 DF 1o D k—1

Moreover, a cochain projection II is said to be bounded, if ”Hkng(vk,v,f) < C for some
C > 0 independent of k.

If we have a family of subcomplexes (V}, D) of (V, D), and there exist IT;, uniformly
bounded projections from (V, D) to (V3, D), we then have convergence of finite element

methods. The next convergence theorem is [4, Theorem 3.9].

Theorem 3.2.9. Let (V,D) be a closed Hilbert complezx, and (Vi, D) be a family of
Hilbert subcomplexes indexed by h. Assume that there exist a uniformly bounded cochain
projection 11 : (V, D) — (V},, D). There exist constant C' > 0, such that for any f € W,
(o,u,p) € VF1 x VFk x §F the unique solution to Problem and (op,up,pp) €
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V,f_l X th X 532 the unique solution to Problem we have

lo —onllyr—1 + lJu—upllye + |lp — pall

<C| inf [lo—7|+ inf [[u—v|+ inf ||p—qll+p inf [[Projpyrryu—v| |,
7'6fo1 vEV}Zc qEV,{C vEV,ic

where p = sup |[(I —ID)r|.
refnk |rl|=1
The existence of such uniform bounded cochain projection is usually not trivial.
Thanks to [4, Theorem 3.7], as stated below, we need a discrete Poincaré inequality,

and a lower bound of the projection from Y)Z to H*.

Theorem 3.2.10. Let (V, D) be a closed Hilbert complex, and (Vy, D) be a family of

Hilbert subcomplexes indexed by h. Assume that we have the discrete Poincaré inequality
lollv < Cilldvllv, ¥o € 3, (3.7)
and for the projection Ps : ﬁﬁ — Hk:
lalv < Cal| Pyl ¥g € 9, (3.8)

Then there exists a cochain projection mp, : V. — Vi, whose norm is bounded in terms of

C1 and Cy. The reverse of this theorem is also true.

Remark 3.2.11. We remark that the harmonic function spaces H* and Y)Z n the
preceding theorem is the abstract spaces, as defined by and (@ In the next
subsection, we will give a proof for (@ for a few combination of concrete harmonic
function spaces, based on analysis of the natural and essential BV Ps in literature . The
validation of the discrete Poincaré inequality is more non-trivial. We will prove

it on a case-by-case basis in the next two subsections.

3.2.1 Some harmonic space gaps

Before we move on to the analysis of the two Robin BVPs and their discretization, we
want to prove for the combinations of $* and .62 from the natural and essential
BVPs. Later we will see that these concrete harmonic spaces are exactly the same from
semi-natural and semi-essential Robin BVPs. Thus we can just apply the gap estimates
there.

To start with, we recall that for the natural BVP, we have the de Rham complex
(W,d), which in three dimensions is

7200 8ady g1 _cwl opoao div oogo,g (3.9)
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The corresponding domain complex is (V,d) where V¥ = HA*. The harmonic function
space is given by (2.4). With a triangulation 7 of €2, and one of the following sets of

polynomial spaces th_l X V,f:

PoARL < POAR AR < PoAR,
Pr AL PAR P AR X PLAR,

where the P and P~ spaces are defined in Section we have uniformly bounded
cochain projection from (V,d) to (V},d). By theorem [3.2.10| this implies (3.8) in the

following special form:
lallv < Cl|Pyll, ¥a € 5y,
where either
Jﬁﬁ ={ueP,|du=0,{udv)=0,VveP._1}, (3.10)
or
oy = {ueP; |du=0,(u,dv)=0,YveP_}, (3.11)

The story for the essential BVP is similar. With the same de Rham complex (3.9)),
and a different domain complex (V,d), where Vk = HAF , we have the essential BVP.
The corresponding harmonic function space is given by ([2.5). Choosing one of the

following sets of th_l X th :

PrAR L x PrAR PAARTL x PAR,
Pr AT x PoAR, P AR PoAR,

we have a uniform bounded cochain projection from (W,d) to (V,d). Now (J3.8)) in
Theorem [3.2.10] becomes the following special form:

lgllv < C||Pguqll, Vg € 97,
where either

55’;; = {u cPp, | du =0, (u,dv) =0, Vv € 70)7”—1} ) (3.12)
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or
HF = {u ePr | du=0,(u,dv)=0,Vve 75;_1} ; (3.13)
Summarizing the preceding argument, the known results for the natural and essential
BVP give us (3.8)) for the following special cases:

Lemma 3.2.12. Assume ) a Lipschitz domain with triangulation T . For the harmonic

spaces defined in (2.4)), (2.5), and the discrete harmonic spaces given by , ),
(3.13)), and (5.13)), we have

g1l < CllPgearll, Va1 € 9,
lg2ll < ClIPyrazll, Vaa € $E,

3.3 Analysis of the semi-essential Robin BVP

In this section, we will show that Problem is the abstract Hodge Laplacian for a
certain closed Hilbert complex. Consider the complex (W, D) (as in (3.1])) with Hilbert

spaces
Wh=1 = [2AR=1 gk = L2Ak kL = [2ARHL « L2AR(D),
and operators
DF1 =gkl and DF = (d*, tr).

Here W*+1 is equipped with the norm ||(u,0)||? = |lul|®> + Allo||%, the lower-case d

represents the usual exterior differentials, and tr denotes the trace operator of k-forms.

In order to have boundedness of D, we choose the following domains:

VEL = HAFY and VF = s2AR.
With these spaces and operators, we have a Hilbert complex, as stated and proved
below.

Proposition 3.3.1. The sequence (W, D) with domains V is a Hilbert complex.

Proof. Tt is obvious that D¥ o D*=1 = 0. Thus, (W, D) is a Hilbert complex if we can

verify the following two properties:

1. The operators D*~1 and DF are closed, i.e., the resulting graph {(u,Du)} is a

closed set;
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2. The domains V*~1 and V* are dense in W*~1 and W*, respectively.

For the closedness, we need to check for D* only, because the closedness of DF~1 =
d*~'is known (cf. [4, Section 6.2] for instance). Suppose we have a sequence (u;, du;, tr u;)
with u; € SZAF converging to (u,w, p) € Wk x Wkl = L2AF x L2AM1 x L2A*(T). In
order to prove closedness, we need to show that u € #AF, du = w, and tru = p. In

fact, we have
uw; = uin L2AF = du; — du in H AR,

and comparing the latter with our hypothesis du; — w in L2A**! we have w = du. Thus
we know u € HAF, and u; — u in HA*!. Consequently, tru; — tru in H~Y2AF(T).
However, we assumed tru; — p in L?A*(T"), so we know tru = p. The first property is
checked.

Next, we prove the density property. We know that CgoAk_l and CSOA]C are dense
in L2A*~1 and L2AF, respectively. In addition, we obviously have C'(?OA”“*1 c vkt
and C°A¥ C V*. The property hence follows. Thus, we showed (W, D) is a Hilbert

complex. 0

We need to prove furthermore that (W, D) is a closed Hilbert complex, in order to
apply Theorem As pointed out by Lemma [3.2.2] we shall first show a Poincaré
inequality (cf. Lemma . To serve that purpose, we need a compactness property
(cf. Lemma[3.3.3). We start with the following theorem proven by Costabel [15].

Theorem 3.3.2. For any Q C R? Lipschitz domain, there exists C, dependent only on
Q, such that

[ull a7z < C (lull + [ cwrlul| + [ div ul] + [lu < n[lr), (3.14)
[ull iz < C (Jull + [l curlu|| + | divul| + [u - 7)) (3.15)

for all vector field w € H(curl) N H(div)).
Recalling the correspondence Tables and we can restate (3.14) and (3.15)) as
[ull gz < C (lull + [|dull + |6ul] + [ truflr) - (3.16)

for u € AN N H*AF in three dimensions, where k& = 1,2. We note that still
holds for the cases k = 0,3. In fact, u is in H'A* if k = 0 or 3, and the right-hand
side of contains the ||u||z1. Therefore, holds for all k in three dimensions.
In other words, J#ZAF N H*A* is continuously embedded in H'/2A*. By the Rellich

theorem, HY2A* is compact in L2A*. Thus we have proved the following lemma:
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Lemma 3.3.3. For any Q Lipschitz domain in R, the space 7NN H*A* is compactly
embedded in L?A*.

We note that the null spaces for D*~! and D* in (V, D) are {u € AN du = O} =
3k=1 and {u € HAF|du = 0,tru = 0} = ?)k, respectively. So we shall prove the following

Poincaré inequality.
Lemma 3.3.4. Let Q C R3 be a Lipschitz domain.

e (Poincaré inequality for k.) For all u € SM-”A, we have
[ull < C||Do| = C(lldul| + || trul|p), (3.17)

where the constant C' depends on Q0 and k only.

e (Poincaré inequality for k —1.) For all o € ék_l’LIfIA, we have
loll < C[|Del| < Cllda],

where the constant C' depends on ) and k only.

Proof. The second part is a standard result. Thus we only need to prove [3.17]

For k = 0, we see that u is a H' function such that it is orthoganal to constants:
fQ u = 0. The desired result is just a standard Poincaré inequality.

Now we prove for k > 1. If the statement is not true, we can find a sequence

{un} C 3oeak satisfying
||dun|| + || trug|lr =0 asn— o0, |u,l =1. (3.18)

Since 31k is (L2-)orthogonal to d#’AF1, we know in particular that 3aab is
orthogonal to ngoAk_l. For any u € 3Lak and any test function v € CgoAk_l, we
obtain from Lemma 2.2.7] that

(0u, vy = —(u, dv) + /Ftrv Atrxu = 0.

Because C(?OA”“_1 is dense in L2A*~1, §u is orthogonal to L2A*~!, which implies du = 0.
Now since u, € #A* N H*A* are bounded from , by Lemma we know that
up has a subsequence, which we still denote as u,,, that converges to some ug € L2A*
(in L?-norm).

Now from u, — ug in L2A*, we have du, — dug in H-'A*. Besides, we know
du, — 0 from . These facts imply that ug € HAF, dug = 0, and u, — ug
in HA-norm. Then from the boundedness of tr : HAF(Q) — H~'/2A¥(T'), we obtain
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tru, — trug in H1/2AF. We also have tru, — 0 in L?(T") from , thus we know
trug = 0, which shows ug € HAF.

Next, u, L dHA*1 implies ug L dHA*=1. Thus we have ug € k. However, since
up L $%, we have ug L H¥. Thus ug = 0, which contradicts with 1 = ||u,|| — ||Jug|| from
. Therefore, we proved the lemma. O

By Lemma [3.2.2] we hence have proved the following.

Proposition 3.3.5. The sequence (W, D) with domains V is a closed Hilbert complez.

3.3.1 Adjoint complex of the semi-essential Robin BVP

As we have seen in Section the abstract Hodge-Laplacian is made up with several
operators and their adjoints. In this section we determine the operators and domains
of the adjoint complex (W, D*). With these, we shall see that the complex introduced
earlier indeed corresponds to the semi-essential Robin BVP.

First, sincei D1 = gk—1 . HART L?A*, we know that its adjoint operator is
D; =d; = 8% with domain Vi = H*A*. Second, for D¥ = (d*,tr), by definition, the

domain of its adjoint is
Vi = {(u, o) € WEL | 3w e W, ((u, o), D*v) = (w,v) Vo e vk} ,
i.e.,

Vi, = {(u,a) e W | Jw € WF, (u, dv) + Mo, trodr = (w,v) Yo € %A’“} .
(3.19)

A particular case is that for any (u,0) € V|, ;, there exists w € L?AF satisfying
(u,dv) = (w,v), Yo e HAF.

The last equation shows that « € H*A**1 and du = w. From (3.19) and Lemma [2.2.1

we obtain
(Ou,v) + / tro A trxu + /\/ tro Ao = (du,v), VYve H'AF,
r r
Hence we have

trxu +Axo = 0.
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Since we assumed o € L2AF(T"), we have proved u € #*A**1, and therefore
Vi, C {(u,a) e AN 5 L2PAR(D) [ trau+ Avo = 0} .

On the other hand, for any pair (u,c) € H#*AF*! x L2AF(T) with the compatibility
condition trxu 4+ X« o = 0, we let w = du € L2A*. Then, Lemma yields

(u, dv) + Mo, tro)r = (w,v), Yo e H'A

Next, by compactness of H'A* in s#A*, the preceding equation holds for all v € JZAF.

Thus we have
Vi1 O {(u,a) e AN S L2AR(D) [trou+ A v o = ()} ,
and conclude that
Vi = {(u,a) e AN 5 L2PAR(D) [ trau4 Axo = O} .
From the above argument, we also see that
Dy 1 (u,0) = S, Y(u,0) € Vi

With these ingredients, we can check that the abstract harmonic form now is in fact
9, as defined in 1D We immediately have the following well-posedness from Theorem
B27

Theorem 3.3.6 (Well-posedness of the semi-essential Robin BVP). Assume that Q) €
R3 is a Lipschitz domain, and A\ > 0. There exist C > 0, depending on Q and \ only,
such that for any f € L2AF, there exists a solution (o,u,p) € HA*P1 x S#2AF x §F for
Problem[2.5.3. Moreover,

ol ar—1 + [ull sear + [Pl < CJIf]]-

Remark 3.3.7. We introduced the B problem and B* problem for the semi-essential
Robin BVP in Chapter 2. They have such names because the function f is assumed to
be in the range of the D and D* operators. This is also the reason for the semi-natural

BVP, whose associated Hilbert complex will be discussed later in this chapter.

3.3.2 Discretization

As we have proved the well-posedness of the semi-essential Robin BVP, we move on to

introduce the finite element method we are going to use to solve it. We consider the
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finite element space A]Z_l X Afb X 532, where A1 x A¥ are one of the following:

PrARTL x PAR PAARTL x PAR,
P AT x PAR P AR AR,

and
J%Z:{UGAZMM:Q (u,do) =0 Vaelo\llz*l}.

Here the spaces P,A* and P7A* are the finite element spaces introduced in Section
A ring above a space, e.g., 757«Ak, indicates that we impose boundary conditions by
setting the degrees of freedom associated with vertices, edges, and faces on the boundary
I" of the domain to be zero.

Our first discrete Robin problem is the following.

Problem 3.3.8. Find (o,u,p) € Ai_l X AZ X .62 that satisfies

—(o,7) + (u,dr) =0, V1€ Aﬁ_l,
(do,v) + (du, dv) + Mtru, tro)r + (p,v) = (f,v), VYo e AF, (3.20)
(u,q) =0, Vqe 9.

Here A > 0.

In order to apply Theorems [3.2.10] and [3.2.9| to derive our discrete semi-natural

BVP’s stability and convergence , we need a discrete Poincaré inequality, which will be

given and proven in the next section.

3.3.3 Discrete Poincaré inequalities
In this section we prove the following result.

Theorem 3.3.9 (Discrete Poincaré inequality for k). Given Q € R? a Lipschitz polyhedral
domain and T a quasi-uniform mesh on it. For each k = 0, 1, 2, or 3, there exists a
C > 0, such that for all up € Afl that satisfies up, L d/izfl and up, L f)lfl, we have

[un]l < C ([[dun|l + || trunl]) - (3.21)

We first note that the cases k = 0 or 3 are straightforward. If k = 0, the statement
is identical to the continuous case, cf. Lemma If k = 3, such uj, must vanish, and
hence the result. Thus we only need to prove for £ =1 and 2. We need a few lemmas.

In general, to prove a discrete Poincaré inequality, it is a standard approach to

use some projection between the continuous and discrete function spaces, and take
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advantage of the continuous Poincaré inequality. We will use this approach. However, as
we know from Section[2.4] the canonical projection is not a bounded operator on H (curl)
or even ¢ (curl). However, on a subset of H (curl) with suitable extra assumptions, the

projection is defined. Precisely, we have the following lemma (cf. [26, Lemma 5.38]).

Lemma 3.3.10. Assume T = {T'} is a triangulation of the domain Q. The canonical
projection wu of u € H(curl) into A} is defined and bounded, if u satisfies u € (H(T))?
and curlu € LP(T)3 for each tetrahedron T in the mesh for some 6 > 1/2 and p > 2.

In order to apply the previous lemma, we need to show extra regularity for the
function in the finite element space. The next two lemmas provide us with desired
regularity. The first one, due to Bramble et. al.[5, Section 10], is an inverse estimate in

planer domains.

Lemma 3.3.11. Let F € R? be a Lipschitz polygon with a quasi-uniform triangulation
T of size h. For 0 <t < 1/2, there exists C > 0, independent of h, such that for all u

piecewise polynomials, it holds that
[ullme(ry < Ch7 | p-

The next lemma generalize the result [1, Proposition 3.7] that H (curl) () H(div) is
continuously embedded in H'/2*9 for some ¢ > 0 that depends on the domain Q only. It
is first given in [20, Equation 4.9]. However, for a more detailed and correct discussion,

one should also refer to [25, Corollary 5.5.2].

Lemma 3.3.12. Assume Q € R? is a polyhedral domain. There exist C > 0 and
0 < s < 1/2, depending on Q only, such that for all w € H(curl) N H(div) satisfying
uxn € H(T), where 0 <t < s, one has u € H*Y/2(Q), and

lull g7z < € (lull + [l evrlu| + || divul| + [lu x 2]l gery) -

We note that in Lemma[3.3.11], regularity is given only on each face F', not the whole
boundary I'. However, in Lemma [3.3.12] regularity on I' is needed in the hypothesis.
We remark that these two are equivalent for 0 <t < 1/2.

Ll
When proving Theorem [3.3.9, we will need to project uj, € 3, * into the space

31#, and use several properties of the projection. Such projection and its properties
will also be used when we analyze Maxwell’s equations, cf. Theorem Therefore,

we state these properties as the following lemma.

Lemma 3.3.13. Assume that € is a Lipschitz polyhedral domain with o quasi-uniform
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mesh, and uy, € A]l1 is orthogonal to 31. Let u = up, — leuh. Then u satisfies
divu =0, curlu=curluy, uXxXn=u,Xn.
Moreover, mu is defined, and
lu = up|| < Cllu — mul (3.22)

Proof. We first establish . By definition, w is orthogonal to the null space 31, thus
it is in the range curl(H (curl)), and consequently, it is div-free. Again by definition of
u, we know u — uj, € 3', which gives curl(u — up) = 0 and (u — up,) x n = 0. The other
two equations in hence follows.

Next, we will show 7u is defined. The above argument has already implied that
u € H(curl) () H(div). Moreover,because u X n = up X n is a piecewise polynomial on
each face F of 2, by Lemma [3.3.11] we know u x n € HY(T) for any 0 < s < 1/2. It
then follows from Lemma that u € HY(Q) for t > 0 sufficiently small. Besides,
we have curlu = curluy, € L>(2). Therefore, by Lemma mu is defined.

It remains to establish the estimate. We first observe that uj; — 7wu is both curl-
free and trace-free. Indeed, the trace-free part comes from the fact that the canonical

projection preserves vanishing traces:

(u—up)xn=0 = w(u—up) xn=>0

= (mu—7up) Xxn=0 = (mu—wup) Xxn=0.

The curl-free part is a result of commutativity of the canonical projections with curl

operator:

curl(up, —u) =0 = weurl(up —u) =0

= curlm(up —u) =0 = curl(up — wu) = 0.
Thus by definition, up — 7u € 3,11 C 31, and hence
(u—up, up, — mu) = (u, up, — wu) + (up, up, — Tu) =0

By the Pythagorean theorem, (3.22]) follows. The lemma is proved. ]

Now we are ready to prove Theorem for the case k = 1.
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Proof of Theorem[3.3.9 for k = 1. For any such uy, we define

u = up — Pup,

where P is the L? projection from L2A! to 3L
By Lemma [3.3.13] we know that 7u is defined, and

[unll < llu = upll + [Jull < llu— 7l + [|u].
By Lemma and Lemma we have
Jull < C([Jeurlul| + [lu x n|r) < C([| curlu || + [lun X n]ir)
Thus it suffices to prove
llu — mul|| < C(]| curlup|| + ||up, x n||p). (3.23)

We will prove this by a scaling argument, as below.

Denote 7' the reference tetrahedron. On each tetrahedron T,

lu — 7ul} < Ch?||a — #al %
= Ch||(I — )(u—v)H% (3.24)
< OB (I8 = 0l oy + L curl(@a = )7, ),

for any v in the finite element space in 7. Since curl(4 — v) is a piecewise polynomial

(up to some degree), we can use equivalence of norms and obtain

lcurl(a — )2, 7, < Cll eurl(i — )|, 7y < Cllis = 024 ) < Cllis = 0101720,

Thus (3.24) yields

o= wull3 < CH n i = V)20
By [18, Theorem 6.1], we have
Hu o 7ru||%« < Ch3|a|12gt+1/2(j~)-

Next we scale back to T

‘u’HtJrl/Z( ) < ChQ(Hl/z)_g‘uﬁIHl/z

(1)
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The last two estimates yield
llu — 7TUH?F < C’h2t+1|u]§{t+1/2(T).
Summing over all T, we obtain
= mulla < CHHul s/, (3.25)

For the H**'/? semi-norm, we apply Lemma [3.3.12) and use the fact that divu = 0
from Lemma [3.3.13] to derive

[ull gre+1/2 < CfJull + [feurlu]l + flu x 0l ger))-

By continuous Poincaré inequality (cf. Lemma |3.3.4)), we can bound ||u|| in above and

derive
1wl o1z < C([| curlul| + [Ju X nl|ger)).-

It remains to bound the last term, for which we use the inverse estimate from Lemma
3.3.11] as below.

lux lleey < C Sl nllgeey < b7 Crllu x nlle < Ch~"ju x nllr-
F F

The last two estimates and (3.25)) yield that
lu — mul| < Ch1/2(|| curlu|| + [Ju x n||p).

By Lemma [3.3.13] the last estimate implies (3.3.9)). Hence we proved the theorem for
case k = 1. O

It remains to prove Theorem for k = 2. The idea is similar to the k = 1 case.
In the proof, the canonical projection 7 (into A% for k = 2) also plays an important
role. Similar to k¥ = 1, 7 is not a bounded operation on H(div) or . (div). The
following lemma from [26, Lemma 5.15], which analogies Lemma but weakens

the assumptions, provides a sufficient condition to define a continuous projection.

Lemma 3.3.14. Assume T = {T'} is a triangulation of the domain ). The canonical
projection mu of u € H(div) into A? is defined and bounded, if u € (HY?T(T))3 for
some § > 0.

Similar to Lemma [3.3.12] We also have a lemma that gives our function regularity
more than 1/2 in § if it has enough regularity on T'.
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Lemma 3.3.15. Assume Q € R3 is a polyhedral domain. There exist C > 0 and
0 < s < 1/2, depending on Q only, such that for all w € H(curl) N H(div) satisfying
u-n € HYT) for all faces F of Q, where 0 < t < s, one has u € H"Y2 and

[ull gresrre < C ([lull + || curlul| + || div ] + [lu - nl ) -
Proof. Consider the Neumann problem

—A,O = fa in Qa

%  —wu-neH ), onT,

where f = ﬁ(ﬂ) Jpu-n. By [26, Theorem 3.18], p is in H3/?+¢ for some 0 < € < 1/2.
Let U = grad p, then

curlU =0, divU=-f, U-n=u-n.

Therefore, u — U is in the space H (curl) () H(div). Thus we know from [I, Proposition
3.7] that there is 0 < dg < 1/2, such that for any 0 < § < &y, u— U is in HY/?>T9(Q), and

lw = Ullgyz+s < Cllu = Ul + [ curl(u — U)[| + || div(u — U)]))
< Cllull + 11U + [l curlul] + [} div ull + [ £]])

By Cauchy-Schwarz inequality, we have || f|| < C|ju - n|lr. Thus we have
[ = Ullgrasz+s < C[Jull + || curlul] + [| div ul] + [Ju - nl[r + [U])

In particular, for any 0 < ¢t < min(e, ), we know that U = gradp € H't1/2 Hence
u € H/2 and the above estimate yield

[ull o1z < ClJull 4 [ curlwl| + || div ul] + [Ju - nl|r + || grad pl| gre+1/2)
Furthermore, by regularity of p, we have
| grad pll ges1/2 < llpllgesssz < CUFI + 1w nll ez y) < Cllu- nll ez ).

The lemma follows from the two estimates above. O

As before, Lemmas [3.3.11] will be helpful establish necessary regularity of u on I, as
we will see in the next proof of Theorem for k = 2.

Proof of Theorem [3.3.9 for k = 2. The proof is much analogous to the previous case.
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For any such uy, we define
u = up — Pup,

where P is the L? projection from L2A? to 32,

As before, we will first show that wu is defined, and
lun|l < flull + Cllu = mul. (3.26)
One can check that
divup, =divu, wup-n=u-n, curlu=0>0. (3.27)
Therefore, u satisfies all hypotheses in Lemma [3.3.15] and hence
[ull gz < C (lull + [ divull + [Ju - nllger) - (3.28)

Consequently, u also satisfies the hypotheses in Lemma|3.3.10, Hence, mu is well-defined.

Next, we can check up — mu € 324 by the following.

(u—up) n=0 = w(u—up) -n=0

= (ru—mup) - n=0 = (mu—up)-n=0.

div(up —u) =0 = wdiv(up, —u) =0

= divr(up —u) =0 = div(up —mu) = 0.

Now that we have verified uj, — wu € 32, we know in particular that it is orthogonal to
u — up. By the Pythagorean theorem, we have ||u — up|| < [[u — 7u|| and hence (3.26))
follows. Thus, to prove the result, it suffices to bound |ju — 7ul|.

By a scaling argument similar to the previous caseE| one can show that
lu = mull < CRY2Jul g o
Hence we have

lunll < C(Ildivul| + llu - nlle + BH[u] o o). (3.29)

2The scaling argument here is a little simpler than the previous case. We do not have a divu term
from Lemma[3.3.T4] while we had curlu from Lemma [3.3.10] before.
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For the H'™1/2 norm, Applying Lemma [3.3.15, and the Poincaré inequality (cf. Lemma
3.3.4)), and the inverse estimate (cf. Lemma [3.3.11)) one can derive the estimate

[l gresr/e < C(||dival + A~ lu-n|[r)
and hence prove the desired inequality from ((3.29)). O

3.3.4 Stability of the discrete problem

With the preceding results, we now have the stability result from Theorem We
note that in this problem, the term inf,cy [Projpyr-1yu — vl| is just HProj%ZuH.

Therefore, the general Theorem becomes the following particular statement.

Theorem 3.3.16. Let €2 be a Lipschitz domain with quasi-uniform meshes. There is
C > 0, dependent on 2 and X\ only, such that for (o,u,p) the solution of Problem
and (op, up, pp) the solution of Problem it holds that

lo —onllaa + llu— un|lea + |l — pall

<C| inf |o—rlus+ inf Ju—v|uen+ inf [p— gl + [Projgull |, (3.30)
rehy~t veAf qeny, "

Remark 3.3.17. Similar to Theorem 7.4 in [3] that if the exact solution is smooth
enough, then HPrOjj%kuH = O(hzr). Thus we have
h

lo —onllaa + lu —upllea + llp — pall = O(R")

3.4 Analysis of the semi-natural Robin BVP

Now we move on to the semi-natural Robin BVP As before, we want to associate
the problem with the abstract Hodge Laplacian for a certain closed Hilbert complex.
Consider the complex (W, D) (as in (3.1)) with Hilbert spaces

Wk—l _ L2Ak:—1 > LQAk_l(F), Wk’ _ LQAk, Wk-‘rl _ L2Ak+1,

where W# ™1 is equipped with the norm ||(o, p)||? = ||o||? + Al|p||3, and D*~1: (o, p) —

d*1lo, D* = d*. We have the domains
Vhl = {(0’, tro)|o € %”Ak_l} and VK= HA" (3.31)

These spaces and operators gives a Hilbert complex.
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Proposition 3.4.1. The sequence (W, D) with domains V', as defined above, is a Hilbert

complez.

We will need the following result. It will serve as an intermediate step in the
density argument when proving Proposition [3.4.1] However, the reasoning is not so

straightforward. Thus we state it as a lemma.

Lemma 3.4.2. Let Q C R? be a Lipschitz domain. For any e > 0, k = 0,1,2, and
o € L>A¥("), there exists u € A N*, such that

lul <e, [tru—ofr <e.

Proof. We will prove this in two steps. First, we will show there exists some u; € JZAF,
whose trace is close to the given o. This will be done separately for each k. Then we
will show that we can find w with the same trace as u; and also with small L?-norm.
We will give one argument for the second part for all k.

If k = 0, for such o, we can first find oy € HY/2(I") such that ||o — 01| < e. By the
well-known trace theorem that tr is surjective from H'(Q) onto H'/?(I'), we can find a
up € H with |[tru; — o] <e.

If k = 1, for any such o, one can find a o1 € H'AY(T) with |lo — o1||r < €/2. Tt is
obvious that both ¢ and dro have —1/2-regularity on I':

o1 € H'AYD) ¢ HY2ANT), droy € LPAX(T) ¢ H™Y2A(D).

It follows from [§] that there exists u; € H(curl) that satisfies tru; = o1, and hence
H tru1 — UHF S €.

For the case k = 2, let us consider the Neumann problem

—Ap = V%(Q)frav in Q,
g—z =0, onl.
One can check that the data satisfies the standard compatibility condition. Hence there
is a solution p € H!. Let u; = grad p, then u; € H(div) and tru; = g—z = ¢. Thus we
have accomplished the first step for all k.

Next, we can define a H'-functions on 2, parameterized by A > 0, that equal 1 in a

neighborhood of I', and decays to 0 quickly. For example,

—_

if x € Q and dist(z,I') < A,
— 1 cos (Mw) . ifzeQand A < dist(z,T) < 22,

N[ =

gA(z) =

otherwise.

=
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Now we consider uy = u;gy. Choosing A > 0 sufficiently small, we finally obtain

luall < € and || truy — || = ||tru; — o] <e. O
Now we can prove Proposition

Proof of Proposition[3.4.1. It is obvious that D* o D*~1 = 0. Again, we need to prove
two properties of (W, D):

1. The operators D*~1 and D* are closed, i.e., the resulting graph {(u, Du)} is a

closed set;
2. The domains V*~! and V* are dense in W*~1 and W*.

For the first property, we just need to check for D*~1, as the closedness of D*¥ = dF is

well-known. Suppose we have
(03, tr o, doy) — (0, p,u) € LPAR1 5 L2ARY(D) x L2AF,  as i — oo

We want to show that o € A1 tro = p, and do = u. In fact, we have do; — do in

H~! because ; — o in L?. Since we also have do; — u in L?, we hence have
w=do, and o; o in HA.

Therefore, we know tro; — tro in H~Y/2. We also have tro; — p in L2, So, u = tro.
Hence the first property is proved.

Next, we check the density property. The result for V* is known, thus we only need
to check for V¥=1. For any (o,u) € L2AF~! x L2AF=Y(T"), there exist o1 € CPAF!
such that |lo; — o|| < € by density, and o9 € S#ZAF~! that satisfies

[troo —pllr <€, and [loof <k,

by Lemma Now we consider (o1 + o9, tr(o1 + 02)) = (01 + 02,trog) € VLl 1t

is “close” to (o, u):

(o1 + o2, tr(o1 + 02)) — (0, 1) | L2 () x L2(T)
<llor = o + l[o2]| + Al tr o2 — plr
<e+e+ A(||troa — ullr + |1 — pllr)
<(2+ 2)\)e.

This proves the density property. O
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As before, a Poincaré inequality is fundamental to analyze our semi-natural Robin
BVP. For the semi-essential BVP before, we proved a compactness property to derive
the Poincaré inequality. For the semi-natural BVP, a regular decomposition due to

Demlow and Hirani [17] is helpful.
Lemma 3.4.3. Assume Q a bounded Lipschitz domain in R, and let k = 0,1,2. Given
v € HAF, there exists ¢ € H'A*1 and z € H'AF, such that

v=do+z, |[ollm + [zllm < Cllvflma-

We will mainly use the following consequent lemma.
Lemma 3.4.4. Assume Q a bounded Lipschitz domain in R, and let k =0,1,2. Given
v € HAF, there exists p € H'A* satisfying

dp = dv, ||pl[g1 < Clldv].

Proof. We consider L? orthogonal complement, denoted by 3, of the null space of
d¥ . HA® — L2A**1 in L2AF. For any such v, we take its L? projection into 3+, and

denote that projection by v'. It is obvious that we have dv = dv. We also have the

Poincaré inequality [[v*| < C||dvt|].

Applying Lemma to vt, we write v = d¢+ p accordingly. Taking the exterior

derivative of the equation, we verify that dp = dvt = dv. We also have
ol < Cllvt || < Clldv*|| < Clldv]|.

The lemma, is thus proven. ]

Lemma 3.4.5. Let Q be a connected Lipschitz domain in R3.

e (Poincaré inequality for k.) For all w € V¥ that is orthogonal to the null space of

DF . we have
o]l < Cllda]l,

where the constant C' depends on ) and k only.

e (Poincaré inequality for k —1.) For all (o,tro) € V¥~ that is orthogonal to the

null space of D*¥=1, we have
ol + [ troll < Cllde|],

where the constant C' depends on ) and k only.
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Proof. The result for k is well-known because D* = d*. We hence omit that and
only prove the inequality for £k — 1. For any such o, by Lemma we have some
p € H'AF1 that satisfies

dp=do e HA*, | p|m < Ci|do]. (3.32)

Note that p — o € J#ZAF!, and is in the null space of d: d(p — o) = 0. By the
theorem hypothesis, we have ((o,tro), (p — o,tr(p — 0)))r—1 = 0. Thus we can apply
the Pythagorean theorem and obtain that ||(o, tr o)|ys-1 < ||(p, tr p)||ype-1, or in terms

of the L?-norm,
ol + [Itroflr < Clpll + [ tr pllr)-

We note that, in the last inequality, the norm of the HA-trace of p is no greater than
that of the H'-trace. The latter is bounded by the H'-norm of tr by the trace theorem,
and hence by ||do|| according to ([3.32). This gives us the desired result. We summarize
this argument by the followingﬂ

loll + I trofle < Cllpll + [ traa plir) < Clipll + [ trar plle) < Cllpllp < Clldo].

By Lemmas and we have the following closedness.

Proposition 3.4.6. The sequence (W, D) with domains V is a closed Hilbert complez.

3.4.1 Adjoint complex of the semi-natural Robin BVP

In this section, we determine the operators D) and Dy, ;, and domains V;* and V" | of

the adjoint complex:
WHL Wk« wht,
Since D* = d*, we immediately have that

* % _ sk+1 x  _ rreAk
Diy1=dpp=0""", and Vi, = HA"

3We use trga and try: to distinguish the HA- and H'-traces in the inequality
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To determine D; and V), we apply the definition of adjoint: Given u € L2AF e Vi
and D*u = (7,v) if and only if

((,v), (0, 1)) = (u, D(o, ) = (u,do), V(o,p) € VEL
Thus we have
(o,7) + My, v)r = (u,do).
In particular, for all o € HAY , we have
(o,7) = (do,u)
from integration by parts. We hence have v € #ZA*, and 7 = du. Thus,
(o,0u) + Mu,v)r = (u,do) = (o, 0u) + /tra A tr .

So we derive

)\/tra/\*pl/:/tra/\tr*u7
T T

which indicates A\(*rv) = tr*u. Thus, we just determined that
D*u = (du,v), where v=(—1) 1T tr *u, (3.33)
based on which we must define
V= {u € L2AF | trwu € L2AF(T), du € L2Ak—1} = H*AF,

Based on these results, we can determine that the abstract harmonic form for this
complex becomes $*, as defined in (2.4). By Theorem we have the well-posedness
of the semi-natural Robin BVP.

Theorem 3.4.7 (Well-posedness of the semi-natural Robin BVP). Assume that Q € R?
is a Lipschitz domain, and A > 0. There exist C > 0, depending on Q and A only, such
that for any f € L2AF, there exists a solution (o,u,p) € SN x HAF x$HF for Problem

[2.5°3 Moreover,

lollzras—1 + l[ullzar + 12l < ClIfII
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3.4.2 Discretization
We consider the finite element space A]fL_l X Afl X 5’)’;, where A]fL_l X AZ are one of the
following:
PoART x PIAR, PAARTE x PIAR
fPT—_’_lAkfl % PrAk, IPT+1Ak71 > PrAk,

and
o = {uGAﬁ | du=0, (u,do)=0 VUEAZA}.
In other words, we use the same fours sets of finite elements as we did for the discrete
natural BVP. The discrete problem that we shall analyze is
Problem 3.4.8. Find (o,u,p) € Aﬁ_l x AF x 9 that satisfies
—(o,7) — A{tro,tr7)r + (u,dr) =0, V7€ Afl_l,

(do,v) + (du,dv) + (p,v) = (f,v), Yvé€ AF (3.34)
(u,q) =0, Vqe€ .6;2.

As for the discrete semi-essential Robin BVP, our next goal is to state and prove

a discrete Poincaré inequality in the next section. After then, we can apply Theorems
[3.2.10 and [3.2.9 to derive our main result.

3.4.3 Discrete Poincaré inequalities

As before, we need discrete Poincaré inequalities for (k — 1)- and k-forms.

Theorem 3.4.9 (Discrete Poincaré inequalities). Given Q € R? a Lipschitz polyhedral

domain and T a quasi-uniform mesh on it.

e (Poincaré inequality for k.) For all uj, € V}f that is orthogonal to the null space
of DF on th, we have

[unl| < Clldual,

where the constant C' depends on 0 and k only.

e (Poincaré inequality for k — 1.) For all (op,trop) € V}ffl that is orthogonal to

the null space of D*=' on th_l, we have

llowll + || tron|| < Clldoll,
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where the constant C' depends on ) and k only.

Proof. The first statement is well-known. We will prove the second inequality only.

The inequality is straightforward for £k = 1. In this case, d is grad. The null space
consists of (75, tr 7) such that 73, is a connected component-wise constant function, which
is the same as the null space of d in V°. Thus, we immediately have the desired result
from part two of Lemma [3.4.5

For the k = 3 case, we will prove the result in a similar fashion as for Lemma [3.4.5
For any such oy, we can find p € H'A*"1 as described by Lemma such that
dp = doyj,. We note that this implies

d(mp —op) = d(m(p — op)) = wd(p — on) = 0.

We thus have that (7mp — op,trmp — troy) is in the null space of D*~!, and hence
by hypothesis, we have the following W-orthogonality: (wp — op,trp — trop) Lw
(on,trop). By the Pythagorean theorem, we have |[(op, trop)||lw < ||(7p,trmp)|w. In

other words,
lonll + [ tronll < C([[mpll + || trmpl). (3.35)

We will prove the bound || tr7p| < || trp|| on each face F' of each element T'. For our
sets of finite element spaces, mp is either in a P space or a P~ space. If the element
is P,A%, trmp is an rth degree polynomial on F. We also have that (trp — trmp) is
L?-orthogonal to any rth degree polynomial on F' from . Hence the desired bound
follows from the Pythagorean theorem. If the element is P~A2, trmp is an (r — 1)st
degree polynomial on F. We now have that (trp — trmp) is L?-orthogonal to any
(r —1)st degree polynomial on F' from , which also gives the desired bound by the

Pythagorean theorem. Therefore, we have the following estimates:
lonll + [ tronlie < [lmpll + [ tr plr.

We apply Lemma [3.3.14] on ||7p||, the trace theorem on || trp|/r, and finally Lemma
to obtain the desired inequality:

lonll + [ tronllr < Cllpllgr < Cllda].

The 2-form case is thus proven.

Finally we prove the result for £ = 2. Similar to the previous case, by Lemma[3.4.4]
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we can find a p € H'A!, such that

dp =dop, |pllm < Clldon]|-

It is clear that 7p is defined by Lemma [3.3.10, because, first, p is in H'A!, second,
curl p = curloy, is piecewise polynomial and hence L*°. Besides, we can check that

(o, — 7p,tr(op, — 7p)) is in the null space of D!. In fact,

dp—on) =0 = w(d(p—o4)) =0

= dn(p—op) =0 = d(mp—op) =0.
Thus we have the orthogonality

(on trop) L (on — mp, tr(on — 7p))

from the hypothesis, where the orthogonality is in the W inner product (or L?(Q) x
L?(T")). By the Pythagorean theorem, we have

[(ons tron)llL2@yxre@y < 1(mps tr o)l 2 () L2(r)s

therefore,
lonll + [ trowll < C(l[mpll + [| tr7p]lr) (3.36)

We note that this estimate is very similart to (3.35)). However, for £k = 2, we do not
have the sharp trace estimate || tr7p|| < || tr p|| as we did case k = 1. To work around,

we break || tr7pllr < [|mp|r + | tr p — tr 7p||r, obtain
lonll + [[tronll < C([[mpll + lmpllr + [ tr p — tr7pllr), (3.37)

and will apply a scaling argument on the last term. For the remainder of the proof, we
are going to bound all three terms on the right-hand side in (3.37)) by ||doy||.
For the first term ||7p||, we scale between any T and a reference tetrahedron T', and

apply the trace theorem on T, as follows.

lmpll7 < CH2||7pI13
< CR2[1pl 3 7

< O (O plf + ol
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Summing over all T, we have
Impll” < C (llpll* + 12[plin) < CllplF < Clldon].
Next, for the second term || tr p||p, we directly apply the trace theorem in €2 to have
[trplle < Clipllgr < Clldon||.

It remains to estimate the last term || tr p — tr wp||p. For each T, we first scale to 7',

and apply the trace theorem there.
ltrp = trmplfy < CR?|[ tr p— te #plI3 5 < CH?||p — 7pIIT -
In T, we have
A Aan2 A2
by Bramble-Hilbert lemma. Scaling back to T', we obtain

1615y < Ch™H ol (-

Combining the last three inequalities, in each T, we have
Itr p = trmpll37 < Chlpld -

In particular, the last estimate is true for all T satisfying T'(\T" # (). Summing over all

such elements, noting that the union of all such 0T is a superset of I', we thus obtain
Itrp — trmpl|f < Chlpl3n < Chlldoy|.

Thus we have bounded all three terms on the right-hand side of (3.37)) by C||doy,|*.

The case k = 2 is proved. Hence we established the lemma. ]

3.4.4 Stability of the Discrete Problem

So far we have proven all hypotheses in Theorem for our semi-natural Robin
BVP. We note that in this case, the term infvev}ic [Projpyr-1yu — v is just HProjﬁﬁuH.

Therefore, the general Theorem [3.2.9]in our particular case gives the following result.

Theorem 3.4.10. There is C' > 0, dependent on  and \ only, such that for (o,u,p)
the solution of Problem and (o, un, pr) the solution of Problem it holds
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that

llo —onllsea + llu—upllaa + llp — pall

k

<0 inf flo—rleat inf fu—olga+ inf p— gl + [Projgeul | . (338)
TEAFT? veAf qenk h

Remark 3.4.11. Similar to Theorem 7.4 in [3] that if the exact solution is smooth
enough, then HPrOjﬁ;ﬁuH = O(h?®"). Thus we have

lo = onllea + [lu = unllra + [lp = pall = O(R").

3.5 Relation between the complexes and Robin boundary

value problems

We have introduced two closed Hilbert complexes, and related them with the two types
of Robin BVPs introduced in Chapter 2. As seen before, we took advantage of the
FEEC framework in our analysis. The key points are to identify appropriate closed
Hilbert complexes and suitable subcomplexes. Validation of various Poincaré inequality

is an essential step in our work. We close this chapter by summarizing the interpretation

as below.
semi-essential BVPs semi-natural BVPs
) k—1 k k+1 k—1 k k+1
W’i L2Ak—1 L2Ak L2Ak—1 x LZAk(F) L2Ak—1 x L2Ak—1(1‘\) L2Ak LQAk+1
Vi HAMD AR - see (3.31) HAF -
Dt dFt o (dFtr) - (u,0) = d* tu d* -
Vi - H*AF see (3.19) - HNR - HAR
Dy - 5k (u, ) = 0F 1y - see (3.33) okt

f - 5 - - 9 -




Chapter 4

Maxwell’s equations with

impedance boundary conditions

4.1 Introduction

In this chapter, we develop numerical theory on Maxwell’s equations with impedance
boundary conditions. Maxwell’s equations are a set of four differential equations that
represent four physical laws, Gauss’ laws for electricity and for magnetism, Faraday’s
law, and Ampere’s law. Those equations provide a concise and elegant way to describe
electromagnetism. Without understanding of the electromagnetic world that is governed
by the equations, it is impossible to have applications as microwaves, computers, MRI
scanners, electricity generator, etc.. Therefore, the study for Maxwell’s equations is not
just of mathematical interest, but also of great importance in physics and engineering.

Two types of boundary value conditions of Maxwell’s equation are useful in practice.
The electric boundary condition arises when the electromagnetic wave travels between
some medium and a perfect conductor. If the medium is surrounded by a non-perfect
conductor that allows the wave to penetrate a small distance, we will have the impedance
boundary condition in the model. The mathematical expression of these boundary
conditions will be given in the next section. As we will see in this chapter, the weak
formulation for Maxwell’s equation with the impedance boundary condition requires
using the space . (curl) that was defined and studied in the last two chapters. We will
also apply the theories from previous chapters to analyze the original equation and its
numerical scheme.

In the next section, we will first introduce Maxwell’s equations and their boundary
conditions in more detail. In particular, we are interested in time-harmonic electro-

magnetic waves. In such cases, we will derive complex-valued function representations

64
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for the electromagnetic fields, and all equations and boundary conditions will consequent-
ly become complex-valued. In Section we will follow [26] to analyze the weak
formulation of the time-harmonic Maxwell’s equations. In the next section, we will
prove stability result of the discrete method, and derive convergence of the method.
We will skip some proofs in these two sections due to their lengths. We will give those
proofs in Section

4.2 Maxwell’s equations and boundary value conditions

In an electromagnetic field, we denote the electric and magnetic field intensities by £
and H, and denote the electric displacement and magnetic induction by D and B. All of
these are real-valued vector fields in space and time. Maxwell’s equations give relations

among them, as below.

%—ltg +curlé =0,

divD = p,

op (4.1)
S —cwrlH =7,

div B =0.

Here the scalar field p is the charge density, and the vector field 7 is the current density.

Besides, the four vector fields £, H, D, and B are related in two pairs, as below.
D=€€, B=uH. (4.2)

Here € and p are called electric permittivity and magnetic permeability, respectively.
They are positive semi-definite matrix-valued functions in general. However, in vacuum,

they obtain constant values:
€0 =8.85x1072F/m, po=4r x10""H/m.

We see from the Maxwell’s equations that £ and H are in H(curl), and B and D are in
H (div). Thus we can view £ and H as proxy fields of 1-forms, and B and D as proxy fields
of 2-forms, respectively. Thus can be viewed as D = *.& and H = *,,-13, where the
weighted Hodge star %, is just the usual Hodge star with a matrix multiplication. For
instance, *.€ = *(eF). In terms of computation, thanks to , we can eliminate two
variables from our original Maxwell’s equation. The most common choice is rewriting
the system in terms of £ and B. This is quite natural as well. Compared to D and H,
the quantities £ and B are physically easier to measure.

For a bounded media (domain © € R3), if R?\ Q is a perfect conductor, then we
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have the boundary conditions
Exn=0, onl.

If R3\ Q is an imperfect conductor, £ x n is not constantly zero. Instead, there is a

positive impedance function A, such that
Hxn—Anx(Exn)=0, onT. (4.3)

In this chapter, we will focus on the study of the Maxwell’s problem with the impedance
boundary condition . For simplicity, we will assume A is a positive constant.

Next, we move to the particularly interesting case where all vector fields are at a
single frequency w. That is, there are time-independent complex-valued vector fields
E,B,D,H:Q—C:

E(x,t) = Re(e ™' E(x)), B(x,t) = Re(e”“'B(x))
D(z,t) = Re(e ™'D(z)), H(z,t) = Re(e ™ H(x))

This setting brings computational simplification. The time derivatives 9/0t of those
electromagnetic fields are now equivalent to multiplying those time-independent fields

by —iw. For instance,

0E(x,t)

5 Re(—iwe™ “tB(x)).

With this property, rewriting the time derivatives of B and D in (4.1]), applying (4.2)),

we derive

—iwB + curl E =0, (4.4)
—iw(eE) — curl(u™'B) = —J.

Multiplying the second equation by —iw and using the first equation, we thus obtain

the following second-order Maxwell’s equation
curl(p~ ! curl B) — w?eE = iwJ. (4.5)

Meanwhile, by (4.4) and (4.2), we have iwpuH = curl E, thus the impedance boundary
condition (4.3) implies

curl E xn—idwun x (Exn)=0 onT. (4.6)
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We will analyze the mixed form this this Maxwell’s problem and its discretization
in the next section.
In time-harmonic case, all the functions are complex-valued. Thus we need to deal
with sesquilinear forms. For a complex Hilbert space H, we say a : H x H — C is a

sesquilinear form, if

a(AMug + Aaug, v) = Ma(ug,v) + Aaa(uz,v), VA1, A2 € C, Yuy,ug,v € H,
a(u, M1 + Aov2) = Ara(u,v1) + Aa(u,v2), VA1, A2 € C, Yu,v1,v2 € H.

We also adopt the complex inner product (-,-) and the weighted inner product (f, g)a

for any real symmetric matrix « in this section. For f,g: H — C3, We denote (f, g) =

fo 'gv and <f7g>a = <afvg>
As convention, we say a sesquilinear form a : H x H — C is bounded, if there exists
M > 0 such that
la(u,v)| < MljullJv] Vu,v € H. (4.7)
We say a is coercive, if there exists 6 > 0, such that

lla(u,w)|| > (5HuH2 Yu € H. (4.8)

Besides, our analysis in this Chapter relies on some assumptions on the parameters.
Assumption 4.2.1. The parameter functions A, €, and p are positive constantsﬂ

Assumption 4.2.2. We assume that w? is not an eigenvalue of the curlcurl operator

with electric boundary condition. In other words, the problem

curlp teurl E=w?E inQ, Exn=0 onT, (4.9)
or its equivalent mixed form

(curl B,cwrl F), 1 —w?(E,F). =0, VF € H(cul)

has only the trivial solution E =0 in ﬁ[(curl).

1We assume € and p to be simplicity. It would not be hard to extend our analysis to more general
cases, such as € and u being symmetric positive definite.
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4.3 Analysis of the time harmonic Maxwell problem with

impedance boundary condition
In this section, we analyze the numerical solutions to the time-harmonic Maxwell’s
problem with impedance boundary conditions. We first present the weak formulation.

Taking any test function F' € 7 (curl), multiplying it with (4.5)), integrating by parts,
and applying the boundary condition (4.6, we derive the following.

Problem 4.3.1. For any given J € L*(Q2,C3), find E € 5#(curl) that satisfies

(curl B, curl F),,-1 — i A(E x n, F x n), 1 — WwHE,F). = (iwJ, F), YF € (curl).
(4.10)

We will follow [26] to prove the following result.

Theorem 4.3.2. For any given J € L*(Q,C3), there is a unique solution E € #(curl)

that solves .

The left-hand side of (4.10) can be viewed as a sesquilinear form on .7(curl) x
A (curl). Unfortunately, it is not coercive, thus in general, we cannot apply the well-
known Lax-Milgram theorem directly on an equation involving a. However, we can

consider the following slightly different sesquilinear form
a(E,F) = (curl E,curl F) ;-1 + w*(E, F)e — i \w(E X n, F X n),r (4.11)

for (E, F) € 5 (curl) x 5 (curl). Then our problem (4.10) can be equivalently written

a(E,F) — 2w*(eE, F) = iw(J, F), (4.12)

Because € and p are assumed to be positive definite, their eigenvalues are positive,

bounded and away from zero. Hence we have the following proposition.
Proposition 4.3.3. The sesquilinear form a given by s bounded and coercive.

Now we briefly sketch how we are going to prove Theorem [4.3.2l The nontrivial
part is for the case that J € 3+ (cf. Theorem . To analyze that particular case,
we will establish some operator K in Lemma to convert into the equivalent
problem of finding F satisfying

)
I+ K)E=—-—KJ.
(+ ) 2w J
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In other words, our goal will be to show I 4+ K is invertible. To achieve that, we also
establish Lemma [4.3.6] showing this K is in fact compact. Thus we can apply Fredholm
alternative, and just need to check (I + K)E = 0 admits the trivial solution only, which
will not be difficult (cf. Lemma [4.3.7).

We start with proving the following form of Lax-Milgram theorem.

Theorem 4.3.4. Assume H is a complex Hilbert space, and the sesquilinear form a :
H x H — C is bounded and coercive, with constants M and 0 as in and @
There exists a unique linear operator K : £ (H,C) — H such that for any bounded
linear functional f: H — C,

alz, Kf) = f(x), Vxe€ H. (4.13)

Moreover, K is continuous, || K| < 1/9.

The proof is mostly applying some fundamental results in functional analysis. We
will present it in Section due to its length.
In the next three lemmas, we are going to introduce an operator K : L?(Q,C3) —

 (curl) and validate some desired properties, as planned earlier.

Lemma 4.3.5. For the sesquilinear form a defined by [{.11], there exists a continuous
linear operator K : L?(Q, C3) — J#(curl), such that for any f € L*(Q,C3), K f satisfies

a(Kf, F) = —2%(ef, F), VF & #(curl). (4.14)
Proof. For any f € L?(2,C?), we have a linear functional
gr: F— —2w%(F, ef).

It is bounded:

2 [(Fref) 22 [efI1F]

lgsll = sup < 2%l f]I.

F ||F‘|ﬁf(cur1) F HF”%(curl)

Thus, we can define K : f — Kigg, where K; € £ (5 (curl),C) — J(curl) is the
operator from Theorem We have

(I(F,Kf) :a(FaKlgf) :gf(F) = _2w2<F7€f>7

which is equivalent to (4.14). The boundedness of K follows from that of K and gy

immediately. The lemma is thus proven. O
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We also need a compactness property. We have the decomposition
}Q,C% =303

where the orthogonality is in the e-weighted sense. In the next lemma, we show that

restricted on 31, K is compact into (L2)3.

Lemma 4.3.6. Let K be the operator described in Lemma . The operator K’gl

maps 3+ into 3. Moreover, it is compact in 3L,

Proof. We take a bounded (with respect to L?-norm) sequence f,, in 3L and want to
show that K f, € ?)J-, and has a convergent subsequence.

In , we take any test function F' € 3. Then we have orthogonality (f,, F) = 0.
Therefore, we have a(K f,,, F') = 0 for the operator K given by Lemma That is

WHeK fr, F) + (L curl K f,y, curl F) — idwpu(K f, x n, F x n)p =0

by the definition . Because our F' is trace-free and curl-free. The above equation
is simplified into (K f,, F')c = 0. Therefore, we have K f,, € 3+

A consequence of K f, € BJ- is that K f,, is div-free, as we know that BJ- for the
curl operator is just the range of its adjoint, curl(H (curl)). Moreover, by Lemmam
1K full #(curt) 18 bounded. Hence K f, is a bounded sequence in J#(curl) N H(div). By
Lemma the space (curl) N H(div) is compactly embedded in the L? vector
space. Thus K f,, has a convergent subsequence. Therefore, K| 50 is a compact operator
in SJ-. ]

Lemma 4.3.7. For any f € él, the equation
I+ K|3L)E =f

has a unique solution E in 3.

Proof. We just validated the compactness of K |3 1 in Lemma W Thus by the

Fredholm alternative theorem, it suffices to show that the homogeneous equation

admits the trivial solution only. Let E' be a solution, then we have K|5, E € J¢(curl)
by Lemma W Thus £ = —K]| 3. E is also in A (curl). Consequently, for any test
F € ¢ (curl), one may write

a(E,F)+a(KE,F)=a((I + K[5.)E, F) = 0.
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Applying (4.11)) and (4.14]), we obtain

—w{(eE,F) 4 (u ' curl B, curl F) — idwu(E x n, F x n)p = 0.

Noting that all parameters are real, taking the imaginary part of the last equation, we
can derive E x n = 0. In other words, E € H (curl). Furthermore, if we restrict the test

function F € H(curl) C . (curl), the last equation implies
(ueurl B, curl F) = w?(eE, F), VF € H(curl). (4.15)

We assumed that w? is not an eigenvalue for time harmonic Maxwell problem with
electric boundary condition. Therefore, the last equation yields 2 = 0, which completes

the proof. 0
Now we can state and prove the well-posedness for the special case that J € 3L

Theorem 4.3.8. For any given J € BL, there is a unique solution E € 3L that solves
4. 10).

Proof. By Theorem for any such given J, we have KJ € J#(curl) that satisfies
a(KJ,F) = —2w*(eJ, F), YF € 5 (curl).
Let u = —5-K(e"1J), we can verify that
a(u, F) =iw(J,F), VF € J(curl). (4.16)

Moreover, by Lemma u € éL, as J € 3L by the hypothesis. Thus, we can apply
Lemma on data v to find F € él that solves

(I+K)E =u. (4.17)

From 1) || and Lemma we can check that for the given data J € 31, our

E satisfies
a(E,F)=a(u— KE,F) =a(u,F) — a(KE,F) = iw(J,F) + 20*(E, F).

which is equivalent to (4.10)). Existence is thus shown.
It remains to show uniqueness of the solution to (4.10]). It suffices to show that the
homogeneous problem of (4.10) only admits the trivial solution. Assume E is such a
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solution. We have
. 2
) -1 = ) - ) e — Yy .
(curl B, curl F),,-1 — i A\w(E x n, F' xn),r —w™(E, F)c =0, VI € (curl)

Similar to the argument in last lemma, we separate real and imaginary parts of the
last equation, and derive E € H (curl). Moreover, we can verify 1j By the non-
eigenvalue assumption on w?. We know that £ = 0. Thus we have uniqueness of the

equation. ]
The general case follows immediately.

Proof of Theorem [{.5.3. By the Hodge decomposition, any such J can be decomposed
as J = Jy+J, € (grad H! 695%1) @SL. Consider with data J| in the place of J.
The last theorem says we have a solution, which we denote by F |, to this problem. Now
it is easy to check that E = E| — 2 solves (with original data J on the right-

we

hand side). Hence we have existence. Uniqueness is valid due to the same argument as

in the last theorem. O

4.4 Discretization and analysis

Now that we have well-posedness of Problem (4.10)) from Theorem we can then

consider the discrete problem. We denote A} any finite dimensional subspace of 7 (curl).

Problem 4.4.1. For any given J € L?(Q,C?), find E, € A}L that satisfies

(curl B, curl F),, -1 — i dw(Ep x n, F' X n),r — WHEy, F). = (iwJ, F), YF cA}.
(4.18)

Two lemmas will be helpful to our error analysis. The first lemma is a regularity

result due to Amrouche et al. [1, Proposition 3.7].

Lemma 4.4.2. If Q C R3 is a Lipschitz polyhedron, then there exists s > 1/2, such
that for any w € H(curl) N H(div) or v € H(curl) N H(div) , we have

uwe H*(Q), and |ullgs < C(JJul| + || curlu|| + || divul]) .

The second lemma is an analogue of Lemma 5.9 in [3].

Lemma 4.4.3. For any pp € f_)’}fb, its L?-projection p onto bk

ph €N, p—py L O
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satisfies

lp = pall < 10 =TDpll, Il < llpal; (4.19)

where I1: HAF — A]fl is the smooth projection given by [11, Section 6].

Proof. Since we have
trp=trp, =0, dp=dp,=0, p—pyLH",
there exists some o € HA*~! that satisfies p — pp, = do. We also note that
(ph,dr) = (p,dr) =0, Vre AF c HAF.

from (continuous and discrete) Hodge decompositions. In particular, for 7 = Ilo, we

have (p — pp, dllo) = 0. Hence we have

lp = pnll* = (pn — p,do) = (pp, — p,d(c — o)) = (p, — p, (I — I)do)
<|lp = pullll({ = I)do|| = |lp — prllII(1 = ) (pr — )|l = lIp — pallll({ = ID)p|.

The first inequality in (4.19) follows. The other inequality is immediate from the
definition of p. O

We also state a regularity result. We will need to apply the result to escalate
regularity of our auxiliary equation when proving the main theorem. The statement is
similar to a result due to Costabel et al. [16]. The major difference is that we weaken
the assumption on smoothness of the boundary, and get (1/2+¢)-regularity, rather than
H'-regularity in [I6]. However, we will postpone its proof to next section due to its

length.

Theorem 4.4.4. Given any Lipschitz polyhedral domain Q C R3, there exists € > 0,
such that the space

V ={(E,H) € [H(curl) N H(div)]* | H x n+an x (E xn) =0}, (4.20)

with a being a nonzero constant, is continuously embedded in HY/?1€(Q) x H/2te(Q).

We now state and prove our main result in this section, from which the stability of
the Problem follows. We have the following theorem.

Theorem 4.4.5. Let () be a Lipschitz polyhedron domain. There exist constants s =
s(Q) € (0,1/2) and C1,Cy > 0, such that if E € J(curl) solves and Ep, € A},
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solves for some J € L?(2,C3), then there holds

Cy :
HE - EhHJf(curl) < 1_7612}15}712}\'% HE - FH:?f(curl)y

for h sufficiently small.

Proof. We denote e = E — E}, the error. Our goal is to bound the .7 (curl)-norm of e.
We recall the definition

HeHiﬂcurl) = (curle, curle),—1 + (e X n,e X n),r + (e, €)e. (4.21)

We also denote Q the .7 (curl)-projection into A,IL. There are two major steps in this

proof. First, we will establish

HeH?)f(curl) <C (HeH%(Curl) Fiél[f;l ||E - F| A (curl) + |<67Q6>6|> (422)
h

Next, we will provide the following estimate for |(e, Q€)|

(e, Qe)e| < Ch*12le]%y (4.23)

curl)

with some 1/2 < s < 1 for h sufficiently small. Once both (4.22) and (4.23) are

validated, it immediately follows that
lell o eurt < Cr 0 1 = Fllocun) + Coh™ el can:
h

where both C; and Cy are independent of h. The theorem follows for h sufficiently
small.

To validate |i we start with an error equation. For any test function F' € A,ll,
subtracting (4.18)) from (4.10]), we obtain that

—w?(e, F)e + (curle, curl F) -1 — idw(e x n, F x n),p =0, VEF € A}. (4.24)
Subtracting the last equation from (4.21]), we obtain

||e||§f(curl) = (curle,curl(e — F)),-1 + (e x n,e x n),r + (€, €)e
+ w2e<e, F)e +idw(e x n, F xn),r
= (curle, curl(e — F)),—1 + (e X n,e x n),r + (e,e — F)e (4.25)
+ (14 w?) (e, F)e +idwle x n, F x n), 1.
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For the two boundary integral terms in (4.25]), we have

(e xn,exn),r+ilwlexn, F xn),r

=(exn,(e—F)xn),r+ (1 +ilw){e xn, F xn),r.

Substituting this into (4.25)), we obtain

lle]|? ety = (curle, curl(e — F)) -1 + (e,;e = F)e + (1 + w{e, F).

+(exn,(e—F)xn),r+ (1 +ilw)(e xn, F xn),r. (4.26)

Again from the error equation (4.24)), one finds that

2
1
(exn,Fxn),r= ;;\—w<e,F>6 + m(cnrle,curlFMA
2
w

1 1
= m(e, F)e — m(curle,curl(e —F))y1 + MH CurleHi,l

Substituting the last equation in the last term of (4.26]), we thus have

HeHJf (curl) = (curle, curl(e — F)) -1 + (e,e — Fe + (1 + w?) (e, F),

(14 i w)w?
+(exn,(e—F)xn),r W (e, F),

14X 144X
_ 1t w(curle,curl(e—F)>uf1+ j,LZ ~

2
Y [ curle|[ ;-1
Moving the term —1E22|| curl eHi_l to the left, and re-arranging the other terms on the

right, we derive

1
e = (i +1) Deurtel

1
= —m@url e,curl(e — F)),—1 + (e,e — F)c

w2

+(exn,(e—F)xn),r+ (_)\w + 1> (e, F)e. (4.27)

We take the magnitudes of both sides, and note that ¢Aw is purely imaginary. Thus the
magnitude of the left-hand side of (4.27)) has the following lower bound

1
)~ <Z>\w + 1> I curle||i,1

= IIellf +llexnlir

I curle||i,1

s
lell2 + fle x nl2 0 + —— || curl |
—f wr N -

2 CHe”%f(Curl)a
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where we used # > ‘LT“’ and Assumption 4.2.1, For the right-hand side of (4.27)),

we apply the triangle inequality and Cauchy-Schwarz inequality to get

”eH?%”(curl) <C (Heuﬁo(curl)He - F”if(curl) + ’<67F>6|) s

Now we choose a particular test function F' = Qe in the last estimate, and use the fact

‘ha‘
e — (;2 e cur < C .Ilf e — G curl) -

Thus (4.22)) follows from the last three estimates.
Next we will prove (4.23). To begin with, we recall the Hodge decomposition for
J (curl)

%(Curl) = grad ﬁl @ 5%1 @ SJ-W(curl)’

where 3 is the space of vector fields u € # (curl) such that curlu =0in Q and uxn =0

on I'. Thus for e € J#(curl), we can break it into two parts
e =gradp+1, wherepe¢€ H' L grad]%f1 (4.28)
Likewise, for Qe € Ailw we can apply a discrete Hodge decomposition
A} = grad A) EB.%}L @ 3#,
and write
Qe = grad pp, + vy, where py, € /OX?Z, U, L dj\g. (4.29)
We know that (e, grad pp). = 0 by taking F' = grad pj in . Consequently, we have

(e,Qe)e = (e, grad pp, + Yp)e = (€, Vn)e = (grad p + ¥, ¥n)e = (grad p, ¥n)e + (¥, Y )e
(4.30)

We will analyze the last two terms to validate (4.23)).
We first look at the term (grad p, ¢,)e. The discrete Hodge decomposition indicates
that in (4.29) we can write further

Yp =ena +ep3, where ey € .6,11, en3 L grad A2 @ f)}ll (4.31)
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By Lemmas We can find wo € 5%1, such that

[wall < llenall,  [lwa = enall < (I = Mws]. (4.32)

We note that the harmonic function wsy is curl-free, div-free, and trace-free. Thus
Lemma [4.4.2] gives that we € H*(), and [Jwa|| g < C|jw]||. Hence

s — enall < 1 = Mywsl| < Ch*lws e < C*lesl] < CHenz]l

For ey, 3, we let w3 = ej,3 —Pgeh73. Thus we can apply lemmas |3.3.13|, |3.3.11L and |3.3.12|,

and use a scaling argument to obtain the following estimate.

lws —enll < (I = m)ws|  (by Lemma[3.3.13)
< Ch®||lws||gs  (by a scaling argument)
< Ch*(Jlwsll + || ewrlws || + [lws X nl[gs-1/2r))  (by Lemma [3.3.12)
< ChY?(||lws|| + || curlws]|| + |jws x n|jr) (by Lemma [3.3.11)
< Ch'? (|| curlws| + lws x n|r)  (by the Poincaré inequality )
< ChY2 (|| curlep || + llens x nllr)  (by Lemma B:3:13).

Now that we have established estimates for ||ep 2 — wa|| and ||e3 — w3]|, recalling the

decompositions (4.28])(4.29)), we thus have

|(grad p, ¥m)e| < [(grad p,en2)e| + |(grad p, en3)|

= |(grad p, ep 2 — wa)e| + [(grad p, ep 3 — w3)e| (by (4.28), (4.29), and (4.31)))
< Ch'?| grad p|| (|| curlep 3 ) (4.33)

+ llens x nlr + [len,2

Again by (4.29)), we can further bound the last three terms || curlep, 3||, ||en,s % n||r, and
||eh,2H by H Qeij(curl)‘ Thus " yields

[(grad p, n)| < Ch'?| grad pll| Qella (4.34)

We also know || grad p|| < |le|| < |lellza by (4.28]). Moreover, since Q is an ¢ (curl)

projection, we naturally have || Qe|l.zn < |le||za. Hence, (4.34) yields the following

estimate:
|(grad p, ¥n)e| < ChY2|le]%py. (4.35)

Comparing (4.35)) with our goal (4.23), we know it remains to analyze the term
[(¢, ¥n)e|. We will fulfill this by giving a bound to ||7| via a duality argument. Let us



78

consider this auxiliary problem: Find z € 7 (curl) that solves

(curl z, curl @) -1 — iA(—w)(z x 1, ¢ X n)ur — (—w)* (2, B)e = (¥, @), Vo € H(curl).
(4.36)

By theorem we know such z is well-defined and satisfies

1212 (cury < Clle]l- (4.37)

We need to show that z and curl z are regular enough to define 7wz, as we do in the

following. Now for any ¢ € grad H 1 we observe that z satisfies

(6) = 5 (,6) =0,

where the second equality is a result of the Hodge decomposition (4.28]). So we have
divz = 0, which means z € H(curl) N H(div,0). Noticing the strong form of (4.36]),

which reads
curl g Leurlz —w?2 =4 in Q, curlz x n+4idwpn x (zxn) =0onT,
implies curl z € H(curl), and hence curl z € H(curl) N H(div), we thus have
(z,curlz) € V, with @ = tAwp, asin .

Therefore, we can apply Theorem to conclude that z and curl z are both in H*(2)
for some s > 1/2. An immediate consequence is that the canonical projection 7z is

defined. Furthermore, we have the following H®-estimates.

12l zs < C(llz]| + [l curl 2| + || div 2])
= C(llzll + [ curl z]]) < Cllo], (4.38)
|| curl z|| s < C(|| curl z|| + || curl curl || + || div curl z||)
= O curl 2| + || pw?= + 9[))
< (2l + [ curl 2[] + [[o[}) < Cl]]. (4.39)

By [26, Theorem 5.41] and the trace theorem, we can show that
”Z - 7T'Z”ff(curl) < ChSil/QHUHHS(Curl) < Chs*l/zHin (440)

Now we are in a position to give a bound to |[¢)|. We choose the particular test
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function ¢ = 1 in (4.36)), and get

[9]1? = (curl 2, curl ¢) 1 — idw(z X n, ¥ X n)ur — w? (2, Y)e.
Using the fact div z = 0 and the decomposition , we know that
(z, —e) =0, curle=curly, andexn=1 xn.
Hence
[¥]1* = (curle, curl 2) -1 + idw(e x n,z X nY,r — w?(e, 2)e.
Besides, we choose F' = 7z € A}L in the error equation to obtain
(curle,curlmz),—1 +idwple X n, Tz X n),r — w?(e, m2) = 0.
The last two equations yield

4] = (curle, curl(z — 72)) -1 — idwple X n, (2 — 72) X NYr — w?{e, 2 — T2)e.

(4.41)

m

The error equation (4.41)) and the estimate (4.40]) together yield
11l < CR* =2 lel] e (cun)

and as a result,

|<wu¢h>| < Chs*1/2H6H3f(curl)Hlth < Chs*l/QHGHJf(curl)H Q€|| < Chs*1/2||e”2%/(curl)'
(4.42)

From (4.30)), , and (4.42), we get the estimate (4.23).
Thus, both (4.22)) and (4.23)) are validated. As we pointed out in the beginning of
the proof, the theorem follows for h sufficiently small. O

Remark 4.4.6. The constant Pgﬁ converges to C1 as h — 0. Thus the theorem

actually gives
|E = Enllea < C inf |E = Fllpa
FeAl

for h sufficiently small.

As a corollary, we can prove the stability of our discrete problem, as below.
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Theorem 4.4.7 (Stability of (4.18))). The problem has a unique solution for any

given data.

Proof. This is a finite dimensional problem, thus it suffices to show that the homogeneous

problem
(curl By, curl F) -1 4 i \w(Ep, x n, F x n),p — w*(Ep, F)e =0, VJ €A, (4.43)

admits only the trivial solution. Suppose Ej solves (4.43)). We knew that F = 0 is the

only solution to the homogeneous continuous problem
(curl B, curl F),, -1 — i dw(E x n, F' X n),r — w*(E,F). =0, YF € (curl).
By Theorem [4.4.5 we have

Cy .
1 En |2 (curt) < 1_Coh® Fléljlil 11|z (cur) = 0,

and therefore Ej = 0. [

4.5 Skipped proofs
We will provide the skipped proofs of Theorem and Theorem [4.4.4]

4.5.1 Proof of Theorem [4.3.2]

In order to prove Theorem we first establish the following result for bounded

coercive sesquilinear forms.

Theorem 4.5.1. Under the same assumption for H and a as in Theorem [{.3.4, there

exists a unique bounded operator A : H — H such that
a(z,y) = (z, Ay), Vx,y € H. (4.44)

Furthermore, A~ exists, and is bounded by 1/6.

Proof. For any fixed y € H, we consider the map
ay: H—C, z~ a(z,y).

By continuity of a, it is straightforward to check that a, is continuous. Thus, by Riesz

representation theorem, there exists a unique z, € H such that

a(z,y) = (x,zy), VreH.
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This fact gives us a well-defined map
A:H— H, y— 2z

We will show that such A is a bounded linear operator, and bijective on H.

First, the linearity is not difficult to check. For any y1,y2 € H, and A € C, we have

(z, Ay1 + Aya) = (z, Ay1) + (x, Aya)

+
= a(xvyl) + a(x7y2) = a(xayl) + a(m,yg) = a‘(xayl + y2)7 Vr € H7
<I’, )‘y1> = 5\<$7y1> = a('l'v)\yl)v Vo € H.

These equations and the well-definedness of A yield the linearity. Besides, we can
validate that A is bounded. In fact,

A
layl = sup LA 10Oy vy e mr

semvior 1zl semor Izl
The last inequality shows ||A|| < M.

Now that we have A € Z(H), we hope to prove A is bijective so that we can apply
the inverse mapping theorem to complete the proof. The injectivity of A is rather
straightforward. Assume Ay = 0 for some y € H. We have a(z,y) = 0 for all x € H by
the way that A is defined in. In particular, a(y,y) = 0. Applying the coercivity of a,
we have y = 0, which implies that a is injective.

Next, we shall prove the surjectivity of A. To accomplish that, we will show Im A,
the range of A, is closed, and then show that Im A~ is trivial. We take any z € Im A.

There exist y, € H such that z = lim,_, Ay,. Thus from coercivity of a, and the

equation (4.44]), we have,

5Hym - yn”2 < ‘a(ym —Yn,Ym — yn)‘
= [(Ym = Yns AWm — Y )| < Ym — YnllllA(Ym — ya)l,

for all m and n. This implies the sequence {y,} is Cauchy, because {Ay,} is convergent
(and hence Cauchy). We denote y = lim, o0 yp. By continuity of A, we know that
z = Ay. Therefore, Im A is closed.

The other property we claimed, i.e., Im A+ = {0}, is easy to check. Indeed, if
x € Im At, there holds a(x,y) = (z, Ay) = 0 for all y € H by (4.44). As before, we
have x = 0 by taking y = x and applying the coercivity of a. Consequently, we know A
is surjective, and hence bijective.

Because A is bijective, by the inverse mapping theorem, we know A~! is bounded.
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In particular, in (4.44)), we have a(y,y) = (y, Ay). The coercivity of a and the Cauchy-
Schwarz inequality give 6||y||*> < ||y|l||Ay|l. The last inequality implies ||A~!| < 1/6.
This completes the proof. O

Now we can prove the theorem.

Proof of Theorem [{.3.3. The uniqueness is obvious from coercivity of a. We will prove
existence and show continuous dependence.
Given any such f € Z(H), by Riesz representation theorem, one can find a unique
2y € H satisfying
flx) =(x,2¢), VoeeH

1zl = 1171l
By theorem we have L € Z(H) such that

a(x,Lzy) = (x,25), VoeH,
I1L] < 1/6.

Thus we see that the operator K : f — Lz satisfies a(z, Kf) = f(x). It is obvious

that this K is linear. Furthermore,

IKFIF = WLzl < llzpll /6 = 1F1/0.

Hence the theorem is proven. O

4.5.2 Proof of Theorem [4.4.4]

Next, we follow [16] to prove Theorem (4.4.4]). In order to do so, we need to recall and
establish some lemmas. To begin with, we define H*(I') for s > 1, since our domain 2

is assumed to be a Lipschitz polyhedron.

Definition 4.5.1. For a polyhedral domain Q) with Lipschitz boundary I, and s > 1,
H3(T) = {ue H'(T) | u|r, € H*(I}), Vi},

where I'; are the flat faces of T.

The first lemma is [25, Corollary 5.5.2] (and hence we omit the proof here). It gives
a regularity result for the (scalar) Laplace equation with non-homogeneous boundary

condition.
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Lemma 4.5.2. For any Lipschitz polyhedral domain ), there exists sq € (0,1/2),
depending on ) only, such that for any ¢ that satisfies

Ap=f inQ,

=g onT,

where f € L*(Q) and g € H¥(T) for some 1 < s < 1+ sq, we have ¢ € HY/>+5(Q).
Moreover, the following holds

ol < CUIflle + Nglls(r)-

The Laplace-Beltrami operator also admits some regularity (may be less than 2), as

described in the next lemma due to Buffa et al. [7, Theorem §].

Lemma 4.5.3. Assume I' is the boundary of a Lipschitz polyhedral domain, and ¢

satisfies
Ar¢p € H¥(I'), s> —1.

Then there exists some 0 < t < s such that ¢ € H{(T).
We are now ready to give a proof to the main theorem of this section.

Proof of Theorem [[.4.4. We observe that it suffices to show that F € H'/2*¢ because
the boundary condition in the definition (4.20) of V' can be written as

1
Exn+<—>n><(H><n):0.
o
First, by Lemma we can find w € (H')? and p € H' that satisfies
E = w + grad p. (4.45)

By the assumption that E € H(div) and the property w € H'({;R3), we take the
divergence of (4.45)) and derive

Ap = —divgradp € L*(Q) (4.46)

We next derive the regularity of p|p from (4.45)). Thanks to [§], we have divp(H x n) €
H~1/? (T"). Applying the boundary condition in 1) we thus have

divp(n x E x n) € HV(I). (4.47)
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Because w € (H')3, we know n x w x n € H1/2(F), and further that

tan
divp(n x w x n) € HY2(T). (4.48)
From , , and , we obtain that
divp(n x grad p x n) € H~Y2(I),
and hence

Arp|r = —divr gradp p|r = —divp(n x (gradp x n)) € Hil/Q(F). (4.49)

Thus by Lemma we know there exists sy > 0, depending on the shape of I' (or
Q) only, such that

plr € H'™*r(T). (4.50)

Finally, by Lemma (4.46), and (4.50), we set p € H3/2T¢(Q) for some € > 0, and
so B € H'/?t¢(Q) by (4.45)). O



Chapter 5
Numerical Examples

In the last chapter, we provide numerical solutions to several problems to verify our
theory in the thesis. We use FEniCS [24], an open-source project specialized in solving
PDEs using finite element methods, and its Python interface Dolfin 2019.1.0, to implement
our methods.

In this chapter, we write CG for the Lagrange element, and N1Curl, N2Div, etc.,
for Nédélec elements. A superscript 0 denotes imposing essential boundary conditions
on the element. Moreover, we put the degree r of our elements after its name. For
instance, (N2Curl’, 1) stands for the second kind of Nédélec edge element of the lowest

order with vanishing boundary traces.

5.1 Vector Laplacian

In this section we will consider the two Robin BVPs in Q = [0, 7]3. We recall the general
definition of the domain of Hodge-Laplacian (2.7), and rewrite it for the special case for

vector fields in three dimensions:
D(A) = {u € H(curl) N H(div) | curlu € H(curl),divu € Hl} .

Now we state our problems in strong form.

Problem 5.1.1. For f € L*(Q,R3) and g € L*(T'), find u € D(A) (5 (div) such that

(curlcurl — grad div)u = f  in Q, (5.1)

(curlu) x n =0, divu+u-n=g, onl. (5.2)

Problem 5.1.2. For f € L?(Q,R3) and g € L?,,("), find u € D(A) () (curl) such

tan
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that

(curlcurl — grad div)u = f in , (5.3)

divu=0, curlu+nxuxn=g, onl. (5.4)

As we have seen in Section 2.5, for each problem, we can view u as the proxy of either
a 1-form or a 2-form. Correspondingly, we can set ¢ = divu or ¢ = curl u, and obtain the
mixed formulation. Note that since {2 is a cube, we have trivial harmonic function spaces.
For each of the four discrete problems, we will first present the mixed formulation,
then we will mention the finite elements we use, and show the computational rates of
convergence in a table. We also append the tables for each element to show errors of

L? norms of u — uy, curl(u — uy,) (when applicable), div(u — uy) (when applicable), etc.

5.1.1 A 1-form semi-natural Robin BVP

In Problem we choose the manufactured soution u = (x(x—7) cos z,0,0). Viewing

u as a 1-form, and setting 0 = —divu = (—2z + 7) cos 2z, our goal is to solve

~(o,7) = {o,7)r + (u,grad ) = (g, 7)r VT €V}, (55)
(grad o, v) + (curlu, curlv) = (f,v) Yo € V. '

We choose our finite element to be (CG, 1; N1Curl, 1) and (CG, 2; N2Curl, 1), we see (cf.
Table that our numerical solution converges with rate 1.

Elements Rates of Convergence Numerical Results
(CG,1) x (N1Curl, 1) 1 cf. Table|5.5
(CG,2) x (N2Curl, 1) 2 cf. Table

Table 5.1: Convergence rates using finite elements to solve Problem as a 1-form
semi-natural Robin BVP.

5.1.2 A 2-form semi-essential Robin BVP

We still consider Problem [5.1.1] with the same manufactured solution. This time we
view u as the proxy of a 2-form, and let o = curlu = (0, —z(x — pi) sin z,0). Our mixed
formulation is the semi-essential one:

—{o,7) + (u,curlT) =0 V1 €V},

(5.6)
(curl o, v) + (divu,dive) + (u-n,v-n)r = (f,v) + (g,v-n) Vv € V2

We have four sets of elements. The corresponding rates of convergence are 1, given in

the following table.
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Elements Rates of Convergence Numerical Results
(N1Curl’, 1) x (N1Div, 1) 1 cf. Table 5.7
(N2Curl®, 1) x (N1Div, 1) 1 cf. Table 5.8
(N1Curl’, 2) x (N2Div, 1) 1 cf. Table [5.9)
(N2Curl’, 2) x (N2Div, 1) 1 cf. Table 5.10]

Table 5.2: Convergence rates using finite elements to solve Problem as a 2-form
semi-essential Robin BVP.

5.1.3 A 1-form semi-essential Robin BVP

We do the same thing to Probelm We take the manufactured solution u =
(sin(2),0,0). If we view u as a proxy of 1 form, the problem becomes a semi-essential

Robin BVP, with 0 = divu = 0. The mixed formulation is

—(o,7) + (u,grad7) =0 vr e VY,

(grad o, v) + (curlu, curlv) + (u X n,v X n)r = (f,v) + (g X n,v X n)p Vv € V!
(5.7)
We solve the problem for finite elements (CG®,1;N1Curl, 1) and (CG?,2; N2Curl, 1),

and generate the following convergence table.

Elements Rates of Convergence Numerical Results
(CGY 1) x (N1Curl, 1) 1 cf. Table|5.11
(CGY,2) x (N2Curl, 1) 1 cf. Table [5.12

Table 5.3: Convergence rates using finite elements to solve Problem [5.1.2] as a 1-form
semi-essential Robin BVP.

5.1.4 A 2-form semi-natural Robin BVP

Finally, we reconsider Probelm with the same solution viewed as the proxy of a 2
form. Hence Probelm is a semi-natural Robin BVP, and o = curlu = (0, cos(z), 0).

The mixed formulation is

—(o,7) — (0 x n, T X n)r + (u,curl 7y = (g, 7)r VTEVhl,

(5.8)
(curlo,v) + (divu,divv) = (f,v) Yo € V2.

Using our four sets of finite elements, we can generate the following convergence table.

5.1.5 Detailed L? error norms

We append detailed error norms to end this section.



Elements Rates of Convergence Numerical Results
(N1Curl, 1) x (N1Div, 1) 1 cf. Table[5.13
(N2Curl, 1) x (N1Div, 1) 1 cf. Table|5.14
(N1Curl, 2) x (N2Div, 1) 2 cf. Table[5.15
(N2Curl, 2) x (N2Div, 1) 2 cf. Table|5.16
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Table 5.4: Convergence rates using finite elements to solve Problem as a 2-form

semi-natural Robin BVP.

mesh |lo—oy| rate |grad(c —oy)|| rate |lo—onllr  rate |Ju—wup| rate |curl(u —up)|| rate
1 4.515 - 8.381 - 9.156 - 4.596 - 4.093 -
2 1.739 1.375 5.615 0.577 4.041 1.179 3.025 0.603 3.968 0.044
3 0.952 0.869 3.668 0.614 1.607 1.330 2.133 0.504 1.758 1.174
4 0.248 1.938 1.891 0.955 0.428 1.906 1.066 0.999 0.931 0.916

Table 5.5: Rates of convergence using (CG, 1; N1Curl, 1) to solve Problem

mesh |lo—oy| rate |grad(oc —op)|| rate |lo—onllr  rate |lu—wpl rate |curl(u —wup)|| rate
1 0.920 - 3.063 - 1.816 - 2.779 - 4.039 -

2 0.347 1.404 1.586 0.949 0.516 1.813 2.157 0.365 3.819 0.080

3 0.040 3.110 0.375 2.078 0.060 3.091 0.472 2.191 1.706 1.162

4 0.005 2.905 0.097 1.939 0.007 2.981 0.122 1.943 0.866 0.977
Table 5.6: Rates of convergence using (CG, 2; N2Curl, 1) to solve Problem

mesh ||o—op| rate |curl(c —oy)||  rate  |Ju—wuy| rate |[div(u—wp)|| rate ||(u—wup) xnlr rate
1 6.344 - 9.040 - 8.297 - 6.512 - 6.878 -

2 4.388 0.531 4.131 1.129 3.126 1.408 3.886 0.744 1.681 2.032

3 2.261 0.956 3.117 0.406 1.853 0.753 1.716 1.178 0.845 0.992

4 1.142 0.985 1.618 0.945 0.962 0.945 0.899 0.931 0.221 1.933

Table 5.7: Rates of convergence using (N1Curl, 1; N1Div, 1) to solve Problem

mesh ||o —oy| rate |curl(c —oy)||  rate  |Ju—wuy| rate |[div(u—up)|| rate ||(u—wup) xnlr rate
1 6.325 - 8.998 - 8.297 - 6.512 - 6.878 -
2 1.336 2.242 4.070 1.144 2.975 1.479 3.886 0.744 1.681 2.032
3 0.802 0.736 3.085 0.399 1.902 0.645 1.716 1.178 0.845 0.992
4 0.206 1.961 1.568 0.976 0.973 0.966 0.899 0.931 0.221 1.933

Table 5.8: Rates of convergence using (N2Curl, 1; N1Div, 1) to solve Problem m

mesh ||o—op| rate |curl(c —oy)||  rate  |Ju—wuy| rate |[div(u—up)|| rate ||(u—wup) xnlr rate
1 3.237 - 5.485 - 5.149 - 6.463 - 3.719 -
2 0.677 2.255 2.059 1.413 1.986 1.374 3.875 0.737 0.847 2.134
3 0.248 1.448 0.446 2.207 0.423 2.228 1.686 1.200 0.102 3.043
4 0.063 1.971 0.129 1.782 0.109 1.957 0.850 0.987 0.013 2.909

Table 5.9: Rates of convergence using (N1Curl, 2; N2Div, 1) to solve Problem

mesh ||o—op| rate |curl(c —oy)||  rate  |Ju—wuy| rate |[div(u—up)|| rate ||(u—wup) xnlr rate
1 2.517 - 5.485 - 5.150 - 6.463 - 3.719 -
2 0.474 2.408 2.058 1.414 1.987 1.373 3.875 0.737 0.847 2.134
3 0.050 3.228 0.440 2.223 0.423 2.231 1.686 1.200 0.102 3.043
4 0.006 2.956 0.112 1.971 0.109 1.956 0.850 0.987 0.013 2.909

Table 5.10: Rates of convergence using (N2Curl, 2; N2Div, 1) to solve Problem
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mesh ||u —wup| rate |curl(u —up)|| rate ||[(u—wup) Xn|p rate
1 2.067 - 3.043 - 1.960 -
2 1.559 0.407 1.335 1.188 1.194 0.714
3 0.834 0.902 0.690 0.952 0.661 0.851
4 0.442 0.915 0.352 0.969 0.347 0.929

Table 5.11: Rates of convergence using (CG?, 1; N1Curl, 1) to solve Problem The

errors for o are all zeros.

mesh ||u —wup| rate | curl(u—up)|| rate |[(u—wup) xXn|p rate
1 1.886 - 3.025 - 1.830 -
2 0.364 2.371 1.325 1.190 0.363 2.331
3 0.103  1.817 0.677 0.967 0.089 2.022
4 0.025 2.001 0.340 0.994 0.022 1.968

Table 5.12: Rates of convergence using (CG?,2; N2Curl, 1) to solve Problem The

errors for o are all zeros.

mesh |lo—oy| rate |grad(oc —op)|| rate |lo—onllr  rate |Ju—wupl rate |curl(u —wup)|| rate
1 3.588 - 3.939 - 4.688 - 7.467 - 0.000 -
2 1.750 1.035 1.545 1.350 1.706 1.457 2.186 1.771 0.078 -
3 0.881 0.990 0.709 1.123 0.761 1.163 0.803 1.445 0.015 2.367
4 0.433 1.023 0.346 1.031 0.362 1.069 0.345 1.216 0.003 2.296

Table 5.13: Rates of convergence using (N1Curl, 1; N1Div, 1) to solve Problem

mesh ||o —op|| rate | grad(c —op)|  rate |lo —opllr  rate  |ju—wup| rate | curl(u —up)|| rate
1 3.030 - 3.937 - 4.056 - 7.467 - 0.000 -
2 1.017 1.574 1.544 1.350 1.038 1.9657 2.114 1.820 0.078 -
3 0.260 1.965 0.707 1.126 0.283 1.8763 0.791 1.418 0.015 2.367
4 0.066 1.970 0.344 1.039 0.071 1.9899 0.343 1.204 0.003 2.296

Table 5.14: Rates of convergence using (N2Curl, 1; N1Div, 1) to solve Problem

mesh |jo —op|| rate | grad(oc —op)|| rate |jo—oplr rate |Ju—wupl| rate |curl(u —uwp)|| rate
1 0.506 - 1.186 - 0.562 - 1.240 0.002 -
2 0.229 1.144 0.257 2.205 0.204 1.459 0.252 2.293 0.009 -2.049
3 0.059 1.939 0.064 1.994 0.052 1.953 0.064 1.978 0.001 3.180
4 0.014 1.995 0.016 1.969 0.013 1.998 0.016 1.998 le-4 3.111

Table 5.15: Rates of convergence using (N1Curl, 2; N2Div, 1) to solve Problem

mesh |jo —op| rate | grad(oc —op)|| rate |jo—oplr rate |Ju—wupl| rate |curl(u —uwp)|| rate
1 0.465 - 1.186 - 0.555 - 1.223 0.002 -
2 0.067 2.777 0.257 2.205 0.072 2.930 0.250 2.290 0.009 -2.049
3 0.008 3.004 0.064 1.995 0.010 2.832 0.063 1.982 0.001 3.180
4 0.001 3.013 0.016 1.995 0.001 2.907 0.015 1.988 le-4 3.111

Table 5.16: Rates of convergence using (N2Curl, 2; N2Div, 1) to solve Problem
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5.2 Time harmonic Maxwell problems

In this section we will solve the discrete time-harmonic Maxwell problem . We
note that the functions and inner products that we considered and analyzed in Chapter
4 are all complex-valued, while complex numbers are not supported in FEniCS. Thus we
need to first convert our problem to an equivalent form with real-valued functions
and inner products for computational purposes.

It will make our construction clearer to begin with the strong equation and
the boundary condition , in which we replace the right-hand side with a tangential
vector field g for non-homogeneous boundary conditions. For each vector field, we can
split it to real and imaginary parts, indicated by subscripts [, and [J;. For instance
E=FE,.+iFE;. Thus is broken into two equations

curl(p~tcurl E,) — w?eE, = —wJ;, curl(p~!eurl By) — w?eF; = wJ,, (5.9)
and the boundary condition (4.6)) also yields two pieces
curl B, x n+ dwun x (E; xn) =g, curlE; x n— A wun x (E, xn) =g;. (5.10)

Next, as routine, we take real-valued test functions F,. and F;, multiplying with the
equations (5.9) respectively, integrate by parts while applying (5.10)). We finally obtain

the following mixed form

(nLeurl By, curl F,) — w?e(E,, F,) + wA(E; x n, F, x n)r (5.11)
= —w(Ji, ;) — (gr,n x (Fr x n))r,
(pLeurl B, curl Fy) — w?e(Ey, Fy) — wA(E, x n, F; x n)r

(5.12)
= W<J7’7Fr> - <gi7n X (FZ X n)>F7

Here all inner products are the real integrals. In particular, it our trial functions FE,
and FE;, and test functions F, and F; are all from our finite element space, then this
two-equation system yields our numerical scheme. It can be checked (and hence we omit

the proof) that this system is equivalent to our original one, i.e.,

Theorem 5.2.1. Given the domain Q and data J € L*(Q,C3) and g € L2,,(T'). For

tan
any E = E, + iE;, with E € J(curl) complez-valued and E, and E; real-valued, F
solves if and only if (Ey, E;) € J(curl) x J(curl) (real-valued) solves
and .
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5.2.1 Example 1

In our first example, we consider the cubic domain € = [0, 1]3, parameters e = 1, = 1,

and w = 0.1, the exact solution F = (y, z,x + y + z), and the right-hand side terms
J=iweE, g=—curlE xn+iwin x (E X n). (5.13)

We start with 1 x 1 x 1-mesh, and each time uniformly refine the mesh. On the first 4
meshes, we solve our problem with the H (curl) Nedelec space with degree 1. According
to Theorem the ¢ (curl)-norm of the error,

1/2
”Eh - EH%”(curl) = (HEhﬂ" - EHif(curl) + ||Eh7i - OHif(curl)) >

should converge to 0 with order 1. Indeed we have such numerical result, as shown in
Table Besides this result, we make a few more observations. We see that the L?
convergence of the error and the tangential trace of the error are both approximately of
order 1, which is optimal as well. However, curl of the error approaches 0 with a higher
rate. This is not surprising. Calculation gives a constant vector curl E = (0, -1, —1),

which lies in the finite element space.

Mesh [lerr| rate |lcurl(err)|| rate [lerr xn[r rate |[lerr|p(cur) rate

1 0.713 - 0.020 - 1.143 - 1.347 -

2 0.465 0.615 0.009 1.369 0.637 0.843 0.789 0.772
3 0.259 0.847 0.003 1.384 0.332 0.941 0.421 0.907
4 0.132 0.966 0.001 1.570 0.168 0.980 0.214 0.975

Table 5.17: Unit cube meshes, element = Nlcurl, deg =1
We can try raising the degree of the element, or switch to other elements, e.g., the
2nd kind Nedelec element. In either case, we note that the finite element space will

contain all linear vector fields. So we shall expect to produce the exact solution, which

is linear, by our numerical scheme. This is verified by computation.

5.2.2 Example 2

In this example, we work with the same unit cube domain with the same 4 meshes, but
with a quadratic exact solution

E=(y* 222 +y* +27%),

and resulting right-hand side terms, which are still given by (5.13)). As before, we first
solve with N1curl with degree 1, and obtain 1st order convergence for the .7 (curl)-norm
of the error (cf. Table |5.18]). This time, all break-down errors decays with order one,
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including the curl-part, because now curl E is linear, and is not in the finite element

space.
Mesh [lerr| rate |lcurl(err)|| rate [lerr xn[r rate [lerr|lp(cur) rate
1 0.739 0.753 - 1.190 - 1.590 -

2 0.497 0.573 0.381 0.982 0.687 0.791 0.930 0.774
3 0.278 0.835 0.197 0.945 0.362 0.924 0.498 0.901
4 0.143 0.960 0.103 0.940 0.184 0.973 0.255 0.963

Table 5.18: Unit cube meshes, element = Nlcurl, deg = 1

Next, we raise the degree of our space Nlcurl to r = 2, and also try switching to
N2curl with degree 1. In neither case is the quadratic exact solution contained in the
finite element space, so we expect to observe 2nd order convergence for 2nd degree
Nlcurl element, while still expect to see 1st order convergence with 1st degree N2curl
element (cf. Tables and for details). The first part is not hard to interpret.
As we raise the degree, the convergence rates of ||e||, || curlel||, and |le x n]|| all should
increases by 1, as the finite element space, its curl, and its tangential trace now all
contain one degree higher of complete polynomials. As a matter of fact, we observe
even higher convergence rate for ||curle|. The reason is similar to the first example.
For our particular exact solution F, curl F is linear, while our element space contains
all linear functions. Thus it is possible to have rate higher than 2. As for the 1st-degree
N2curl element, the convergence rate for || curl e|| does not improve, compared with that

for 1st-degree Nlcurl element. This is a result due to the general fact that
curl (rth-degree Nlcurl space) = curl (rth-degree N2curl space) .

In particular, the curl-image of our N2curl space does not contain all piecewise linear
vector fields, as before. Hence we again have 1st-order convergence for || curle||. Consequently,

llell s (curty decays linearly.

Mesh [lerr| rate |lcurl(err)|| rate [lerr xn|r rate |[lerr|p(cur rate
1 0.165 - 4e-3 - 0.236 - 0.288 -
2 0.046 1.840 le-3 2.204 0.063 1.893 0.078 1.875
3 0.011 1.957 2e-3 2.439 0.016 1.954 0.020 1.955
4 0.002 2.022 3e-5 2.478 0.004 1.978 0.005 1.993

Table 5.19: Unit cube meshes, element = Nlcurl, deg = 2
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Mesh [lerr| rate |lcurl(err)|| rate [lerr xn[r rate [lerr|lp(cur) rate
1 0.187 - 0.752 - 0.307 - 0.834 -
2 0.049 1.922 0.381 0.982 0.081 1.921 0.392 1.087
3 0.012 1.964 0.197 0.944 0.021 1.924 0.199 0.977
4 0.003 1.975 0.103 0.940 0.005 1.931 0.103 0.948

Table 5.20: Unit cube meshes, element = N2curl, deg = 1
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