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ABSTRACT

In this thesis� we study the approximation properties of three low order mixed �nite elements
which preserve the incompressibility condition for incompressible �uids� More precisely� we study
the mixed �nite elements Pn�Pn�� for n � �� 	� 
 for which the velocity space consists of continuous
piecewise polynomials of degree at most n and the pressure space consists of discontinuous piecewise
polynomials of degree at most n��� In addition to its practical applications� the study of the elements
sheds light upon questions in the approximation theory of divergence�free piecewise polynomials and
continuously di�erentiable piecewise polynomials�

The performance of the Pn�Pn�� elements depends on the mesh con�guration and the analysis
of their stability and convergence is far from complete� In this thesis� we extend the existing theory
to many new analytical and computational results�
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Chapter �

INTRODUCTION

���� Problem and Motivations

In this thesis� we mainly study the approximation properties of some low order mixed �nite
elements that preserve the incompressibility condition for incompressible �uids� Our principal
equations in this work are the Stokes equations

��u�rp � f in ��

divu � � in ��
�������

where u � �u�� u�� is the velocity of the �uid� p is its pressure� f � �f�� f�� is the external force� and
� is a polygonal domain in R�� More precisely� the mixed �nite elements Pn�Pn�� for n � �� 	� 
�
i�e�� the velocity space� consisting of continuous piecewise polynomials of degree n� and the pressure
space consisting of discontinuous piecewise polynomials with degree n � �� are investigated in this
work� It is known� by the work of Scott and Vogelius �	��� that for n � � these elements are stable and
have optimal rate of convergence for almost all of the regular mesh con�gurations� However� there
are very few results� see Scott and Vogelius �		�� that are valid for these three low order elements�
mainly due to the uncertain stability of the elements on di�erent mesh families� In this thesis� we
present many new theoretical results and numerical experiments concerning these elements�

Let us �rst discuss our motivations in undertaking an in depth study of the Pn�Pn�� elements�
First of all� the Pn�Pn�� elements are simple in structure and relatively easy to implement� and
they often achieve good approximation in practical computations� For example� the P��P� element
has been used in viscoplastic analysis� see Lee and Dawson ���� and Kitahama and Dawson �����
Numerical experiments on P��P� element for the Stokes equations also show that this element
does provide good approximation for the velocity and sometimes for the pressure as well� In the
other words� this �nite element method is able to provide numerical solutions with an optimal
rate of convergence even though the method fails the stability test in general� This suggests that
a gap sometimes exists between error estimates based on the classical stability theory and the
true approximation properties of mixed �nite element methods� Implementation of these elements
are relatively simple in practical computations� Since the pressure space does not impose any
interelement continuity� the �nite element discretization of system ������� can be approximated by
the penalty method� leading to a positive de�nite system for the velocity� Then the pressure can be
recovered easily triangle by triangle�

Second� all the three elements preserve the incompressibility condition of the incompressible
�uids� This is a direct consequence of the fact that the divergence of each velocity function in any
of the three �nite element spaces belongs to the corresponding pressure space� Almost all of the
low order �nite elements �see� e�g�� Girault and Raviart ����� Brezzi and Fortin ��� for the Stokes
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equations do not have this property�this is because the usual way to achieve stability of a low
order element is to relax the incompressibility condition� thereby sacri�cing the incompressibility of
the numerical solutions�

Third� the three elements provide examples in which the stability and convergence of �nite
element solutions depend heavily on the mesh con�guration� a situation which has not been fully
understood yet� As will be seen� they provide a remarkably rich set of behaviors depending on the
boundary conditions and especially mesh geometries�

Finally� by analyzing the error estimates of the �nite element solutions provided by these
elements� we can understand the approximation properties of the space of all the divergence�free
functions of the continuous piecewise linear� quadratic� or cubic polynomials� Via the introduction
of a stream function� the best approximation to the velocity by Pn�Pn�� element for n � �� 	� 
 is
intimately related to the best approximation of C� piecewise polynomials of Pn�� to a C� function�

���� Stability and Approximability of Mixed Finite Elements

To simplify the exposition we are assuming that the Stokes equations ������� is subject to
either the homogeneous Dirichlet boundary conditions� u � � on ��� or to the traction boundary
conditions �u��n� pn � g on ��� where n is the outward normal unit to ���

For the Dirichlet condition� the weak formulation of ������� seeks �u� p� in

V � P �� �H����� L���� such thatZ
�

ru � rv �
Z
�

p div v �

Z
�

f � v� �v � V �

Z
�

q divu � �� �q � P�

���	���

Note that the velocity u is uniquely determined but the pressure p is only determined up to an
additive constant�if �u� p� solves ������� then �u� p� c� also solves ������� for any constant c� To
obtain a unique pressure� we impose the side conditionZ

�

p � ��

For the traction boundary condition� the weak formulation of ������� is given by following
with the space V � P is taken to be H����� L�����Z

�

ru � rv �
Z
�

p div v �

Z
�

f � v �

Z
��

g � v� �v � V �

Z
�

q divu � �� �q � P�

The pressure p is unique under the traction boundary condition but the velocity u is determined
only up to an additive constant vector�

In the following� we always refer to the Stokes equations with the Dirichlet boundary condition
unless stated otherwise� Parallel discussions can be carried out quite similarly for the traction
boundary condition�

On the �nite element level� we consider solving a discrete analogue of the system ���	��� in a
�nite element space Vh � Ph contained in V � P �Z

�

ruh � rv �
Z
�

ph div v �

Z
�

f � v� �v � Vh�Z
�

q divuh � �� �q � Ph�

���	�	�
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Here the parameter h usually refers to the meshsize� The velocity uh is still unique� but the pressure
ph may be determined up to addition of any function in the kernel

Nh � fp � Ph
�� Z

�

p div v � �� �v � Vhg�

of the discrete gradient operator� The nonconstant pressure modes in Nh are called spurious pressure
modes� In order for ���	�	� to be a reasonable discretization� the spaces Vh and Ph will have to
be appropriately chosen not just any combination will work� Loosely speaking� we want to choose
Vh and Ph so that the resulting method is both stable and accurate in some sense� These demands
tend to be in con�ict and one has to �nd a reasonable compromise� Many low order �nite elments
for ���	�	� are known to be both stable and accurate� however almost none of them can provide a
divergence�free numerical solution uh�

The stability properties of the �nite element method based on Vh � Ph is determined by the
inf�sup condition �or Brezzi!s condition� or LBB condition�� see Brezzi ���� that the inf�sup constant

�h �� inf
���p� �Ph

sup
���v�Vh

R
�
p div v

kvk���kpk��� � ��

�The circum�ex in "Ph indicates the subspace of Ph consisting of functions with a mean value of zero

for Dirichlet problems Ph is used instead of "Ph for traction problems�� If the �nite element space
Vh � Ph satis�es the inf�sup condition and some other assumptions� we then have the following
classical error estimates�

ku� uhk��� � C

�h
inf
v�Vh

ku� vk��� � C inf
q�Ph

kp� qk���� ���	�
�

kp� phk��� � C

��h
inf
v�Vh

ku� vk��� �
C

�h
inf
q�Ph

kp� qk���� ���	���

where C is a generic constant which may vary in di�erent locations� but it is independent of h� See
Brezzi ���� Brezzi and Fortin ��� and Girault and Raviart �����

A �nite element method is called stable if there exists � � � independent of h such that
�h � � holds for any mesh of � and for any meshsize h � �� Similarly� a �nite element is said to be
stable for a mesh family if �h can be bounded below by a positive number for any mesh of the mesh
family� For a stable �nite element method� the combination of ���	�
� and ���	��� gives an estimate
of the �nite element solution �uh� ph� as

ku� uhk��� � kp� phk��� � C

��
inf
v�Vh

ku� vk��� �
C

�
inf
q�Ph

kp� qk���� ���	���

Therefore� for a stable �nite element method� the good convergence of the �nite element solution is
guaranteed as long as the �nite element space Vh�Ph has good approximation properties� It is easy
to achieve the stability by simply taking Vh large enough the real challenge is to achieve a good
balance between Vh and Ph� Since the estimate of the �nite element solution is tied together with
the approximation properties of both the velocity and pressure spaces� shown by ���	���� a large Vh
will not improve the error estimate in any way�

The three �nite elements considered� i�e�� Pn�Pn�� for n � �� 	� 
� have divergence�free
velocity solutions and well matched velocity and pressure spaces in the sense of approximation
abilities of the two spaces� However the stability of these elements does not hold for general mesh
families� As we shall see the inf�sup constant �h is zero for some meshes� while for certain mesh
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families �h will be shown to tend to zero with h� and while for other mesh families �h will be shown
to be positive and bounded above zero uniformly�

When �h � �� the pressure space Ph contains spurious pressure modes� A natural idea is to
de�ne the reduced pressure space Mh as the L��orthogonal complement of Nh in Ph� so there are
no spurious pressure modes in Mh� The reduced inf�sup constant is de�ned by

��h �� inf
���p�Mh

sup
���v�Vh

R
�
p div v

kvk���kpk��� �

and is always positive� Consequently� the pair ��uh� �ph� � Vh �Mh which solves ���	�	� with Ph
replaced by Mh is uniquely determined� With a simple calculation one can show that �uh equals uh
and �ph is the orthogonal part of ph to Nh� A �nite element is said to be reduced�stable if there is
�� � � such that ��h � �� uniformly for all the regular meshes of �� It is obvious that stability implies
reduced stability� Applying the classical error estimate theory to Vh �Mh� we shall see that the
approximation of uh to u and �ph to p depends on ��h and the approximation properties of Vh and
Mh�

The three elements we consider are stable on some mesh families� Therefore� the classical
theory can be applied� But stability fails on many mesh families for these elements� To determine
the reduced stability and the approximation properties of Mh is valuable but di#cult� The structures
of the reduced pressure space Mh and Nh are far from being understood for general mesh families�
If the elements are reduced�stable on some mesh families� we are able to conclude that

ku� uhk��� � C

��
inf
v�Vh

ku� vk����

which implies that uh is the best approximation of u in the velocity space Vh� However the estimate
for p � �ph is determined by the approximation property of the reduced pressure space Mh� As
shown in late chapters Mh does have nice approximation ability on many mesh families� namely�
the pressure �ph is a good approximation for p for a lot of cases� The computation for �uh� �ph� is
usually not practical because Mh does not usually admit a local basis� but fortunately we can solve
�uh� ph� in Vh�Ph instead of �uh� �ph� in Vh�Mh as long as there is an inexpensive post�processing
procedure �or �ltering� to compute �ph from ph� If even reduced stability fails� we will see that
velocity �also pressure� may or may not converge optimally�

���� The Organization of This Thesis

In this work� we study the three �nite elements theoretically� and also investigate the numerical
performance of the P��P� element� Each of the three elements has its own character� but they share
many common properties� We shall recall some basic knowledge of Stokes equations and present the
major tools used in our analysis in the next two chapters� then treat each of the elements afterward�
The organization of this thesis and the content of each chapter are as following�

In Chapter 	 we recall some theoretical results on the Stokes equations which shall be used
frequently in this thesis� Most of these can be found in Brezzi and Fortin �� and Girault and
Raviart ����� More speci�cally� the theorems on the uniqueness� existence� and error estimates of
�nite element solutions of Stokes equations shall be introduced in this chapter�

Chapter 
 concerns macroelement techniques for verifying the inf�sup condition� The main
idea of such techniques �see� e�g�� Boland and Nicolaides �	�� �
�� Stenberg �	��� �	��� and Brezzi and
Fortin �� x VI���
�� is to reduce the stability analysis of a �nite element discretization to the analysis
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of the stability on macroelements composed of only a few triangles� combined with some minimal
global information� Our approach is based on several types of macroelement techniques�

Chapter � contains some theoretical results on the P��P� �nite element� The approximation
order for this �nite element space is 	 that is� the error in the best approximation of �u� p� in
�H����� L���� by functions in Vh � Ph tends to zero like O�h��� However� the convergence and
stability properties of the P��P� �nite element method depend essentially on the mesh family used�

Based on the analysis of the Fraeijs de Veubeke�Sander element by Ciavaldini and Nedelec
����� Mercier ��� observed that for a triangulation composed of convex quadrilaterals each of which
is partitioned into four triangles by its two diagonals� uh converges to u with optimal order h� in
H�� We shall strengthen this result by showing that for such meshes the pair Vh �Mh is actually
stable� and that the subspace Mh gives the same order of approximation as Ph does� The recovery
of �ph from ph is quite simple in this case�

A negative result can be deduced from the work of de Boor and H$ollig ��� see also de Boor
and Devore ���� They considered the triangulation of the unit square obtained by subdividing it into
equal subsquares and then bisecting each of these by its positively sloped diagonal� They showed
that for this mesh family the space of C� piecewise cubic polynomials has approximation properties
that are one order suboptimal� which is equivalent to suboptimal approximation of u by uh� �The
norms considered by de Boor and H$ollig are not exactly those pertinent to this discussion� However
their argument can be adapted� Cf�� Babu%ska and Suri ����� It is known that the dimension of Nh

is � for this diagonal mesh� We explicitly determine a basis for Nh�

For a triangulation of the unit square� which is a mixture of diagonal and crisscross subdivi�
sions� i�e� a partition into equal small squares with each of the squares divided either by its positively
sloped diagonal or by both its diagonals� what is the approximation property and reduced stability
of the P��P� element& We know that the element has optimal approximation for both velocity
and pressure if the mesh is formed only by crisscross subdivisions but on the other extreme� the
element has only suboptimal approximation for the velocity if the mesh is diagonal� Our main result
is that the element is both reduced�stable and optimal after the removal of local spurious pressure
modes associated with the singular vertices� as long as the proportion of crisscross subdivisions is
not vanishingly small in any part of the domain�

We also show that for some mesh families the P��P� �nite element method is stable� and
consequently the velocity and the pressure converge with optimal order�

Chapter � continues the investigation of the P��P� element� mostly based on numerical
experiments� In particular we show extensive numerical computations of the inf�sup and reduced
inf�sup constants� as well as numerical computations of the �nite element solutions� Some of these
results serve to verify the theoretical considerations of the previous chapter� but for some cases the
�nite element solution is more accurate then we are able to explain theoretically�

In Chapter � we consider the P��P� element� Generally� P��P� element performs better
than the P��P� element� and the results of Chapter � carry over to this element� Using ideas
similar to those of the proofs in Chapter �� we show that the P��P� element is reduced�stable on the
irregular crisscross family and as well on the mixed family of crisscross and diagonal subdivisions�
The P��P� element is stable on many mesh con�gurations� for example on barycentric trisected
triangulations�

Chapter  is devoted to the P��P� element� This element is probably the simplest �nite
element that preserves the incompressibility of �uids� However� this element is not reduced�stable
for almost any mesh since the system is over constrained� The best mesh we known of is the
crisscross mesh� Even on this mesh Vh �Mh is unstable and ch � ��h � Ch with c and C two
positive constants independent of h� However� with further analysis� we can show that� on the
crisscross mesh� this simplest element provides optimal approximations for the velocity u and the
pressure p� We also prove some similar results for a general mesh family of a polygonal domain�
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An interesting relation between the stabilities of the quadrilateral element Q��P� and the
P��P� is also established in this chapter� Because of the relation� if the element Q��P� is stable
on a family of partitions Qh for a polygonal domain� then the P��P� element is reduced�stable on
a corresponding mesh family� More precisely� the reduced inf�sup constant is bounded below by a
�xed positive number on the triangulations Th resulting from dividing each quadrilateral in Qh by
its two diagonals� Moreover the numerical solution for velocity converges with the optimal rate and
the pressure can be recovered by a simple postprocess� We have obtained some theoretical results
on the Q��P� element� Since this element does not preserve the incompressibility condition� we
will not discuss these results in this thesis�
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Chapter �

STOKES EQUATIONS AND THEIR FINITE
ELEMENT APPROXIMATIONS

In this chapter� we brie�y introduce some fundamental concepts and theorems underlying
the Stokes equations and their mixed �nite element discretization� In Section � we discuss the
Stokes equations and their weak formulation� In Section 	 we present some abstract approximation
results for the mixed formulation of the equations� In Section 
 we recall some basic approximation
properties of �nite element spaces of piecewise polynomials these properties will often be used in
our analysis� Finally� in Section � we give a short introduction to the three �nite elements considered
in this thesis� All results stated in this chapter are for the Stokes equations with Dirichlet boundary
conditions� however they are also valid for the same problem with traction boundary conditions�

���� The Stokes Equations and Their Weak Formulation

Consider the Stokes equations

��u�rp � f in ��

divu � � in ��
�	�����

with either the Dirichlet or traction boundary conditions� Here � is a bounded polygonal domain
in R�� The velocity and the pressure of the �uid governed by the equations are denoted by u and
p respectively�

As our model problem we consider �	����� with Dirichlet boundary condition� The weak
formulation of this problem is

a�u� v�� b�v� p� � �f � v�� �v � V �

b�u� q� � �� �q � P�
�	���	�

This is obtained by multiplying the equations of �	����� by v � V and q � P � integrating them over
�� and using the Green!s formula� Here

V � P �� �H����� L�����

a�u� v� ��

Z
�

ru � rv� for any u� v � V �

b�u� q� ��

Z
�

q divu� for any u � V � q � P� and

�f � v� ��

Z
�

f � u� for any f � v � V �

The formulation �	���	� is usually called the mixed formulation of �	������ It is known that �nding
a solution �u� p� � V � P of �	����� is equivalent to �nding a solution �u� p� � V � P of �	���	��
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Obviously� the velocity u � V is unique and the pressure p is determined only up to an additive
constant�

Let
N �� fq � P

�� b�v� q� � �� �v � V g
denote the kernel of the gradient operator� Let Z denote the space of all divergence�free functions
in V � Since the divergence of each function in V belongs to P � the space Z can be de�ned by

Z � fv � V �� b�v� q� � �� �q � Pg�
If we choose velocity functions in �	���	� from the space Z� then the second equation of �	���	�

is automatically satis�ed� Consequently� the solution u of �	���	� satis�es

a�u� v� � �f � v�� �v � Z� �	���
�

The formulation �	���
� is a simpler formulation of the model problem than �	���	� in that it
results in a much smaller positive de�nite system� However� �nding a discretization of Z is quite
hard in practical computations�

���� Abstract Approximation Results

We devote this section to the study of solutions of �	���	� from a �nite dimensional space
Vh � Ph� We shall �rst introduce the main theorem on the approximability of the solutions� then
discuss two parallel techniques of checking the inf�sup condition� The results stated in this section
can be found in Brezzi and Fortin �� xII� and Girault and Raviart ���� xII�����
��

Let h denote a discretization parameter �usually the mesh size� tending to zero� For each h
let Vh � V and Ph � P be two �nite dimensional spaces� Vh is called the velocity space and Ph
the pressure space� The discretization of �	���	� based on Vh � Ph is

a�uh� v�� b�v� ph� � �f � v�� �v � Vh�
b�uh� q� � �� �q � Ph�

�	�	���

The velocity uh is uniquely determined since a��� �� corresponds to an elliptic operator� but ph is
not� The algebraic system that results from �	�	��� is symmetric and inde�nite�

As on the continuous level in the previous section� we de�ne a �nite dimensional space Zh

corresponding to Z by
Zh � fv � Vh

�� b�v� q� � �� �q � Phg�
Clearly� Zh may not be contained in Z� i�e�� uh may not satisfy the incompressibility condition�
However� solving for uh from �	�	��� is equivalent to solving for uh � Zh from

a�uh� v� � �f � v�� �v � Zh� �	�	�	�

The uniqueness� existence� and error estimates for the solution of �	�	��� are established in
the following theorem�

Theorem ������ Assume that the following conditions hold�

��� There exists a constant � � � such that

a�v� v�� �kvk���� �v � Zh �	�	�
�

�	� there exists a constant �h � � such that

inf
���p�Ph

sup
���v�Vh

b�v� q�

kvk���kpk��� � �h� �	�	���
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Then �	�	��� has a unique solution �uh� ph� � Vh � Ph such that

ku� uhk��� �
�

� �
kak
�

�
inf
z�Zh

ku� zk��� �
kbk
�

inf
q�Ph

kp� qk���� �	�	���

ku� uhk��� �
�

� �
kak
�

��
� �

kbk
�h

�
inf
v�Vh

ku� vk��� �
kbk
�

inf
q�Ph

kp� qk���� and
�	�	���

kp� phk��� �kak
�h

ku� uhk��� �

�
� �

kbk
�h

�
inf
q�Ph

kp� qk���� �	�	��

Proof� Because of the condition �	�	�
� and the formulation �	�	�	�� there exists a unique uh which
satis�es �	�	���� The pressure ph of �	�	��� must be also unique since if 'ph � Ph �ph 	� 'ph� is another
solution for the pressure� then we have

b�v� ph � 'ph� � �� �v � Vh�

which obviously violates the condition �	�	����
Let z be an arbitrary vector of Zh� then v � uh � z belongs to Zh � Vh and

a�v� v� � �f � v�� a�z� v�� �	�	���

Since v � Vh� from �	���	� we have

a�u� v�� b�v� p� � �f � v�� �	�	���

Combining �	�	��� and �	�	��� we get

a�v� v� � a�u� z� v�� b�v� p�

� a�u� z� v�� b�v� p� q��

The Zh�ellipticity of the operator a and the continuity of the operators a and b yield

kvk��� � kak
�
ku� zk��� �

kbk
�
kp� qk����

Therefore we have

ku� uhk��� �
�

� �
kak
�

�
ku� zk��� �

kbk
�
kp� qk���

for any z � Zh and q � Ph� This proves �	�	����
In order to derive the estimate �	�	���� we need only prove that

inf
z�Zh

ku� zk��� �
�

� �
kbk
�h

�
inf
v�Vh

ku� vk���� �	�	����

Let v be an arbitrary vector in Vh� By condition �	�	���� there exists a unique w in the H�

complement of Zh �a subspace of Vh� such that

b�w� q� � b�u� v� q�� �q � Ph�
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and

kwk��� � �

�h
sup
q�Ph

b�u� v� q�
kqk��� � �

�h
kbkku� vk����

If we set z � w � v� we have

b�z� q� � b�u� v� q� � b�v� q� � �� �q � Ph�

This shows that z is in Zh� Furthermore�

ku� zk��� � ku� vk��� � kwk���
�
�

� �
kbk
�h

�
ku� vk����

Since v is arbitrary� the above estimates prove �	�	�����
It remains to estimate kp� phk���� From �	���	� and �	�	��� we are able to derive

b�v� ph � q� � a�u� uh� v� � b�v� p� q�� �v � Vh� �q � Ph�

Therefore the condition �	�	��� ensures

kph � qk��� � �

�h
sup
v�Vh

�

kvk��� fa�u� uh� v� � b�v� p� q�g

� �

�h
fkakku� uhk��� � kbkkp� qk���g�

Hence

kp� phk��� � kak
�h

ku� uhk��� �

�
� �

kbk
�h

�
inf
q�Ph

kp� qk���� �

Remark ������ Under the assumption �	�	�
�� we have

ku� uhk��� �
�

� �
kak
�

�
inf
z�Zh

ku� zk���� �	�	����

Moreover� under the assumptions �	�	�
� and �	�	���� if Zh is contained in Z� then we have following
estimate�

ku� uhk��� �
�

� �
kak
�

��
� �

kbk
�h

�
inf
v�Vh

ku� vk���� �	�	��	�

The condition �	�	��� in the above theorem� called the Brezzi!s condition �or LBB condition� or
inf�sup condition�� plays a crucial role in the uniqueness and error estimate for the solution �uh� ph��
From the estimates �	�	��� and �	�	��� we can see that the estimate for kp�phk��� depends on ����h�
but the one for ku�uhk��� only depends on ���h ��h is called the inf�sup constant�� Therefore� the
inf�sup constant a�ects the error estimate for the pressure much more than it does for the velocity
if �h is small� The inf�sup condition is a measure of the compatibility between the velocity space Vh
and the pressure space Ph� If Ph is too large� �h � �� and if Ph is too small the rates of convergence
for both velocity and pressure fall� The �nite dimensional spaces Vh and Ph have to be carefully
chosen such that �h does not tend to zero when h goes to zero� or at least not too quickly� Checking
whether the inf�sup condition holds is a primary step in analyzing the approximation properties of
a �nite element�

The following theorem due to Fortin o�ers a criterion for checking the inf�sup condition�
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Theorem ������ The inf�sup condition holds for Vh�Ph if and only if there exists a linear operator
(h � V 
 Vh satisfying

b�v� (hv� q� � �� �q � Ph� �v � V � �	�	��
�

and
k(hvk��� � Ckvk���� �v � V � �	�	����

with a constant C � ��

Proof� Suppose such an operator (h exists� From �	�	��
� we conclude

sup
v�Vh

b�v� q�

kvk��� � sup
v�V

b�(hv� q�

k(hvk��� � sup
v�V

b�v� q�

k(hvk��� �

for all q � Ph� Since the inf�sup condition holds on the continuous level� �	�	���� implies

sup
v�V

b�v� q�

k(hvk��� � C sup
v�V

b�v� q�

kvk��� � Ckqk����

Therefore �	�	��� follows with �h � C�
Conversely� suppose �	�	��� holds with a constant �h � �� For each v � V there exists a

unique vector (hv � Z�h such that

b�(hv� q� � b�v� q�� �q � Ph�

and

k(hvk��� � �

�h
sup
q�Ph

b�v� q�

kqk��� � �

�h
kbkkvk����

Clearly� (h is a linear operator and satis�es �	�	����� �

Another useful way to state the inf�sup condition �	�	��� is given in the following theorem�

Theorem ������ The inf�sup condition �	�	��� is equivalent to the condition� for each q � Ph
there exists a v � Vh such that

b�v� q� � kqk����� �	�	����

kvk��� � �

�h
kqk���� �	�	����

Proof� If the inf�sup condition �	�	��� holds� then for any q � Ph there exists a �v � Vh such that

b��v� q�

k�vk��� � �hkqk����

Let v be a multiple of �v such that
b�v� q� � kqk�����

Then

kvk��� � �

�h

b�v� q�

kqk��� � �

�h
kqk����

The proof for the other direction is trivial� �

This result is also valid on the continuous level�
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The above two theorems are useful in checking the inf�sup condition for mixed �nite element
discretizations� The former is popularly used in stability analysis of �nite element methods� while
the latter is frequently employed in developing macroelement techniques�

���� Approximation Properties of Piecewise Polynomials

If we know the approximation properties of the �nite dimensional spaces Vh and Ph� the
right hand sides of the estimates �	�	�����	�	�� can be simpli�ed� In this section� we present some
approximation results for �nite element spaces of piecewise polynomials�

Let � be a polygonal domain and Th be a triangulation of � such that
� �

S
��Th

	 � For any triangle 	 � Th� we de�ne

h� � the diameter of 	 �the longest side of 	��


� � the diameter of the circle inscribed in 	 �

and set h � max��Th h� � A family of triangulations of � is said to be quasi�uniform if there is a
positive number � independent of h such that the quasi�uniformality constant

�h ��
h

min��Th h�
� �� �	�
���

for every triangulation Th in the family� A family of triangulations is said to be regular if there is
a positive number � independent of h such that


�
h�

� �� �	�
�	�

for every triangle 	 � Th and for every triangulation Th in the family �The condition �	�
�	� is also
called the shape constraint�� Roughly speaking� this condition means that no angle of any triangle
in Th is too small or too big�

On a triangulation Th of �� we de�ne �nite element spaces

M l
m�Th� � ff � Cm���

�� f j� is a polynomial with degree � l � �	 � Thg�
�M l
m�Th� � ff �M l

m�Th�
�� f j�� � �g�

where l � � and m � � are integers� M l
���Th� denotes the space of all discontinuous piecewise

polynomials with degree � l�
The following results can be found in Ciarlet ��� x
� and Johnson ��	� x���

Theorem ������ Assume that the triangulation Th is regular� If function u � H l������ then

inf
v�Ml

�	Th

ku� vkr�� � Chl���rkukl�����

inf
v�Ml

��	Th

ku� vk��� � Chl��kukl�����

where r is � or � and l is a nonnegative integer� Similarly� if u � �H l������ we have

inf
v� �Ml

�	Th

ku� vkr�� � Chl���rkukl�����



��

for r � � or �� Here C is a generic constant which depends only on �� the degree l� and the domain
��

For the elements considered in this thesis� the best error estimate� also called the optimal
estimate� of ku� uhk��� � kp� phk��� is O�hn� for Pn�Pn��� n � �� 	� 
�

For convenience� we denote M l
m�Th��M l

m�Th� by M l
m�Th� in this thesis� Most of the time

we use M l
m to denote M l

m�Th��

��	� Pn
Pn�� Elements for Stokes Equations

In this section� we will de�ne the elements Pn�Pn�� for n � �� 	� 
� and discuss their sta�
bility or reduced stability� The stability and performance of these elements depend on the mesh
con�gurations in most of the cases�

The mixed �nite elements Pn�Pn�� are de�ned as

Vh � �Mn
� �or Mn

� � and Ph � Mn��
�� �

for n � �� 	� 
� For Pn�Pn�� elements the degrees of freedom in each triangle are distributed as
shown in Figure 	��� For example� any velocity function for the P��P� element is a continuous
piecewise quadratic polynomial which is determined on each triangle by its values at the three
vertices and the three middle points of the edges of the triangle any pressure function for the P��
P� element is a discontinuous piecewise linear polynomial which is determined on each triangle by
its values at three interior points of the triangle�

Analogous to the continuous level� we de�ne

"Ph � fq � Ph
�� Z

�

q � �g�

Nh � fq � Ph
�� b�v� q� � �� �v � Vhg�

Zh � fv � V �� b�v� q� � �� �q � Phg�
Mh � the L� orthogonal complement of Nh in Ph�

�	�����

Here Mh is called the reduced pressure space of Ph�

Due to the �nite element discretization� Nh may contain some nonconstant functions� For
many meshes this happens for the three �nite elements de�ned above and it causes a lot of trouble
in the analysis�

Since the divergence of any function in Vh is in Ph� Zh is a subspace of Z for these elements�
Namely� all these three elements preserve the incompressibility condition of incompressible �ows�
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Figure ���� Pn
Pn�� elements�

In order to study Vh � "Ph and Vh �Mh� we consider inf�sup constant �h and de�ne the
reduced inf�sup constant

��h � inf
���p�Mh

sup
���v�Vh

b�v� q�

kvk���kpk��� �

It is clear that ��h is always positive� �h � ��h if and only if Nh � N � and �h � � if and only if Nh

contains some nonconstant functions�
A �nite element method is said to be stable �resp� reduced�stable� on a mesh family of � if

there is a �xed positive lower bound for all the inf�sup constants �h �resp� ��h��
The solution �uh� ph� � Vh � Ph of

a�uh� v�� b�v� ph� � �f � v�� �v � Vh�
b�uh� q� � �� �q � Ph�

�	���	�

and the solution ��uh� �ph� � Vh �Mh of

a��uh� v�� b�v� �ph� � �f � v�� �v � Vh�
b��uh� q� � �� �q �Mh�

�	���
�

satisfy the relations
uh � �uh and ph�Nh � �ph�

Here ph is determined only up to addition of a constant of Nh and ph�Nh denotes the uniquely
determined part of ph in N�

h � The convergence of �uh� ph� could be analyzed by studying the
reduced stability and the approximation properties of the space Vh �Mh if �h � �� However� the
analysis is usually di#cult because of two reasons� �rst� to check the reduced stability is not easy
and second� the approximation properties of Mh are not always known and may be di�erent from
those of Ph�
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Chapter �

TECHNIQUES FOR CHECKING THE INF
SUP CONDITION

A major part in analyzing any mixed �nite element method for the Stokes equations is to
check the stability of the element� In this thesis the main technique used to check the stability of
the three �nite elements is the use of macroelements to localize the stability condition� Namely� the
stability is tested by checking local stabilities and a relatively simple global stability� Many variations
of the macroelement technique have been introduced see for example� Boland and Nicolaides �	�
and �
�� Stenberg �	�� and �	��� and Brezzi and Fortin �� xVI���
�� In this chapter� we present
some di�erent versions and some lemmas to justify them� First we shall state two results about
the macroelement technique� one for the case of macroelement partitions� and the other one for the
coverings by overlapping macroelements� Secondly we shall introduce a criterion for checking the
inf�sup condition by testing subspaces of the velocity and pressure spaces� Finally we provide some
technical lemmas for checking the local inf�sup condition�

In this chapter� we consider a �nite element space Vh � Ph for h � � with Vh � �H���� �the
velocity space� and Ph � L���� �the pressure space� over a triangulation Th of a polygonal domain
�� All the related de�nitions� like Nh� Mh� Zh� etc�� are de�ned as in Section 	���

���� Some Concepts about Macroelements

Given a triangulation Th of a polygonal domain �� a macroelement with respect to Th is
a polygonal region U formed by some triangles in Th� The triangles of Th� which are contained
in U form a triangulation of U � denoted by T U

h � A macroelement covering is a covering of � by
macroelements� Such a covering is called a macroelement partition if the intersection of a pair of
distinct� nondisjoint macroelements is either a single vertex of the triangulation Th or a connected
set consisting of some edges of the triangulation� Usually we denote a macroelement partition or
covering by Uh�

For a macroelement U we de�ne localizations to U of the �nite element spaces Vh� Ph� Nh�
and Mh �see �	������ as follows�

V U
h �

�
v � Vh

�� spt v � U
�
�

PU
h �

�
Up

�� p � Ph
�
�

NU
h �

�
p � PU

h

�� b�v� p� � � �v � V U
h

�
�

MU
h � the L��orthogonal complement of NU

h in PU
h �

Here U denotes the characteristic function of U and sptv is the support of v�
Given a macroelement covering Uh of �� for any e � Eh� the set of edges of triangles in Th�

we de�ne Le to be the number of macroelements in Uh that contain e in their interior� The covering
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is said to possess the overlap property if Le � � for all edges e of �Eh� which is the set of all the
interior edges in Th� The quantity maxe Le is called the covering constant of Uh�

���� Macroelement Partition Theorem

This section deals with the macroelement partition theorem� The macroelement partition
theorem is based on local stabilities over macroelements and the stability of a special element over
the Th� It is a useful tool to check the inf�sup condition of a mixed �nite element�

Theorem ����� �Macroelement partition theorem�� Let Uh be a macroelement partition of �
with respect to some triangulation Th� Let Vh � Ph be a �nite element de�ned on Th� We de�ne

��Uh � inf
���p�MU

h

sup
���v�V U

h

b�v� p�

kvk���kpk��� � �
�	���

for each U � Uh� and
�h � inf

���p�Qh

sup
���v�Vh

b�v� p�

kvk���kpk��� �

Here

Qh �� fq �
X
U�Uh

NU
h

�� Z
�

qr � � �r � Nhg� �
�	�	�

If �h � �� then the reduced inf�sup constant ��h is strictly positive� Moreover� if � is a positive
lower bound for �h and ��Uh for all U � then ��h can be bounded below by a positive constant depending
only on ��

Proof� Assume � is a positive lower bound for all �Uh and �h� Since UPh � NU
h � MU

h � for any
q �Mh and U � Uh we have

Uq � qU� � qU� �

for some qU� contained in NU
h and qU� contained MU

h � Since qU� is orthogonal to NU
h and UNh is

contained in NU
h � we have qU� � Nh�

Putting

qi ��
X
U�Uh

qUi for i � �� 	�

we have a decomposition for q� q � q� � q�� Here
R
�
q�r � � for all r � Nh� Therefore�

R
�
q�r �R

��q � q��r � � for all r � Nh� so q� � Qh� Moreover� the following hold�

Z
�

q�q� � ��

kqk���� �kq�k���� � kq�k�����
kq�k���� �

X
U�Uh

kqU� k���U �

kq�k���� �
X
U�Uh

kqU� k���U �

By Theorem 	�	�
� there exists a function v� � Vh such that

b�v�� q�� � kq�k����� and kv�k��� � �

�h
kq�k����
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Similarly� for each U there is a function vU � V U
h such that

b�vU � qU� � � kqU� k���U � and kvUk��� � �

�
kqU� k��U �

Setting

v� �
X
U�Uh

vU �

we have

b�v�� q�� � kq�k����� and kv�k��� � �

�
kq�k����

Put v � �v� � v�� where � � �� We get

b�v� q� � b��v� � v�� q� � q��

� �b�v�� q�� � b�v�� q�� � �b�v�� q��

� �kq�k���� � kq�k���� � �b�v�� q��

� �kq�k���� � kq�k���� �
p

	�

�h
kq�k���kq�k���

� �kq�k���� � kq�k���� �
p

	�

�h
��kq�k���� �

�

��
kq�k�����

� ����
p

	�

�h
�kq�k���� � ���

p
	�

���h
�kq�k�����

for any � � � and � � �� The special choice � � �h��	
p

	� and � � ��h�	 gives

b�v� q�� ��h
�
kq�k���� �

�

	
kq�k���� � min�

��h
�
�
�

	
�kqk����� �
�	�
�

On the other hand�
kvk��� ��kv�k��� � kv�k���

�
��h
	
kv�k��� � kv�k���

��h
	
kq�k��� �

�

�
kq�k���

�max�
�h
	
�

�

�
��kq�k��� � kq�k����

�
p

	 max�
�h
	
�

�

�
�kqk����

�
�	���

Now� �
�	�
� and �
�	��� combine to give

sup
���v�Vh

b�v� p�

kvk���kpk��� � C� �p �Mh�

where C is dependent on � and �h� �
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Remark ��	��� If UPh � Ph for all U � Uh� then �
�	�	� in the above theorem is equivalent to

Qh �� Mh

� X
U�Uh

NU
h � �
�	���

This can be seen from the above proof� Since qU� is orthogonal to NU
h and UNh is contained in

NU
h � q

U
� is orthogonal to UNh� That is� q

U
� � UPh � Ph is orthogonal to Nh� therefore� we have

qU� � Mh� In particular� q� is in Mh and then� q� � q � q� is in Mh  )U�UhN
U
h � Since all the

Pn�Pn�� elements have discontinous pressure space� we use �
�	��� instead of �
�	�	� sometimes
in this thesis�

There are two major concerns regarding the application of this theorem� The �rst is whether
there exists a common positive lower bound for all �Uh � and the second is how to handle the stability
of the composite element Vh � Qh� The �rst question can be answered easily if we only consider
special meshes �for example if all the macroelements in Uh are congruent�� However� the second
question may not be simple if dimNU

h � �� All these issues will be addressed in later sections�

���� Macroelement Covering Theorem

In order to present the result on overlapping macroelement coverings we need to assume
an approximation property of the velocity space Vh� For each w � �H���� there exists a function
wh � Vh such that

X
��Th

h��� kw �whk���� �
X
e�Eh

h��e kw �whk���e � kwhk���� � Ckwk����� �
�
���

where h� is the diameter of 	 � he is the length of e� and C is a positive number independent of h�
This holds� for example as long as �M�

� � Vh �Scott and Zhang �	
���
The covering theorem is more �exible than the partition theorem in terms of the choice of

macroelements� and therefore more arbitrary triangulations can be treated by using this theorem�

Theorem ����� �Macroelement covering theorem�� Let Uh be a macroelement covering of a
quasi�uniform and regular triangulation Th satisfying the overlap property� For each U � Uh de�ne
��Uh by �
�	���� Assume that Vh satis�es �
�
��� and

Up �MU
h �RU� �p �Mh� �
�
�	�

Then the reduced inf�sup constant ��h is strictly positive� Moreover� if � is a positive lower bound for
the ��Uh � then ��h can be bounded below by a positive constant depending only on � and the covering
constant for Uh�
Proof� By �
�
�	�� any p �Mh can be decomposed as

Up � pU� � pU� �

on each U � Uh pU� � RU� pU� �MU
h �

On any macroelement U we de�ne a seminorm over PU
h by

jpj�U ��
X
��T Uh

h��krpk���� �
X
e��EUh

he

Z
e

j�p�ej�ds�
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for each p � PU
h � Globally we de�ne

kpk�h�� ��
X
��Th

h��krpk���� �
X
e��Eh

he

Z
e

j�p�ej�ds�

Here �EUh is the set of interior edges in T U
h and �p�e is the jump of p across the edge e� By using the

inverse inequality� it is easy to show that

kpk���U � Cjpj�U �
with constant C independent of h� Therefore the local inf�sup constant on each macroelement is
also bounded below by a multiple of � in terms of the seminorm� This implies that for each pU�
there exists a function vU � V U

h such that

b�vU � pU� � � jpU� j�U and kvUk��U � C

�
jpU� jU �

Namely

b�vU � p� � jpj�U and kvUk��U � C

�
jpjU �

By setting v � )U�Uhv
U � we have

b�v� p� �
X
U�Uh

b�vU � p� �
X
U�Uh

jpj�U � C�kpk�h��� �
�
�
�

with C� depending on the covering constant and �� Moreover

kvk��� �
X
U�Uh

kvUk��U � C

�

X
U�Uh

jpjU � C�kpkh��� �
�
���

where C� depends only on � and the covering constant� Inequalities �
�
�
� and �
�
��� together
imply

sup
� ��v�Vh

b�v� p�

kvk��� � C�kpkh�� � kpk���
�
C�
kpkh��
kpk���

�
�

where C� depends only on the covering constant and ��
Since p �Mh � "L����� there is a function w � �H���� such that

b�w� p�� C�kpk���� and kwk��� � kpk����
By the second assumption� for the function w there is a wh � Vh such that the condition �
�
���
holds� Therefore� we have

b�wh� p� � b�wh �w� p� � b�w� p�

� b�wh �w� p� � C�kpk����
�
X
��Th

Z
�

�wh �w� � rp �
X
e��Eh

Z
e

�wh �w� � n��p�e�ds � C�kpk����

� �� X
��Th

h��� kwh �wk���� �
X
e��Eh

h��e kwh �wk���e
����kpkh�� � C�kpk����

� �C�kwk���kpkh�� � C�kpk����
� kpk����

�
C� � C�

kpkh��
kpk���

�
�
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Considering the following inequality

kwhk��� � Ckpk����

we then have
b�wh� p�

kwhk��� � kpk���
�
C� � C�

kpkh��
kpk���

�
� �
�
���

Combining �
�
��� and �
�
���� we have

sup
���v�Vh

b�v� p�

kvk��� � min
t

�max�C� � C�t� C�t��kpk���

�
C�C�

C� � C�
kpk����

Taking � � C�C���C� � C��� ��h � �� Obviously� � is only dependent on � and the covering
constant� �

Allowing overlapping in Uh makes the analysis easier in applications� However� �
�
�	� is a
strict condition� and many meshes fail to ful�ll it�

��	� Subspace Theorem

We present a more abstract theorem for checking the inf�sup condition in this section� The
main idea of the theorem is to �nd two subspaces in each of the velocity and pressure spaces� and
to check whether the four subspaces satisfy some conditions�

Let Vh �H� be the velocity space and Ph � L� the pressure space�

Theorem ��	�� �Subspace theorem�� Let V� and V� be two subspaces of Vh and P� and P� be
two subspaces of Ph� Let the following four conditions hold�

���
Ph � P� � P��

�	� there exists �� � � such that

sup
v��V�

b�v�� q��

kv�k��� � ��kq�k���� �q� � P�� �
�����

�
� there exists �� � � such that

sup
v��V�

b�v�� q��

kv�k��� � ��kq�k���� �q� � P�� �
���	�

��� there exist ��� �� � � such that

jb�v�� q��j ���kv�k���kq�k���� �v� � V� and �q� � P��

jb�v�� q��j ���kv�k���kq�k���� �v� � V� and �q� � P��

with
���� � �����
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Then Vh�Ph satis�es the inf�sup condition with the inf�sup constant depending only on ��� ��� ���
and ���

Proof� The idea is to construct a v � Vh for each q � Ph such that

b�v� q�

kvk��� � Ckqk���� �
���
�

where C is a positive constant�
For each q � Ph� there exist q� � P� and q� � P� such that

q � q� � q�� �
�����

By Theorem 	�	�
� the condition �
����� is equivalent to

for any q� � P�� there is v� � V� such that

b�v�� q�� � kq�k���� and kv�k��� � �

��
kq�k����

�
�����

Similarly� the condition �
���	� implies that for each q� � P� there exists a v� � V� such that

b�v�� q�� � kq�k���� and kv�k��� � �

��
kq�k���� �
�����

For the q in �
������ we are going to construct a v such that �
���
� holds� There are two
cases� �� � �� � � ��� � �� � �� and �� � �� 	� ��

Case �� �� � �� � �
Let v� and v� be the functions corresponding to q� and q� in �
����� such that the condition

�
����� and �
����� hold� Setting
v �� v� � v��

we have
b�v� q� � b�v� � v�� q� � q��

� b�v�� q�� � b�v�� q��

� kq�k���� � kq�k�����
Since kvk��� � kv� � v�k���

� kv�k��� � kv�k���
� �

��
kq�k��� �

�

��
kq�k���

� max�
�

��
�

�

��
��kq�k��� � kq�k�����

we get
b�v� q�

kvk��� � kq�k���� � kq�k����
max� �

��
� �
��

��kq�k��� � kq�k����

� �

	 max� �
��
� �
��

�
�kq�k��� � kq�k����

� �

	 max� �
��
� �
��

�
kqk����



��

Case �� �� � �� 	� �
Without loss of generality� we assume �� 	� �� Setting

v �� v� � �v��

where � is a scalar� we immediately have

b�v� q� � b�v� � �v�� q� � q��

� b�v�� q�� � �b�v�� q�� � b�v�� q�� � �b�v�� q��

� kq�k���� � �kq�k���� � b�v�� q�� � �b�v�� q���

Since jb�v�� q�� � �b�v�� q��j ���kv�k���kq�k��� � ���kv�k���kq�k���
��

��
��

�
���
��

�kq�k���kq�k���

��
��
��

�
���
��

���kq�k���� �
�

��
kq�k�����

����� � ����kq�k���� �
�

��
��� � ����kq�k�����

where �� �� ����� and �� �� ������ we have

b�v� q�� ��� ���� � �����kq�k���� � �� � �

��
��� � �����kq�k�����

We hope to choose � � � and � � � such that

�� ���� � ���� � � and � � �

��
��� � ���� � ��

Namely� to choose � � � and � � � such that

� �
�

�� � ���
and ��� � �� � ����

Therefore � must satisfy
��

�� � ���
� �� � ����

Simplifying the above inequality� we get

����
� � �	���� � ��� � ��� � �� �
����

The inequality �
���� implies
���t

� � �	���� � ��t � ��� � ��

has two di�erent real roots� This is equivalent to the fact that �� and �� satisfy the inequality

�	���� � ��� � �����
�
� � ��

or
���� � ��



��

Namely� ��� ��� ��� and �� satisfy the relation

���� � �����

Picking � as

� �
	� ���� � 	

p
�� ����

���
�

and selecting � such that
�� � ���

��
� � �

�

�� � ���
�

we have
b�v� q�� min�C�� C���kq�k���� � kq�k������

Here C� � �� ���� � ���� and C� � � � ����� � ���������� On the other hand� we have

kvk��� � kv� � �v�k���
� kv�k��� � �kv�k���
� �

��
kq�k��� �

�

��
kq�k���

� max�
�

��
�
�

��
��kq�k��� � kq�k�����

Finally�
b�v� q�

kvk��� � min�C�� C��

	 max� �
��
� �
��

�
�kq�k��� � kq�k����

� min�C�� C��

	 max� �
��
� �
��

�
kqk���� �

As an application� we use this subspace theorem to prove the macroelement partition theorem�
De�ne

V� �� Vh� P� �� Qh�

V� ��
X
U�Uh

V U
h � P� ��

X
U�Uh

MU
h �

For this choice of spaces we will show that the four assumptions of the subspace theorem are satis�ed
under the assumptions of the macroelement partion theorem� Then the inf�sup constant is bounded
below by a positive number with independent of h� Therefore the macroelement partition theorem
holds� By the assumptions in the partition theorem� conditions ��� and �	� hold� Since b�v� p� � �
holds for any v � V� and any p � P�� �� � �� Consequently� condition ��� holds� It only remains to
verify condition �
�� According to the de�nition of P�� any p � P� can be written as

p �
X
U�Uh

pU �

with some pU �MU
h � For each pU there is a vU � V U

h such that

b�vU � qU� � kqUk���� and kvUk��� � �

�
kqUk����



��

Taking v � )U�Uhv
U � we have

b�v� p� �
X
U�Uh

b�vU � pU� �
X
U�Uh

kpUk���� � kpk�����

and

kvk���� �
X
U�Uh

kvUk���� �
�

��

X
U�Uh

kpUk���� �
�

��
kpk�����

Therefore condition �
� holds� This proves the macroelement partition theorem�
Another application of the subspace theorem is to prove that results on stability or reduced

stability of a �nite element method for the Stokes equations with Dirichlet boundary conditions
are also valid for the equations traction boundary conditions� To simplify the exposition� we only
consider Pn�Pn�� elements in the following discussion �similar arguments work for other elements��
In order to distinguish the �nite element spaces for problems with di�erent boundary conditions�
we use Vh� Ph� Nh� and Mh to denote the spaces in problems with the Dirichlet condition and use
V N
h � PN

h �which actually equals Ph�� NN
h � and MN

h to denote the corresponding spaces for traction
boundary condition problems�

Theorem ��	��� If a �nite element Vh � Ph is stable� so is V N
h � PN

h �

Proof� Since Vh � Ph is stable� Nh only contains constants� De�ne

V� �� Vh� P� �� Mh�

V� �� V N
h � P� �� R�

Obviously� conditions ��� and �	� of the subspace theorem hold�
For any constant c � P� �without loss of generality we assume c � ��� we have

b�u� c�

kuk���kck��� � ���� � ��

where u � �x� ��� Therefore� V� � P� is stable i�e� the third condition holds�
Since b�v� q� � � holds for any v � V� and q � P�� the condition ��� of the subspace theorem

holds�
Hence� the proof� �

Theorem ��	��� If Vh�Ph is reduced�stable and dimNh � dimNN
h � �� then V N

h �PN
h is stable�

Proof� Since Vh�Ph is reduced�stable and more importantly since dimNh � dimNN
h ��� NN

h �R�
Nh and MN

h � Mh �R� De�ne

V� �� Vh� P� �� Mh�

V� �� V N
h � P� �� R�

The theorem results from applying similar arguments as in the proof of Theorem 
���	 to the above
four spaces� �
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���� Support Lemmas

In order to apply the macroelement partition or covering theorem to a �nite element method
on some mesh families� we have to check if there is a common positive lower bound for every local
inf�sup constant� In this section� we present some technical lemmas designed for checking the local
inf�sup condition on various macroelements�

������ Equivalence Classes of Macroelements

We shall introduce the concepts of macroelement equivalence classes and equivalence classes
under certain sets in this subsection� All these concepts are important in the analysis of the three
�nite elements�

Let Th� and Th� be two triangulations of �� Let Uhi denote a set of macroelements for Thi �
for i � �� 	�

A pair of macroelement U in Uh� and O in Uh� are called equivalent if the number of triangles
in the two macroelements are equal� if T U

h�
consists of triangles 	�� 	�� � � � � 	k� and if T O

h�
consists of

triangles ��� ��� � � � � �k so that there is a ��� continuous map H of U onto O which maps 	i to �i�
such that H is linear on each triangle 	i� We call such a mapping H a topological mapping�

Let G denote a set of topological mappings that map a macroelement U to some other
macroelements O� The macroelement equivalence class of U under the set G is de�ned as

E�U�G� �� fH�U�
�� H � Gg�

Any two macroelements U�O � E�U�G� are called G�equivalent and denoted by

U
G� O�

������ The Equivalence Class under Invertible Linear Mappings

In this subsection� we investigate several equivalence classes of macroelements that correspond
to some subsets of the set of all invertible linear mappings�

We consider an a#ne linear map from the coordinate system �x� y� to ��� �� given by

�
��x� y�
��x� y�

�
�

�
d�� d��
d�� d��

��
x
y

�
�

�
d�
d�

�
�

A macroelement U is transformed to "U under this map� Here the matrix of the mapping� denoted
by D� is an invertible matrix with constant coe#cients� and d�� and d� are two constants� We let

V U
h and V

�U
h denote the velocity spaces and PU

h and P
�U
h denote the pressure spaces for the two

macroelements�
De�ne

"v��� �� �� v�x��� ��� y��� �����v � V U
h �

"q��� �� �� q�x��� ��� y��� ���� �q � PU
h �



��

We assume that
V

�U
h � f"v��� ��

�� v � V U
h g�

P
�U
h � f"q��� ��

�� q � PU
h g�

�
�����

We also assume
V U
h � fAv �� v � V U

h g and V
�U
h � fAv �� v � V �U

h g� �
���	�

for any 	� 	 nonsingular matrix A with constant coe#cients� This assumption is valid for most of
the mixed �nite elements used for the Stokes equations� which re�ects the symmetric structure of
the two components of the velocity function v�

Our �rst goal is to analyze the relation between the reduced inf�sup constants over the two
macroelements U and "U � For this� we need to compute the inf�sup constant explicitly�

It is easy to verify that
rv � �r"v�D�

and Z
U

q div v �

Z
�U

"q div�D"v�JD�� � JD��

Z
�U

"q div�D"v� �
���
�

where JD�� stands for the absolute value of the determinant of D���
Similar computations show that

kqk���U � JD��k"qk�
�� �U

� �
�����

and

jvj���U �

Z
U

rv � rv �

Z
�U

�r"v�D � �r"v�DJD��

� JD��k�r"v�Dk�F �

Here kDkF denotes the Frobenius norm of the matrix D�
Since rD"v � Dr"v� we have

r"v � D��rD"v�

Hence�

jvj���U � JD��

Z
�U

kD���rD"v�Dk�F � �
�����

Combining �
���
�� �
������ and �
������ we get

R
U
q div v

jvj��Ukqk��U �

R
U
q div v� R

U krvk�F
����kqk��U �

R
�U

"q div�D"v�� R
�U kD���rD"v�Dk�F

����k"qk�� �U
� �
�����

Since
kD���rD"v�DkF � �F �D�krD"vkF �

where �F �D� � kD��kF kDkF is the condition number of the matrix D with respect to the Frobenius
norm� we have R

U
q div v� R

U krvk�F
����kqk��U � �

�F �D�

R
�U

"q div�D"v�� R
�U krD"vk�F

����k"qk�� �U
� �
����

Now we are in the position to state some lemmas based on �
������
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Lemma ������ Let F be the set of all invertible linear mappings� For any "U in E�U� F �� we have�
under assumptions �
���	� and �
������

dimV U
h � dimV

�U
h �

dimPU
h � dimP

�U
h �

dimNU
h � dimN

�U
h � and

dimMU
h � dimM

�U
h �

Proof� By assumption �
����� and the equalities �
���
� and �
������ we can clearly see that the
lemma holds� �

Lemma ������ Let F� � F denote the set of all linear mappings with orthonormal matrices� For
any "U � E�U� F���

��Uh � ��
�U
h

holds under assumptions �
���	� and �
������

Proof� Since we have kD���rD"v�DkF � krD"vkF � the equality �
����� becomes

R
U q div v� R

U krvk�F
����kqk��U �

R
�U "q div�D"v�� R

�U krD"vk�F
����k"qk�� �U

�

The lemma then follows by �
���	�� �

Lemma ������ Let F� � F be the set generated by all translations� dilations� re�ections� and
rotations� Then for any "U � E�U� F��� we have

��Uh � ��
�U
h

under the assumptions �
���	� and �
������

Proof� Since re�ections and rotations correspond to orthonormal matrices� the previous lemma
proves the result in these cases�

For dilations� the corresponding matrices are multiples of the identity matrix� We can then
conclude that the reduced inf�sup constant does not change �equality �
�������

Since any translation corresponds to the identity matrix� the lemma holds trivially� �

The previous two lemmas are mainly for some special subsets� The question is whether we
can conclude anything about the reduced inf�sup constant of the macroelements in E�U� F �� The

answer is yes� However� since some triangles of T �U
h for "U � E�U� F � could be degenerate� we need

to add more restrictions to E�U� F � in our discussion� Only a part of E�U� F � is allowed to appear
in triangulations Th� where h can be any small positive number�

Let E��U� F � denote the subset of all the macroelements in E�U� F � such that each of them
satis�es the regularity assumption �	�
�	�� That is� there is a positive number � such that for any
triangle 	 in any macroelement of E��U� F �


�
h�

� ��

where 
� is the diameter of the inscribed circle in 	 and h� is the longest edge of 	 �



��

Lemma ����	� Under assumptions �
���	� and �
������ there exists �U � � with

��
�U � �U � � "U � E��U� F ��

Proof� Let u�� � � � � uk denote the vertices of U and "u�� � � � � "uk be the vertices of any "U in E��U� F ��
Here "ui corresponds ui for i � �� � � � � k� under some mapping in F �

Since translations or dilations leave the reduced inf�sup constant unchanged� we assume
"u� � ��� �� and max���Ufh�g � � for any "U in E��U� F �� De�ne

W �� f�"u�� � � � � "uk�
�� "U � E��U� F �g�

which is a set in R�k�
We �rst show that W is a closed set in R�k� Suppose there is a sequence of macroelements

"U 	�
� "U 	�
� "U 	�
� � � � that converges to "U � That is� the vertices "u
	n

� � � � � � "u

	n

k of U 	n
 converge to the

vertices "u�� � � � � "uk of "U respectively as n goes to in�nity� Since any triangle "	 	n
 in "U 	n
 satis�es


�� �n�

h�� �n�
� ��

we have

��
h��

� ��

for the corresponding triangle "	 in "U � Therefore the triangles in "U satisfy �	�
�	��
It is quite straightforward to see that there is a continuous� ���� and onto mapping H of U to

"U such that H is linear on each triangle� Let Hn denote the linear mapping that maps U to U 	n
�
Our goal is to prove that H is a linear mapping over the whole of U � If that is the case� W is closed�

Let Dn denote the matrix associated with Hn and D� denote the matrix associated with H j�
for each 	 in T U

h � For any triangle 	 in T U
h � we assume that 	 has vertices u�� u�� and u�� We know

that

Hnj��ui� 
 H j��ui� as n
��

for i � �� 	� 
� This implies

Dn�u� � u�� 
 D��u� � u��� and

Dn�u� � u�� 
 D��u� � u���

as n
�� Since u� � u� and u� � u� are linearly independent vectors�

Dn 
 D� as n
��

Consequently� we have

D�i � D�j � �	i� 	j � T U
h �

Similarly� we can show that the constant vector associated with H j� is also same for all 	 in T U
h �

Hence� we have proved that H is a nonsingular linear mapping�
Since

��
�U
h �"u�� � � � � "uk� �

r
�
dimN

�U
h ��

�
M
����
�U

B �UA
��
�U
Bt

�U
M
����
�U

�
�



��

�please see the relevant sections of Chapter �� and the entries of matrices M �U � A �U � and B �U depend

continuously on vertices "u�� � � � � "uk� ��
�U must continuously depend on the vertices in "U � Since W is

a bounded closed domain� there is �U such that

��
�U � �U � � "U � E��U� F �� �

������ Stability of Finite Elements on Macroelement Partitions

When applying the macroelement partition theorem� we have to estimate the stability of
Vh� �Mh)U�UhN

U
h �� In this section� we state some basic results that can be used to analyze this

stability�
Let Uh be a macroelement partition of a triangulation Th of �� Let Vh be the velocity space

with �Mk
� � Vh and let Ph �� M l

�� be the pressure space�

Lemma ������ If NU
h � UR for any U � Uh� then

��� Vh � �Mh  )U�UhN
U
h � is stable for k � �� and

�	� Vh � �Mh  )U�UhN
U
h � is stable for k � � if the intersection of any pair of nondisjoint

macroelements in Uh is either a single vertex or a connected set of at least two edges in Th�
Proof� We consider statement ��� �rst� De�ne

V� �� �Mk
� �

P� �� M�
���

It is well known that V� � P� is stable for k � �� Since

Mh

� X
U�Uh

NU
h �M�

�� and Vh � V��

we have Vh � �Mh  )U�UhN
U
h � is stable for k � ��

For the statement �	�� we need to consider the stability of the �nite element V� � P� on the
macroelement partition Uh� where

V� �� �Mk
� �Uh��

P� �� M�
���Uh��

Because of the special property of the macroelement partition� it is easy to show that V� � P� is
stable �see Stenberg �	�� and �	���� This proves that Vh� �Mh )U�UhN

U
h � is stable for k � �� �
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Chapter 	

STABILITY AND APPROXIMATION PROPERTIES OF
THE P�
P� ELEMENT

In this chapter� we discuss some theoretical results on the P��P� element for the Stokes
equations� The P��P� element is de�ned by

Vh � �M�
� �Th� and Ph � M�

���Th��

As we mentioned before� the stability and approximability of this element depend on the mesh
con�guration� Namely� the element is stable for some mesh family but unstable for others�

The main issue in this chapter is the analysis of the performance of this element on di�erent
mesh families� In Section �� we introduce some known results on this element�a negative result due
to de Boor and H$ollig for diagonal meshes and a positive one due to Mercier for crisscross meshes�
In Section 	� we analyze the spurious pressure modes on diagonal and crisscross mesh structures
and display them explicitly� Studying spurious pressure modes is a crucial step in understanding the
reduced stability and the approximation properties of the reduced pressure space of a �nite element�
We study the stability and approximation properties of the �nite element on irregular crisscross
meshes in Section 
� As we will see� the rate of convergence for both velocity and pressure is
optimal on this mesh family�

In Section �� we deal with a mixed mesh family�a mixture of diagonal and crisscross struc�
tures� On these meshes we prove that the reduced inf�sup constant can be bounded away from zero
by a positive number �independent of h� as long as there is a nonvanishing proportion of crisscross
structures uniformly distributed throughout the mesh�

In Sections � and �� we discuss two mesh families with no singular vertices� On these two
families the P��P� element is completely stable� so both velocity and pressure have optimal rates
of convergence�

	��� Known Results

In this section� we present two known results on the P��P� element� One is a negative result
which shows� by an example� that the numerical solution for velocity has at most suboptimal rate
of convergence on a type of mesh� and the other one is positive stating that the rate of convergence
of the numerical solution for velocity is optimal on another mesh family�

	����� A Negative Result Diagonal Meshes

Let the domain � be the unit square� Let the triangulation Th of � be formed by dividing
the unit square into h�� � h � ��n� n is a positive integer� small squares where each of them is
partitioned by its positively sloped diagonal� see Figure ���� The mesh Th is called a diagonal mesh�
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Figure 	��� Diagonal mesh of the unit square �h � �����

On diagonal meshes� a negative result can be deduced from the work of de Boor and H$ollig ����
see also de Boor and Devore ���� They showed that the space of C� piecewise cubic polynomials has
approximation properties which are one order suboptimal� This implies that the rate of convergence
of uh to u is suboptimal� �The norms considered by de Boor and H$ollig are not exactly those
pertinent to this discussion� However� their argument can be adapted� Cf� Babu%ska and Suri �����

Theorem 	���� �C� de Boor� ������ Let Th be a diagonal mesh on the unit square �� For
f � H����� we have

inf
w�M�

�

kf � wk��� � C h�kfk����

Moreover� there exists a function g � C� such that

inf
w�M�

�

kg � wk��� � C h��

Here C is a constant independent of h�

This result implies that the rate of convergence of �nite element solution for the velocity of
the Stokes equations with traction boundary conditions is one order less than the optimal� Moreover�
the result cannot be improved� It is believed that the poor approximation property of the element
on the diagonal mesh is caused by the special mesh structures�only three types of lines appear in
Th�

For the Stokes squations with Dirichlet boundary conditions� we cannot expect a better result
than the one o�ered by Theorem ������ Essentially� the rate of convergence of the �nite element
solution for the velocity is no better than suboptimal� We will give some numerical evidence in
Chapter ��

The above theorem does not say anything about the approximation property of the �nite
element solution for pressure� However� from Theorem 	�	�� we can infer that the reduced inf�sup
constant is at least as small as O�h�� Therefore� no meaningful error estimate for the pressure can
be obtained by using Theorem 	�	���

	����� A Positive Result Irregular Crisscross Meshes

Mercier ��� has proved a positive result on irregular crisscross meshes for the P��P� element
by using the Fraeijs de Veubeke�Sander elements �����

Let � be any polygonal domain� Let Th be the triangulation of � that results from partitioning
� into quadrilaterals and then dividing each quadrilateral by its two diagonals� see Figure ��	� This
type of mesh is called an irregular crisscross mesh�
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Figure 	��� Irregular crisscross mesh�

Theorem 	���� �Mercier� ������ Let Th be an irregular crisscross mesh on �� If u � �H�� then
we have

inf
v�Zh

ku� vk��� � Ch�kuk����

where C is a constant independent of h and Zh is the space of all the divergence free functions in
Vh ��� �M�

� �Th���

The proof of the theorem is based on the C� Fraeijs de Veubeke�Sander element�

On irregular crisscross meshes� Mercier!s theorem guarantees that the solution for the velocity
from the P��P� element converges optimally� However� there is no estimate for the pressure in the
above theorem� Also� the theorem says nothing about the reduced stability of this element on
irregular crisscross meshes�

We de�ne a singular vertex as the intersection of exactly two segments in a triangulation Th�
For example� in Figure ��
� the vertex s is a singular vertex� It is believed that the P��P� element
possesses good approximation properties on irregular crisscross meshes due to the presence of the
singular vertices� The more singular vertices a mesh possesses� the more divergence�free functions
are there in Vh� This can be seen from the following lemma�

	�

	�

	�

	� s
�

����������������������������������������������������������
�����������������������������������������������������������

������������������������������������������������������������
�����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

��������������������������������������������������������������������������������������������������������
���������������
���������������
���������������
���������������
���������������
��������������
���������������
��������������
��������������
��������������
��������������
���������������
���������������
��������

��������������������
���������������������

��������������������
���������������������

��������������������
���������������������

���������������������
��������������������

���������������������
��������������������

���������������������
��������������������

���������������������
��������������������

���������������������
���������������������

��������������������
������������

�����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

Figure 	��� Singular vertex�

Lemma 	����� Let u � �u� v� be a function on the quadrilateral which is

��� continuous on the quadrilateral shown in Figure 	�
� and
�	� di�erentiable on each triangle 	i for i � �� 	� 
� ��

Then we have
�X
i��

����i�divuj�i��s� � �� �������
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Proof� Let n� � �n��� n��� and n� � �n��� n��� denote the two unit vectors which are parallel to
the diagonals of the quadrilateral in Figure ��
 respectively� For convenience� we denote u on each
triangle 	i by ui � �ui� vi��

Simple calculations show that

a ��
�u�
�n�

�s� �
�u�
�n�

�s�� b ��
�u�
�n�

�s� �
�u�
�n�

�s��

c ��
�u�
�n�

�s� �
�u�
�n�

�s�� d ��
�u�
�n�

�s� �
�u�
�n�

�s��

We de�ne matrix D by

D �

�
n�
n�

�
�

Therefore� we have

� �u�
�x �s�
�u�
�y

�s�

�
�

�

jDj
�
n��a� n��b
n��a � n��b

�
�

� �u�
�x �s�
�u�
�y

�s�

�
�

�

jDj
�
n��c� n��b
n��c � n��b

�
�

� �u�
�x

�s�
�u�
�y

�s�

�
�

�

jDj
�
n��c� n��d
n��c� n��d

�
�

� �u�
�x

�s�
�u�
�y

�s�

�
�

�

jDj
�
n��a � n��d
n��a � n��d

�
�

Clearly�
�X
i��

����i
�uj
�x

�s� � � and
�X
i��

����i
�uj
�y

�s� � �� �����	�

hold for j � �� 	� Similar arguments show that the equalities �����	� hold if we replace u by v�
Finally we have

�X
i��

����i�divuj�i��s� � �� �

Since divu automatically satis�es the equation ������� at each singular vertex� the dimension
of the space Zh is increased by one wherever there is a singular vertex in the triangulation Th�
Hence� conclude that the approximation properties of Zh improve with any increase of the number
of singular vertices in Th�

	��� Spurious Pressure Modes

In this section� we display explicitly the spurious pressure modes for the diagonal and irregular
crisscross mesh families� We study spurious pressure modes to determine the rate of convergence
of the �nite element solution from the space Vh � Ph� Speci�cally� in order to determine the
approximation properties of Mh and the stability of Vh�Mh we need to know the spurious pressure
modes�

	����� Spurious Modes on Diagonal Meshes

Consider a diagonal mesh Th of the unit square �h � �
n � integer n � 	�� Let Ki�j � � � i� j � n�

denote the �i� j�th square in this mesh �Figure ����� Let each Ki�j be bisected by its positively sloped
diagonal �see Figure �����
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Kn�n
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K��n

Ki�j
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Figure 	�	� Diagonal mesh�

The following lemma �see Chui and Schumaker and Wang ��� and Scott and Vogelius �		��
gives the dimension of the space Nh for the diagonal mesh family�

Lemma 	����� On the diagonal mesh Th �n � ��h� n � 	� of the unit square� we have

dimNh � ��

Before we explicitly show that Nh has � independent functions� we introduce some notations�
For any pressure function p in Ph �see Figure ����� we denote the values of p at the vertices of Ki�j

by p
	�

i�j � p

	�

i�j � p

	�

i�j � q

	�

i�j � q

	�

i�j � and q

	�

i�j � For convenience� on square Ki�j we de�ne � functions ��� ���

��� ��� and �� �Figure �����

p
	�

i�j p

	�

i�j

p
	�

i�j

q
	�

i�j

q
	�

i�j

q
	�

i�j
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Figure 	��� Values of p�

Theorem 	����� On the diagonal mesh Th� we de�ne

*l jKi�j
� �l� �Ki�j� for l � �� 	� 
�

*�jKi�j
�

�
��� K��n

�� otherwise�

*�jKi�j
�

�
��� Kn��

�� otherwise� and

*jKi�j
� �� � ��i� ����� � ��� � ��j � ����� � ���� �Ki�j �

For n � 	� the functions *i� i � �� 	� � � � � � form a basis of Nh�
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Figure 	��� De�nition of �i�

Proof� We prove the independence of *i for i � �� 	� � � � � � �rst� Assume there are constants �i� for
i � �� � � � � �� such that

X
i��

�i*i � �� on Th� ���	���

We need to show that �i � � for i � �� � � � � �� By considering ���	��� on Kn��� we get a system of
linear equations�

�� � ��

�� � ��n� ��� � ��

�� � ��n� ��� � ��

�� � �� � � � ��

�� � 
�� � ��n� �� � ��

�� � �� � ��n� 	�� � ��

Solving the above system� we get

�� � �� � �� � �� � � � ��

On the other hand� considering ���	��� on K��n� we have

�� � �� � �� � �� � � � ��

The above two results combine to complete the proof for the independence of f*igi���
We now show that each *i belongs to Nh� For the space �M�

� � there are � types of basis
functions� One is piecewise linears on six triangles ��rst �gure of Figure ��� and the remaining
three types are all piecewise quadratics on the shaded triangles in the rest of the �gures of Figure
��� For convenience� we denote these four basis functions by �a� �b� �c� and �d respectively� If
we can prove that the �rst order derivatives of these basis functions with respect to x and y are
orthogonal to all *i� then we are done�
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Because of the special shape of sptf�ag� sptf�bg� and sptf�dg� it is easy to show thatZ
sptf�lg

��l
�x

*k � � and

Z
sptf�lg

��l
�y

*k � ��

for l � a� b� d and for k � �� ��

a
b

c d

Figure 	��� Supports of basis functions�

Since �c � ���x���yn� in sptf*�gKn�� and �c � ��x�y���n� in sptf*gK��n� simple
calculations show that Z

spt�k

��c
�x

*k � � and

Z
spt �k

��c
�y

*k � ��

for k � �� �� Thus� we have shown that *� and *� are in Nh�
Since constants are always in Nh� we only need to show that *��*�� and * are in Nh�
Let the macroelement U be formed by four small squares Ki�j � Ki���j � Ki�j��� and Ki���j���

If we can prove Z
U

��l
�x

*k � � and

Z
U

��l
�y

*k � ��

for l � a� b� c� d and k � �� 	� �� then we are done�
On U we de�ne

v �� a�a � b�b � c�c � d�d�

For any p � Ph� we have

�

�n

Z
U

�v

�x
p �

�� p
	�

i�j � p

	�

i�j � 	p	�
i�j � q

	�

i�j � q

	�

i�j � 	q	�
i�j

�
c�

�
p
	�

i�j � p

	�

i�j � 	p

	�

i�j � q

	�

i���j � q

	�

i���j � 	q

	�

i���j

�
d��

p
	�

i�j�� � p

	�

i�j�� � q

	�

i�j � q

	�

i�j

�
b��

p
	�

i�j�� � p

	�

i�j�� � p

	�

i�j�� � p

	�

i���j�� � p

	�

i���j�� � p

	�

i���j���

q
	�

i�j � q

	�

i�j � q

	�

i�j � q

	�

i���j � q

	�

i���j � q

	�

i���j

�
a�

���	�	�

and
�

�n

Z
U

�v

�y
p �

�
	p

	�

i�j � p

	�

i�j � p

	�

i�j � 	q

	�

i�j � q

	�

i�j � q

	�

i�j

�
c�

�
p
	�

i�j � p

	�

i�j � q

	�

i���j � q

	�

i���j

�
d��� 	p	�
i�j�� � p

	�

i�j�� � p

	�

i�j�� � 	q	�
i�j � q

	�

i�j � q

	�

i�j

�
b��

p
	�

i�j � p

	�

i�j � p

	�

i�j � p

	�

i�j�� � p

	�

i�j�� � p

	�

i�j���

q
	�

i���j � q

	�

i���j � q

	�

i���j � q

	�

i���j�� � q

	�

i���j�� � q

	�

i���j��

�
a�

���	�
�
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Taking v to be equal to �� or �� in either ���	�	� or ���	�
�� we get zero for any choice of a� b� c�
and d� Therefore� *� and *� are in Nh�

The values of * in U are

p
	�

i�j � �i� 
� p

	�

i�j � ��j � i�� 
� p

	�

i�j � ��j � ��

q
	�

i�j � �i� �� q

	�

i�j � ��j � i�� q

	�

i�j � ��j � ��

p
	�

i���j � �i� �� p

	�

i���j � ��j � i�� � p

	�

i���j � ��j � ��

q
	�

i���j � �i� q

	�

i���j � ��j � i�� �� q

	�

i���j � ��j � ��

p
	�

i�j�� � �i� 
� p

	�

i�j�� � ��j � i� � �� p

	�

i�j�� � ��j � ��

q
	�

i�j�� � �i� �� q

	�

i�j�� � ��j � i� � �� q

	�

i�j�� � ��j�

p
	�

i���j�� � �i� �� p

	�

i���j�� � ��j � i�� 
� p

	�

i���j�� � ��j � ��

q
	�

i���j�� � �i� q

	�

i���j�� � ��j � i�� q

	�

i���j�� � ��j�

Plugging * for v into ���	�	� and ���	�
�� we �nd that both ���	�	� and ���	�
� are zeros� Therefore
* is in Nh�

Thus� we have shown that *�� � � � � * are in Nh and are independent� Since the dimension
of Nh is � �by Lemma ��	���� f*igi�� forms a basis for Nh� �

The spurious modes *�� *�� *�� and * all have Th as their support� The modes *� and
*� have a small local support if we consider Ph as the pressure space� On the other hand� they are
globally supported if "Ph is considered�

There are � independent pressure modes in Nh associated with the Stokes equations with
Dirichlet boundary conditions� Since the Stokes equations with traction boundary conditions has the
velocity space M�

� �Th�� all the � pressure modes are wiped out by the presence of M�
� �Th�� Hence�

for the Stokes equations with traction boundary conditions� Nh only contains the zero function�
Since there is no spurious pressure mode for the traction boundary condition problems� the inf�sup
constant is positive on diagonal meshes� However� the element is unstable �see Theorem �������

	����� Spurious Modes Around a Singular Vertex

In this subsection� we prove that there is a locally supported spurious pressure mode asso�
ciated with each singular vertex� More general results on irregular crisscross meshes appear in the
next section�

We �rst consider the spurious pressure modes supported on a macroelement U � which is an
arbitrary quadrilateral divided by its two diagonals �the �rst �gure in Figure ����� Let a� b� c� and
d denote the lengths of the interior edges of U � Without loss of generality� we assume that one
diagonal of U lies on the x�axis �since rotations and translations do not change the dimension of NU

h

�� This assumption simpli�es the computations� If we denote the directions of the two diagonals by
n� � ��� �� and n� � �n�� n��� then the coordinates of the four vertices of the quadrilateral U are
given by

�a� ��� �bn�� bn��� ��c� ��� and ��dn���dn���
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Figure 	��� Macroelement U and spurious mode �U �

The following result is due to Morgan and Scott �����

Lemma 	����� Let

Nh�U� �� fp �M l��
�� �U�

�� b�v� p� � �� �v �M l
��U�g�

Then for l � �� dimNh�U� � ��

For the P��P� element� we number all the vertices of U in a manner shown in the �rst �gure
of Figure ���� Any u �M�

� �U� can be expressed as

u �
��X
i��

�ui� vi��i�

where �ui� vi� � R�� for i � �� 	� � � � � �
� and f�ig��i�� is the set of nodal basis functions� Let
p � M�

���U� be such that its values at the vertices of the four triangles of U are as shown in the
second �gure of Figure ����

Our objective is to obtain a linear system of equations from
R
U p divu � � for any u �

M�
� �U�� Obviously� the solutions of the system are the spurious pressure modes� This is a system

of 	� equations in �	 unknowns and it has � parameters� It is di#cult to �nd solutions of the
system in this form� To this end� we �rst solve a subsystem corresponding to

R
U p divu � � for any

u � �M�
� �U�� Then� we substitute the solutions obtained from the subsystem into the system to �nd

the solutions we want�
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Figure 	��� Vertices in T U
h and values of p�

We set

� � �

Z
U

p divu �� I� � I�� ���	���



��

for any ui � �ui� vi� for i � �� ��� � � � � �
� with

I� �n��bp� � bp� � dt� � dt��u��

n��bp� � 	bp� � bp� � 	bq� � bq� � bq��u���

n���bq� � bq� � ds� � ds��u���

n���ds� � 	ds� � ds� � 	dt� � dt� � dt��u���

n��bp� � bp� � bp� � bq� � bq� � bq� � ds� � ds� � ds� � dt� � dt� � dt��u���

and

I� � �	ap� � ap� � ap� � at� � 	at� � at� � n��bp� � bp� � dt� � dt���v��

�ap� � ap� � cq� � cq� � n��bp� � 	bp� � bp� � 	bq� � bq� � bq���v���

�cq� � 	cq� � cq� � 	cs� � cs� � cs� � n���bq� � bq� � ds� � ds���v���

��cs� � cs� � at� � at� � n���ds� � 	ds� � ds� � 	dt� � dt� � dt���v���

�ap� � ap� � ap� � cq� � cq� � cq� � cs� � �cs� � cs� � at� � at� � at�

� n��bp� � bp� � bp� � bq� � bq� � bq� � ds� � ds� � ds� � dt� � dt� � dt���v���

Since n� 	� �� so the equations obtained from I� do not depend on n�� Since each equation from I�
contains a multiple of an equation from I� as a part� we can eliminate this part in each equation from
I�� Eventually� ���	��� implies that the system of equations obtained from I� and I� are independent
of n� and n�� This subsystem consists of �� equations in �	 unknowns and it has � parameters� a�
b� c� and d�

Solving the subsystem� we obtain two independent solutions� One is the constant vector ��
and the other� called �U � is shown in the second �gure of Figure ����

For some nonzero u �M�
� �U��

R
U divu 	� �� For all u �M�

� �U�� we have
R
U �

U divu � ��

Therefore� there is only one independent spurious pressure mode �U on U � The previous discussion
proves the following theorem�

Theorem 	����� For any marcoelement U �see Figure 	���� �U is a basis function for the space of
spurious pressure modes supported by U �

If a singular vertex lies on the boundary of a triangulation Th� it has to fall in one of the cases
shown in Figure ����� The dark lines indicate the boundary edges� We call any singular vertices on
the mesh boundary a boundary singular vertex� A boundary singular vertex contributes to spurious
pressure modes if and only if any function in Vh vanishes on the two boundary edges which meet at
the boundary singular vertex� Spurious pressure modes associated with a boundary singular vertex
are multiples of the cut o� of the mode shown in Figure ����

Figure 	���� Di�erent boundary singular vertices�
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	��� Stability and Approximability on Irregular Crisscross Meshes

In this section� we analyze the stability and approximation properties of the P��P� element on
the irregular crisscross meshes� By Mercier!s result� the �nite element solution for velocity converges
with optimal order to the true solution on this type of mesh� We show here that the P��P� element
is reduced�stable on the irregular crisscross mesh and that the pressure can be recovered� This
recovered pressure has an optimal rate of convergence�

Let � be a polygonal domain and Th be a irregular crisscross mesh on � satisfying the
regularity assumption �	�
�	� �see Figure ��	�� Singular vertices appear in every quadrilateral in
Th� For convenience� we let � denote the number of singular vertices in Th�

Theorem 	����� Let Vh �� �M�
� �Th� and Ph �� M�

���Th�� Then we have the following�

��� dimNh � � � ��
�	� Consider a regular family of irregular crisscross meshes parametrized by h tending to zero�

Then the reduced inf�sup constant ��h � � � � with � independent of h�
�
� If �uh� ph� and �uh� �ph� are the numerical solutions from Vh�Ph and Vh�Mh respectively�

then

ku� uhk� � kp� �phk� � Ch��kuk� � kpk���
Here we assume �u� p� �H�����H���� is the solution of �	������

Proof� Let Uh denote a macroelement partition of Th such that each macro U in Uh is a quadrilateral
formed by four triangles of Th and the only interior vertex of U is a singular vertex�

By Theorem ��	�	� for each macroelement U in Uh there is a spurious pressure mode �U � Nh

with spt �U � U � Therefore� dimNh � �� Since the global constant � is in Nh� we have

dimNh � � � ��

In order to prove ���� we need to show that� any p � Nh must be a linear combination of the
constant function � and �U for some U � Uh� Let p � Nh be arbitrary� Since Up � NU

h � for each
U � Uh� we have

Up � �U� �
U � �U� 

U �

Here �U� and �U� are two constants� Since �U is in Nh for each U � Uh� we need to show that
p�PU�Uh

�U� �
U �

P
U�Uh

�U� 
U is a constant� Namely� we need to prove that Vh �M�

���Uh� has

no spurious pressure modes� This is true since Vh�M�
���Th� is a stable �nite element� This proves

that any p � Nh is a linear combination of the constant function � and �U for some U � Uh� Hence�
dimNh � � � ��

Since the mesh family is regular� all meshes of the family must satisfy the shape constraint
�	�
�	� for some positive number � independet of h� Let S� denote the set of all the macroelements of
all Uh!s for the meshes of the mesh family� Let the vertices of a macroelement U � S� be numbered
u�� � � � � u� such that u� is the singular vertex �see Figure ������ Since translations or dilations leave
the reduced inf�sup constant unchanged� we assume u� � ��� �� and max��Ufh�g � � for any U in
S�� De�ne

W � f�u�� � � � � u��
�� U � S��g�

then it is a closed set in R���
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Figure 	���� Macroelement U �

By Theorem ��	�	� for any two macroelements U and "U in S� � we have

dimV
�U
h � dimV U

h � ���

dimN
�U
h � dimNU

h � 	�

dimP
�U
h � dimPU

h � �	� and

dimM
�U
h � dimMU

h � ���

Therefore�

��Uh �u�� � � � � u�� �

q
��
�
M
����
U BUA

��
U Bt

UM
����
U

�
�

for any U � S� �please see the relevant sections of Chapter ��� Since the entries of matrices MU �
AU � and BU depend continuously on vertices u�� � � � � u� of U � the reduced inf�sup constant ��U must
continuously depend on the vertices of U � Since W is a bounded closed domain� there is a positive
number �� independent of h such that

��U � ��� �U � S��

Since
Qh � Mh

� X
U�Uh

NU
h �M�

���Uh� �M�
���Th��

and Vh �M�
���Th� is stable� there exists a � � � independent of h such that the inf�sup constant

from Vh � Qh is greater than or equal to �� Let � � min���� ��� then �	� follows by using the
macroelement partition theorem�

By Theorem 	�	��� we get

ku� uhk��� � kp� �phk��� � C� inf
v�Vh

ku� vk��� � inf
q�Mh

kp� qk�����

Now we analyze the approximation properties of the spaces Mh and Vh� Obviously� Vh has optimal
approximation properties� Since M�

���Uh� �Mh� Mh also has optimal approximation properties� If
we assume that the solution �u� p� of �	����� is in H�����H����� then �
� follows� �

For irregular crisscross meshes it is also easy to compute �ph once a represent for ph� which
is determined modulo Nh� is known� This is done on each macroelement U by the formula

�ph � ph � �U�U � �U �

R
U ph�

UR
U��U��

� ���
���



��

assuming that ph has already been normalized to have mean value zero�

It is easy to see that for the Stokes equations with traction boundary conditions on irregular
crisscross meshes dimNh � �� By Theorem 
���
� Theorem ��
�� also holds for traction boundary
condition problems with dimNh � ��

	�	� Stability and Approximability on a Mixed Type of Meshes

We have seen that singular vertices play an important role in the approximation properties
of numerical solutions� On the diagonal mesh �with no singular vertex except those at the two
corners�� the velocity has only suboptimal rate of convergence� On the other hand� for the crisscross
mesh� the numerical solution is optimal for both the velocity and the pressure� In this section� we
investigate the intermediate situation�

For convenience� we assume the domain � to be the unit square in this section� However�
similar arguments can be carried out for more general domains�

We only consider a particular class of triangulations of the unit square �� Let Qh denote
the partition of � into n� equal subsquares of length h � ��n �with n � 	 an integer�� The meshes
Th considered in this section are obtained from Qh by subdividing each of the squares by some of
their diagonals� Speci�cally� we assume that each square is either subdivided into two triangles by
its positively sloped diagonal� which we will call a diagonal subdivision� or into four triangles by
both its diagonals� a crisscross subdivision �see Figure ���	�� A mixed mesh is a mesh of diagonal
and crisscross subdivisions�
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Figure 	���� Mesh mixed with diagonals and crisscrosses�

If every square is subject to a diagonal subdivision� then Nh has dimension �� From the work
of de Boor and H$ollig cited in subsection ������ we can deduce that even after eliminating the modes
of Nh� the method is unstable� However� if every square is subdivided by two diagonals� then we
have seen that the method is stable after the pressure modes associated with the singular vertices
have been removed�

We now consider the case of mixed meshes� Our main result is that the P��P� method is
stable on mixed mesh family after the removal of local pressure modes associated with the singular
vertices� as long as the proportion of crisscross subdivisions is not vanishingly small in any part of
the domain�

Let us call a macroelement from the triangulation Th a k�square if it is a square of side kh�
Thus� Qh is the set of all ��squares� Note that there must always be at least two singular vertices
in the triangulation� since either the upper left and lower right corners are singular vertices� or the
��squares containing them are crisscross subdivided and therefore contain singular vertices�



��

Again� we assume Vh �� �M�
� �Th� and Ph �� M�

���Th�� For convenience� we de�ne

T D
h � � the diagonal mesh of the unit square� and

T C
h � � the crisscross mesh of the unit square�

Theorem 	�	��� Let Th be a mixed mesh of the unit square� Let � denote the number of singular
vertices in Th�

��� If � � 
� then dimNh � ���� and Nh is spanned by the constant function � and the locally
supported pressure modes associated with the singular vertices�

�	� Consider a family of mixed meshes Th parametrized by h tending to zero� Suppose that there
exists a number k such that every k�square contains at least one �square which is crisscross
subdivided� Then there exists a positive constant � depending only on k such that ��h � ��

Proof� Let U�� U�� � � � � Um denote all the Ki�j of Qh which have exactly one interior singular vertex�
and let �Ui represent the spurious pressure modes on Ui for i � �� 	� � � � � m�

Let p � Nh be arbitrary� De�ne

�p �� p�
kX
i��

�Ui�Ui �

where

�Ui �

R
Ui
p�UiR

Ui
��Ui��

�

for i � �� 	� � � � � m� Clearly� �p is in Nh�
Since Ui �p � NUi

h � Ui �p � Uici� for i � �� 	� � � � � m� with ci a constant� Obviously�

�p � Nh�T D
h ��

Therefore�

�p �
X
i��

�i*i�

where f*igi��� de�ned in Theorem ��	��� is a basis for Nh�T D
h ��

Since there are at least three singular vertices in Th� we can assume that U� � Ki�j with
�i� j� 	� ��� n� and �i� j� 	� �n� ��� On U�� we have

c� � ��*� � ��*� � ��*� � �*�

By the de�nitions of the *i� the above equation implies that �� � �� � �� � c�� and � � �� That
is�

�p � ��*� � ��*� � c��

Regarding the structure of K��n or Kn��� we have the following two cases�
Case � Neither of K��n and Kn�� contains an interior singular vertex�
In this case�

p � ��*� � ��*� � c� �
mX
i��

�Ui�Ui �

Case �� At least one of K��n and Kn�� contains an interior singular vertex�



��

Assume that only U� � K��n is a crisscross subdivision� On U�� we have

c� � ��*� � c��

which gives c� � c�� and �� � �� Now we can conclude that

p � ��*� � c� �
mX
i��

�Ui�Ui �

Similarly� if Kn�� is a crisscross subdivision� then we have

p � ��*� � c� �
mX
i��

�Ui�Ui �

If both K��n and Kn�� are crisscross subdivisions� then clearly we have

p � c� �
kX
i��

�Ui�Ui �

Combining the cases � and 	� we proved ����
The proof of the second part is based on the macroelement covering theorem with a slightly

complicated choice of macroelements� We associate a macroelement U to each �k � 	��square S as
follows� The vertices on the boundary of S are never singular� except possibly the vertices at the
upper left and lower right corners of S� which are singular or not depending on whether a diagonal
or crisscross subdivision is applied to the ��square in S which contains them� If neither corner
vertex is singular then we take U � S� If both corner vertices are singular we take U � S n �	� � 	��
where 	� and 	� are the triangles of Th in S which contain these corners� If only one corner vertex
is singular we only excise the corresponding triangle from S� But however for K��n and Kn��� we
always keep them in U if S contains them� In this way we obtain a macroelement covering Uh which
satis�es the overlap property� Figure ���
 displays several macroelement con�gurations which may
arise for k � 	�

Figure 	���� Di�erent macroelement con�gurations�

Macroelements constructed in this way may di�er due to which corners are excised and the
particular pattern of diagonal and crisscross subdivisions� However� since k is a �xed integer� there
is a �xed �nite number of macroelement con�gurations such that every macroelement in Uh� for any
h� is obtained by dilation and translation from one of these� Since ��Uh is invariant under dilation
and translation� we can bound it from below by a positive number independent of h�



��

It remains to verify hypothesis �
�
�	� of the macroelement covering theorem� Every macro�
element U � Uh contains a k�square in its interior� and hence� by hypothesis� contains an interior
��square which is crisscross subdivided� Reasoning as in the proof of the �rst part of the theorem�
we �nd that NU

h is spanned by U and the locally supported pressure modes from the singular
vertices� Thus hypothesis �
�
�	� holds� �

Combining Theorem ����� and Theorem 	�	��� we have the following theorem�

Theorem 	�	��� Let �u� p� � H����� H���� solve �	������ Under the assumptions of Theorem
	�	�� we have

ku� uhk��� �C inf
v�Vh

ku� vk��� � Ch�kuk���� �������

kp� �phk��� �Ch�kuk��� � C inf
q�Mh

kp� qk���� �����	�

Moreover� if K��n and Kn�� are crisscross subdivisions� then

kp� �phk��� � Ch��kuk��� � kpk����� �����
�

If K��n and Kn�� are crisscross subdivisions� then M�
���Qh� �Mh� and we can obtain �����
�

from �����	�� If p is orthogonal to the spurious pressure modes associated with the boundary singular
vertices in Th� then p can again be approximated by �ph � Mh with an optimal order� We do not
know the approximation properties of �ph if p is not orthogonal to the spurious pressure modes
associated with the boundary singular vertices in Th�

The recovery of the pressure is completely similar to that for irregular crisscross meshes�
Therefore� �ph can be computed from ph by an inexpensive postprocess�

For this mixed mesh family� the �nite element velocity space for the Stokes equations with
traction boundary conditions makes the spurious modes around the boundary singular vertices and
the global constant functions in Nh disappear� Therefore� the dimension of the kernel of the discrete
gradient operator is equal to the number of all the interior singular vertices in Th� Applying the
subspace theorem a few times and combining the results in Theorem ����� and ����	� we have the
following theorem for the Stokes equations with traction boundary conditions�

Theorem 	�	��� Assume Vh �� M�
� �Th� and Ph �� M�

���Th�� Suppose that the Th is a mixed
mesh on the unit square� and that �u� p� �H�����H���� solves �	������ Then we have�

��� dimNh is the number of all interior singular vertices in Th�
�	� Consider a family of mixed mesh Th� parametrized by h tending to zero� on the unit square�

Suppose that there exists a number k such that every k�square contains at least one �square
which is crisscross subdivided� Then the element is reduced stable for this mesh family� and
furthermore�

ku� uhk��� � kp� �phk��� � Ch��kuk��� � kpk�����

	��� Stability and Approximability on Distorted Crisscross Meshes

It might appear that singular vertices are responsible for the good performance of the P��P�

�nite element method on the crisscross mesh family� However� this is not the whole story� In this
section� we will display a sequence of distorted crisscross meshes for the unit square such that the



��

P��P� element is stable and has optimal rate of convergence for both the velocity and the pressure�
These meshes have no singular vertices�

Let Qh denote the partition of the unit square � into n � n �h � ��n� equal small squares�
Let Th be obtained from Qh by dividing each small square of Qh into � triangles as shown in the
�rst �gure of Figure ����� This is equivalent to moving the interior vertex of a crisscross subdivision
vertically down a �xed distance� for instance h��� A small square with such a division is called a
distorted crisscross subdivision�
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Figure 	��	� Macroelement�

Let Uh be a macroelement covering of Th such that any 	�	 distorted crisscross subdivisions
�four small squares� of Th form a macroelement in Uh �see the third �gure of Figure ������ We will
prove that Vh � Ph is stable and that dimNh � ��

In order to prove that dimNh � �� we �rst show that NU
h only contains constant functions

for any U in Uh� If this is the case� then we have� for any p in Nh� Up is a constant for any U in
Uh� Since Uh is a macroelement covering satisfying the overlap property� p must be a constant on
the whole domain�

We �gure out the spurious pressure modes on a single distorted crisscross subdivided square
S �rst� We assume that the vertices in S have coordinates ��� ��� ��� ��� ��� ��� ��� ��� and ����� t��
Let u � V S

h be expressed as

u �
��X
i��

�ui� vi��i

and p � PS
h in the manner shown in the second �gure of Figure ����� Set

�

Z
S

pdivu � ��tp� � tp� � 	tp� � tt� � t� � tt� � t� � 	tt��u��

�tp� � tp� � 	tp� � q� � tq� � tq� � q� � 	tq��u���

��q� � tq� � 	q� � tq� � q� � 	tq� � s� � ts� � s� � ts� � 	s� � 	ts��u���

��s� � ts� � s� � ts� � 	s� � 	ts� � 	t� � tt� � t� � tt� � t� � 	tt��u���

��q� � q� � q� � t� � t� � t��u���

�
p� � p� � t� � t� � 	t��v��	�

�p� � 
p� � q� � q� � 	q��v���	�

�q� � q� � 	q� � 
s� � s��v���	�

��s� � 
s� � t� � t� � 	t��v���	�

�p� � p� � p� � s� � s� � s��v�� � ��

for any �ui� vi� for i � �� ��� ��� �	� �
� Solving the system that results from the above equality� we
�nd two independent solutions� One is pS� � � and the other one is pS� with



��

p� � �� 
t� p� � �� 
t� p� � 
� 
t�
q� � t� q� � �� t� q� � �
t�
s� � �� 
t� s� � �� 
t� s� � 
� 
t�
t� � �� t� t� � t� t� � �
t�

where � � t � ��	 or ��	 � t � ��

For any p � Nh� Sp is a linear combination of pS� and pS� � Moreover� for any U � Uh� Up is
a linear combination of � functions� By some algebraic manipulations� we can verify that Up must
be a constant�

Thus we have proved that dimNU
h � � for any U � Uh� Consequently� we have dimNh � ��

Theorem 	�����

��� Suppose that the triangulation Th is obtained from Qh by partition each small square in Qh

with a same distorted crisscross subdivision� Then Nh only contains constant functions�
�	� Consider a family of such triangulations Th parametrized by h tending to zero� Then Vh�Ph

is stable and

ku� uhk��� � kp� phk��� � Ch��kuk��� � kpk�����

Here we assume �u� p� �H�����H���� is the solution of �	������

Proof� Since all the macroelements in Uh are translations or dilations of a distorted crisscross
subdivision for all meshes Th� we have a common positive lower bound independent of h for all
the local reduced inf�sup constants� Further� since Vh contains �M�

� � all the conditions in the
macroelement covering theorem hold� This proves that Vh � Ph is stable and

ku� uhk��� � kp� phk��� � Ch��kuk��� � kpk����� �

Remark 	����� Let Th be a distorted crisscross mesh obtained from a crisscross mesh by distorting
each square of the crisscross mesh in exactly the same way� Then we can prove that the element is
stable on Th and has optimal rates of convergence for the velocity and the pressure�

Distorted crisscross meshes are better than crisscross meshes in the sense of stability� Both
types of meshes have exactly the same topological structure� but one has a lot of spurious pressure
modes� while the other one doesn�t have any� We conclude that spurious pressure modes can be
removed by distorting the mesh�

	��� Stability and Approximability on Barycentric Trisected Meshes

In this section� we examine the P��P� �nite element method on barycentric trisected trian�
gulations� We show that there are no spurious pressure modes on this type of mesh� and moreover�
the method is stable� Consequently� the rates of convergence for velocity and pressure are both
optimal�

A barycentric trisected triangulation Th is obtained from a arbitrary triangulation Sh of a
polygonal domain � by connecting the three vertices of each triangle in Sh to its barycenter �see
the third �gure in Figure ������
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Figure 	���� Barycentric trisected partition�

We will prove the stability and approximability of the P��P� element on this barycentric
trisected mesh family by using the macroelement partition theorem� Let Uh be a macroelement
partition of Th such that each macroelement U in Uh is a triangle in Sh� In order to use the
macroelement partition theorem� we �rst need to show that there is a common positive lower bound
independent of h for the local inf�sup constant ��Uh for all U in Uh� and secondly to prove that the
inf�sup constant for Vh � �Mh  )U�UhN

U
h � is bounded away from ��

Pick any U in Uh� and let the vertices of U be numbered in the manner shown in the �rst
�gure of Figure ����� Any u � V U

h can be expressed as

u �
��X
i��

�ui� vi��i�

where �i� i � � �� �� ��� are nodal basis functions�
We denote the values of p in PU

h at the vertices of the triangles of U in the manner shown in
the second �gure of Figure �����

It is clear that Uh � E�U� F �� where F is the set of all invertible linear mappings� Without
loss of generality� we assume that the vertices �� 	� and 
 of U have coordinates ��� ��� ��� ��� and
��� �� respectively�

If Th satis�es �	�
�	�� then by Lemma 
���� there is a positive lower bound �U independent
of h� such that

��
�U
h � �U � � "U � E��U� F ��

Let p � NU
h be arbitrary� For any u � V U

h � we have

��

Z
U

p divu ���p� � p� � 	p� � s� � �s� � s��u��

�p� � p� � 	p� � �q� � q� � q��u��

��	q� � �q� � q� � �s� � 	s� � s��u��

��
q� � 
q� � 
q� � 
s� � 
s� � 
s��u���

��p� � p� � p� � s� � s� � 	s��v��

�	p� � �p� � p� � �q� � 	q� � q��v��

��q� � �q� � q� � s� � s� � 	s��v��

�
p� � 
p� � 
p� � 
q� � 
q� � 
q��v�� � ��

�������

Solving the linear system obtained from �������� we have

p� � p� � p� � q� � q� � q� � s� � s� � s��
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Hence� NU
h is the one dimensional space of constant functions� By Lemma 
����� we know that for

any "U in Uh� N
�U
h contains only the constant functions� If p is in Nh� then p is in Nh�Uh� since


�Up � Nh

�U is a constant for "U in Uh� Since Vh �M�
���Th� is stable� Vh �M�

���Uh� is stable� and
therefore Nh�Uh� contains only the constant functions� We know that

Vh � �Mh

� X
U�Uh

NU
h � � Vh � � "Ph

� X
U�Uh

NU
h � � Vh � "M�

���Uh��

and therefore Vh � �Mh  )U�UhN
U
h � is stable�

From the above discussions� we have that Vh � Ph is stable on Th� Furthermore� since the
�nite element space Vh � Ph has optimal approximation properties� the following theorem holds�

Theorem 	�����

��� If the mesh Th is a barycentric trisected triangulation� then Nh only consists of constant
functions�

�	� Consider a regular family of barycentric trisected meshes Th parametrized by h tending to
zero� Then Vh � Ph is stable and

ku� uhk��� �C inf
v�Vh

ku� vk��� � Ch�kuk����
kp� phk��� �Ch�kuk��� � C inf

q�Mh

kp� qk��� � Ch��kuk��� � kpk�����

Here we assume �u� p� �H�����H���� is the solution of �	������

Remark 	����� Actually� we can prove similar results by almost the same arguments as we used
in this section for any triangulation Th formed by connecting the three vertices of each triangle of
Sh to any interior point such that Th satis�es the condition �	�
�	��

Remark 	����� Following the idea in the Section 	� we consider a mixed type of meshes of the unit
square from the square partition Qh �see the de�nition in the Section 	� by re�ning each square of
Qh with either a diagonal subdivision or a barycentric trisected subdivision� A barycentric trisected
subdivision is the barycentric trisected parttition of a diagonal subdivision� Then the only spurious
pressure modes are from the corner verices� We can prove similar results as stated in Theorem
	�	�� Theorem 	�	��� and Theorem 	�	�
 for this type of meshes�
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Chapter �

NUMERICAL COMPUTATIONS ON THE P�
P� ELEMENT

This chapter contains two classes of numerical computations on the P��P� element for the
Stokes equations� One class is on the stability �or reduced stability� of the P��P� element� and the
other is on rates of convergence of numerical solutions�

Supporting the theoretical analysis of the P��P� element in Chapter �� numerical results
presented in this chapter re�ect that the performance of the element depends on mesh con�gurations�
We do numerical computations not only on the meshes for which we understand theoretically� but
also on some meshes for which we do not have theoretical results�

In Section �� we introduce an eigenproblem and its variations associated with the inf�sup
constant of a mixed �nite element� In Section 	� we discuss some properties of the eigenproblem on
both the continuous and the discrete level� In Section 
� we present a model problem to be employed
in our numerical computations for testing rates of convergence of numerical solutions� Finally� we
present some analysis� tables� and �gures for di�erent mesh con�gurations in Section ��



��

���� An Eigenproblem Associated with the inf
sup Condition

The stability of a mixed �nite element method for the Stokes equations can be studied by
investigating some eigenvalues of an associated eigenproblem� In this section� we will show that
the inf�sup or reduced inf�sup constant is equal to the square root of a certain eigenvalue of an
eigenproblem�

As usual� we denote the �nite element velocity space by Vh and the pressure space by Ph�
Spaces Nh and Mh are de�ned as in �	������ Let f�igni�� be a basis of Vh� f�igli�� be a basis of
Nh� and f�igmi�l�� be a basis of Mh� For convenience� we set k � m � l� and make the following
de�nitions�

A ��
	Z

�

r�i � r�j �

Z
�

�i ��j


��i�j�n

�

Bt
N ��

	Z
�

�i div�j



��j�n
��i�l

� �n�l �

Bt
M ��

	Z
�

�i�l div�j



��j�n
��i�k

�

MN ��
	Z

�

�i�j



��i�j�l

�

MM ��
	Z

�

�i�l�j�l



��i�j�k

�

Bt ��
	
Bt
N Bt

M



�

M ��
	
MN �

� MM



�

�������

Clearly� matrices A� MN � and MM are symmetric positive de�nite� and matrix Bt
M has a full

column rank� The following lemma describes a relation between the reduced inf�sup constant and
the minimum eigenvalue of a matrix�

Lemma ������ Using the de�nitions �������� we have

��h �� inf
���p�Mh

sup
���v�Vh

R
� p div v

kvk���kpk��� �

q
�min�M

� �
�

M BMA��Bt
MM

� �
�

M ��

where M
� �

�

M M
� �

�

M �� M��
M and �min�M

� �
�

M BMA��Bt
MM

� �
�

M � denotes the smallest eigenvalue of the
matrix�
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Proof� By the de�nition of ��h� we have

��h � inf
�����Rk

sup
�����Rn

���Bt
M��

�A�� ������MM�� �����

� inf
�����Rk

sup
������A�����Rn

����A����Bt
M��

���� �������MM�� �����

� inf
�����Rk

�A����Bt
M��A����Bt

M�����

�MM�� �����

� inf
������M

���
M ��Rk

�A����Bt
MM

����
M

���A����Bt
MM

����
M

������

���� ������

�

q
�min�M

� �
�

M BMA��Bt
MM

� �
�

M �� �

It is di#cult to �gure out the structure of the spaces Nh and Mh in most cases� Fortunately�
the reduced inf�sup constant can be computed directly from the matrices A� B� and M �

Theorem ������ Let �� � �� � � � � � �m denote all the eigenvalues of the matrixM� �
�BA��BtM� �

� �
Then �� � �� � � � �� �l � � and

��h �
p
�l�� � ��

Proof� Simple calculations show that the generalized eigenproblem

	
A Bt

B �


	
u
p



� �

	 � �
� �M


	
u
p



� �����	�

and the eigenproblem

M� �
�BA��BtM� �

� p � �p� �����
�

have exactly the same set of eigenvalues� Similar calculations show that the eigenvalues from

	
A Bt

M

BM �


	
u
�p



� �

	 � �
� �MM


	
u
�p



� �������

and the eigenvalues from

M
� �

�

M BMA��Bt
MM

� �
�

M �p � ��p� �������

are the same� Moreover� neither ������� or ������� has zero eigenvalues�
By de�nitions of B and M � if we set

p ��
	
pN
pM



�

then eigenproblem �����	� is equivalent to

�
�Au � Bt

MpM
�

BMu


A � �

�
� �
�MNpN
�MMpM


A �



��

Clearly� eigenproblems �����	� and ������� have the same nonzero eigenvalues� That is� eigenprob�
lems �����
� and ������� have the same nonzero eigenvalues� Since dimNh � l� eigenproblem �����
�
has exactly l zero eigenvalues� The above arguments show that

�l�� � �min�M
� �

�

M BMA��Bt
MM

� �
�

M ��

where
�� � �� � � � � � �l � ��

By Lemma ������ the proof is complete� �

For any invertible matrices T � Rm�m and Q � Rn�n� since

M� �
�BA��BtM� �

� p � �p

�� BA��Bt �p � �M �p with �p � M� �
� p

�� BA��BtT 'p � �MT 'p with 'p � T�� �p

�� T tBA��BtT 'p � �T tMT 'p

�� �T tBQ��QtAQ����QtBtT �'p � ��T tMT �'p�

the statement of Theorem ����� holds for any choice of basis functions for Vh or Ph�
The following statements are useful in practical computations�

Lemma ������ Using the de�nitions� the nonzero eigenvalue of the following eigenproblems are
equal�

��� M� �
�BA��BtM� �

� p � �p�

�	� A�
�
�BtM��BA�

�
� u � �u�

�
� BA��Btp � �Mp�
��� BtM��Bu � �Au�
��� 	

A Bt

B �


	
u
p



� �

	 � �
� �M


	
u
p



�

��� 	
A Bt

B �M


	
u
p



� ��� ��

	 � �
� �M


	
u
p



�

with � � � such that 	
A Bt

B �M




is symmetric positive de�nite�

Proof� ������
�� �	������� ��������� �
������� and �������� are immediate� This proves the
lemma� �

The eigenproblems ���� �	�� �
�� and ��� in the above lemma involve inverses of matrices� but
the size of each problem is small� In contrast� ��� and ��� do not contain the inverse of any matrix�
but their size is large�

In our computations� we used LAPACK to solve the generalized eigenproblem

BA��Btp � �Mp� �������



��

from the P��P� element on the unit square� Two velocity spaces Vh �� �M�
� �Th� and Vh �� M�

� �Th�
were tested on various mesh con�gurations�

If the �nite element velocity space Vh is a subspace of �H����� then we use j � j��� as the norm
in the analysis� Therefore� the corresponding reduced inf�sup constant is de�ned by

��h � inf
���p�Mh

sup
���v�Vh

R
� p div v

jvj���kpk��� �

and the matrix A is de�ned by

A �
	Z

�

r�i � r�j


��i�j�n

� ������

���� Properties of an Eigenproblem

In this section� we discuss some properties of the eigenproblem

	
A Bt

B �


	
u
p



� �

	
� �
� �M


	
u
p



� ���	���

which is associated with the inf�sup constant of a �nite element Vh � Ph� Here Vh is a subspace of
�H���� and the matrix A is de�ned as in ������� These properties are not essential to the stability
analysis or to the numerical computations in this thesis� but we include them here for integrity�

On the discrete level� ���	��� corresponds to

a�u� v� � b�v� p� � � �v � Vh�
b�u� q� � ���p� q� �q � Ph�

���	�	�

On the continuous level� we have
�u�rp � ��

divu � ��p�
uj�� � ��

���	�
�

Here u � V �� �H���� and p � P �� L����� If � � � in ���	�
�� then div u � �� Therefore�
divergence free functions are eigenfunctions of ���	�
� corresponding to � � �� The following
theorem describes some properties of the eigenproblem ���	�
��

Theorem ������ If � is an eigenvalue of ���	�
�� then

��� �� � is a slso an eigenvalue� and moreover�
�	� � � ��� ���

Proof� We only need to show that ��� holds for � 	� �� The eigenproblem ���	�
� is equivalent to

a�u� v� � b�v� p� � �� �v � V �

b�u� q� � ���p� q�� �q � P � ���	���

Since divV � P � there is a function p � P such that

p � � �

�
divu�



��

if � 	� �� Putting p into the �rst equation of ���	���� we have

��a�u� v� � �divu� div v� � �� �v � V � ���	���

Simple calculations show that if f��u � �u�� u��g is an eigenpair of

��a�u� v� � �divu� div v� � �� �v � �v�� v�� � V �

then f�� �� �u � ��u�� u��g satis�es

���� ��a��u� �v� � �div �u� div �v� � ��

for all �v � �v���v�� � V � Hence� ��� follows�
Obviously� ���	��� implies � � �� Combining with ���� we prove �	�� That is� if � is an

eigenvalue of ���	�
�� then � � ��� ��� �

The following theorem is due to Mikhlin �����

Theorem ������ The eigenvalues of the eigensystem ���	�
� are situated on the interval ��� �� and
can condense only at the points �� ��	� and �� Furthermore� � and � are eigenvalues of in�nite
multiplicity�

On the discrete level� the properties of the eigenvalues in Theorem ��	�� are preserved if the
divergence of any function in the velocity space Vh is a function in the pressure space Ph� We have
the following analogue of Theorem ��	���

Theorem ������ Let ���	�	� be considered in the �nite element space Vh�Ph such that divVh � Ph�
If � is an eigenvalue of the eigenproblem ���	�	�� then

��� �� � is a also an eigenvalue of ���	�	�� and moreover�
�	� � � ��� ���

Proof� This theorem is proved analogously to the proof of Theorem ��	��� �

���� The Problem for Numerical Tests

We test the P��P� element on a penalized system of the Stokes equations�

��u�rp � f � on �

divu � �p� on �

uj�� � ��

���
���

with � � ��� ��� ��� ��� where � is a small positive number�
The exact solution �u� p� of ���
��� and the forcing function f are taken to be�

u � �
�

�y
��x

�
� ��x� x���y � y��

�
�
�

�
�

p � x� x� � y � �xy � 	x�y � y� � 	xy��

f �

�
f�
f�

�
�



��

Here

� ��x� x����y � y����

f� ��� 	x� �	x� � 	�x� � �	x� � 	�xy � ��x�y � ��x�y � 	�x�y � ��y��

	xy� � 	x�y� � �y� � ��xy� � ��x�y� � 	y� � 	y���

f� ��� �x � ��x� � �x� � 	y � 	�xy � 	x�y � ��x�y � �	y� � ��xy� � 	x�y��
��x�y� � 	�y� � ��xy� � �	y� � 	�xy� � 	x� � 	x���

We can see that the velocity u is divergence free when � � ��

The �nite element formulation of ���
��� is

a�uh� v�� b�v� ph� � �f � v�� �v � Vh�
b�uh� q� � ��ph� q�� �q � Ph�

���
�	�

An advantage of using ���
�	� is that the pressure ph is automatically in Mh� Therefore� we do not
need to �lter out spurious pressure modes from the numerical solution for the pressure�

��	� Numerical Computations

We will present some numerical results for the P��P� element in this section� As we men�
tioned before� the numerical tests focus on the inf�sup �or reduced inf�sup constant� and rates of
convergence of numerical solutions on di�erent mesh con�gurations�

We do tests on the stability of the P��P� element for both Dirichlet and traction boundary
conditions� Namely� the velocity space Vh is taken to be M�

� and �M�
� are considered in numerical

computations� All the spurious pressure modes corresponding to Vh � M�
� are locally supported�

The tests on rates of convergence of the numerical solutions are carried out by computing
the penalized system ���
��� of the Stokes equations� We choose di�erent values for � such as ����	�
�����	� and ������	 in our numerical experiments� Since the second equation of ���
�	� keeps ph in
Mh� the pressure ph from ���
�	� can be regarded as �ph of �	���
� as � tends to �� If � is small� the
second equation of ���
��� forces uh to be an almost divergence free function� The behavior of the
numerical solution of �	���
� is re�ected by the behavior of uh and ph from ���
�	��

This section is organized as follows� In each subsection� we discuss one mesh con�guration�
For each mesh con�guration� supported tables and �gures are organized in the following way� �rst�
we give a table of the reduced inf�sup constants for the Stokes equations with either the Dirichlet
or the traction boundary conditions� Secondly� we list four diagrams of the distributions of inf�sup
eigenvalues of �������� for h � ��	� ���� ���� and ��� �Dirichlet boundary condition only�� Finally�
we display rates of convergence of numerical solutions for di�erent � in three tables �Dirichlet
boundary condition only��

In Figure ���� we list only a basic 	h � 	h pattern for each mesh Th of the unit square� Th
is formed by translating this pattern around� therefore Th is a periodic mesh� For example� the
diagonal mesh Th� h � ���� is formed by four submeshes which are congruent to pattern ��
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Figure ���� Di�erent 	h� 	h mesh patterns�

��	��� Mesh �

For this diagonal mesh� Table ��� shows that the reduced inf�sup constant is about O�h�
for both Dirichlet and traction conditions� Furthermore� all spurious pressure modes are glob�
ally supported for Dirichlet boundary conditions� The number of independent spurious pressure
modes remains unchanged as h goes to zero� The eigenvalues are in ��� �� and they are distributed
symmetrically as told by Theorem ��	�
�

As � becomes smaller and smaller� the rate of convergence of the solution becomes worse and
worse� It is quite clear that the rate of convergence is 	 for the velocity in the H� norm and no
convergence at all for the pressure in the L� norm�

��	��� Mesh �

On this mesh� the behavior is quite similar to that on the diagonal mesh� The reduced inf�
sup constant is about O�h�� the velocity converges suboptimally� and there is no convergence for
the pressure� However� the number of spurious pressure modes grows in the order of O�h��� and
all of them are globally supported� This indicates that the number of globally supported spurious
pressure modes is not always �xed as h goes to zero�

��	��� Mesh �

The reduced inf�sup constant is about O�h� for both boundary conditions� However� the

velocity space Zh � �M�
� has optimal approximation properties� Since the reduced inf�sup constant

is about O�h�� by Theorem 	�	��� only suboptimal rate of convergence of the numerical solution for
the velocity can be expected� This mesh clearly shows that the inf�sup condition can not tell the
whole story about approximation properties of �nite element solutions� The numerical solution for
the pressure converges in a suboptimal fashion� and this agrees with estimates in Theorem 	�	�� if
we assume that the numerical solution for the velocity has an optimal rate of convergence�
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��	�	� Mesh 	

The reduced inf�sup constant is independent of h and the numerical solution converges op�
timally as predicted by Theorem ����� and ����	� It is hard to see the jump between the zero
eigenvalues and the one corresponding to the inf�sup constant in Figure ���� However� Table ���

shows that the reduced inf�sup constant is bounded away from zero by a positive number as h goes
to zero�

��	��� Mesh �

Like mesh �� the reduced inf�sup constant is independent of h and the numerical solution
converges optimally as predicted by Theorem ����� and ����	� There is a sharp jump between zero
eigenvalues and the the �rst nonzero eigenvalue which is the square of the reduced inf�sup constant�

��	��� Mesh �

This is the crisscross mesh� The reduced inf�sup constant is independent of h and the
numerical solution converges optimally� The strange behavior of the rate of convergence for the
pressure shown in Table ��	� is due to the e�ect of the locally supported spurious pressure modes�
The second equation of ���
�	� de�nitely guarantees that the velocity uh is almost divergence free
if � is small� However� in numerical computations� it is di#cult to remove spurious pressure modes
completely from ph when � is very small�

��	��� Mesh �

Theorem ����� guarantees everything is �ne for this mesh� Although the element is stable on
this mesh� the inf�sup constant is smaller than the reduced inf�sup constant for crisscross meshes�
and the error is also larger for this mesh� This mesh is a distortion of the crisscross mesh� All the
zero eigenvalues of the crisscross mesh� except for the �rst one� are shifted away from zero for this
mesh�

��	��� Mesh �

Theorem ����� guarantees everything is �ne for this mesh� The jump between the �rst and
the second eigenvalue is quite signi�cant�
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Chapter �

STABILITY AND APPROXIMATION PROPERTIES
OF THE P�
P� ELEMENT

This chapter is devoted to the P��P� element for the Stokes equations� The P��P� element
is de�ned for a polygonal domain � � R� as

Vh � �M�
� �Th� and Ph � M�

���Th��

where Th is a triangulation of �� The spaces Mh and Nh are de�ned accordingly for this element�
With the many supporting evidences that will be displayed in this chapter� we will conclude that
this element performs better than the P��P� element� For n � �� the Pn�Pn�� elements are stable
on almost all meshes� see Scott and Vogelius �	���

To the best of our knowledge� there are only a few known results on the P��P� element� The
work of Douglas and Dupont and Scott and Percell ���� implies that the P��P� element provides
an optimal approximation for the velocity on irregular crisscross and barycentric trisected mesh
families� In this chapter� we show that the numerical solution for the pressure can be optimally
recovered as well on irregular crisscross meshes� and that the element is stable on the barycentric
trisected mesh family�

In addition to the discussion on stability and approximation properties of the irregular criss�
cross and the barycentric trisected mesh families� we will study the element on mixed mesh family
of diagonal and crisscross structures� It is shown that the P��P� element provides optimal approx�
imations for both the velocity and the pressure on this mixed mesh family�

In the �rst section we introduce spurious pressure modes corresponding to diagonal and
irregular crisscross meshes� As we will see� the number of independent pressure modes in Nh is �
for the diagonal mesh� Therefore� the P��P� element also su�ers from spurious pressure modes on
these diagonal meshes� However� it is better than the P��P� element in that there are � independent
pressure modes in Nh�

The technique used in this chapter is almost the same as the one used in Chapter �� That
is� we determine spurious pressure modes �rst� and then use the macroelement technique developed
in Chapter 
 to determine the reduced stability of the �nite element� Since all the results� proofs�
and techniques of this chapter are similar to the ones in Chapter �� we omit detailed discussions or
proofs in order to keep this chapter shorter�

���� Spurious Pressure Modes

We shall determine spurious pressure modes of the P��P� element on the diagonal and the
crisscross meshes in this section� On the diagonal mesh� there are four independent modes in Nh

for the Stokes equations with Dirichlet boundary conditions� However� on an irregular crisscross
mesh Th there are O�h��� locally supported spurious pressure modes for the Stokes equations with
either the Dirichlet or the traction boundary conditions�
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������ Spurious Pressure Modes on a Diagonal Mesh

Let the unit square � � ��� ��� ��� �� be partitioned into n� n equal small squares with n a
positive integer and h � ��n� and name each small square exactly in the way shown in Figure ����
Let Th be the diagonal mesh of the unit square� Restricting any pressure function p � Ph on Ki�j�

we can represent p by �	 real numbers p
	l

i�j and q

	l

i�j � for l � �� 	� � � � � �� Here p

	l

i�j are values of p at

the vertices of the lower triangle of Ki�j� and q
	l

i�j are the values on the upper triangle of Ki	j � see

Figure ����� Let Uh be a macroelement covering of Th such that any macroelement in Uh is formed
by 	� 	 small squares�

p
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Figure ���� Values of p�

We will show that dimNh equals � and display a basis for Nh explicitly in the following

theorem� For convenience� we de�ne 
 independent functions ������ and �� of P
Ki�j

h � M�
���Ki�j�

�view Ki�j as a macroelement� in the manner shown in Figure ��	�

Theorem ������ De�ne
*� � �� �Ki�j �

*�jKi�j
�

�
��� K��n

�� otherwise�

*�jKi�j
�

�
��� Kn��

�� otherwise�

*�jKi�j
� ��� �Ki�j �

Then *�� *�� *�� and *� form a basis for Nh�

��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

�������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������� � � �
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Proof� Clearly� the functions *i are linearly independent� Therefore� we need to show that �rst any
function in Nh must be a linear combination of the four functions� secondly these fouctions are in
Nh�

Let Ui�j be a macroelement formed by Ki�j� Ki���j � Ki�j��� and Ki���j��� Let V
Ui�j
h ��

�M�
� �Ui�j� and P

Ui�j
h �� M�

���Ui�j� be the velocity and the pressure space over Ui�j respectively�
Solving p from the system obtained by settingZ

U

p div v � �� �v � V Ui�j
h �

we have p � N
Ui�j
h and p is a linear combination of following four pressure modes over Ui�j �

pi�j� �

�
��� Ki�j��

�� elsewhere in Ui�j �

pi�j� �

�
��� Ki���j

�� elsewhere in Ui�j �

pi�j� � ��� �Ki�j � Ui�j �

pi�j� � �� �Ki�j � Ui�j �

Therefore� for any p � Nh� p is a linear combination of pi�j� � pi�j� � pi�j� � and pi�j� on any macroele�
ment Ui�j formed by 	 � 	 small squares� Since each macroelement overlaps with at least 
 other
macroelements� the following argument is evident enough for us to conclude that p must be a linear
combination of *�� *�� *�� and *��

Figure ���� Overlaping macroelements�

We assume that the �rst submesh in Figure ��
 is formed by two overlaping macroelements
Ui�j and Ui�j��� and that the second one in Figure ��
 by Ul�m and Ul���m� The area of the overlap
is shaded as indicated in Figure ��
� For any p � Nh� p satis�es

pjUi�j �
�X

k��

ai�jk pi�jk � pjUi�j	�
�

�X
k��

ai�j��k pi�j��k �

pjUl�m �
�X

k��

al�mk pl�mk � pjUl	��m
�

�X
k��

al���mk pl���mk �

Since Ui�j and Ui�j�� are overlaping� simple calculations show that

ai�j� � �� ai�j� � ai�j��� � ai�j� � ai�j��� � and ai�j��� � ��
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Similarly� Ul�m and Ul���m gives

al�m� � �� al�m� � al���m� � al�m� � al���m� � and al���m� � ��

Repeatly applying the above arguments� we are able to show that any p � Nh must be a linear
combination of *�� *�� *�� and *��

It only remains to show that *i is in Nh� for i � �� 	� 
� �� It is easy to see that *i � Nh� for
i � �� 	� 
� For any nodal basis function in Vh� its support is contained in some macroelement� so
*� is L� orthogonal to the divergence of any nodal basis function of Vh� Therefore� *� belongs to
Nh� �

It is interesting to see that the P��P� element has only � independent pressure modes in
Nh on the diagonal mesh� As a matter of fact� only *� a�ects the inf�sup constant and the rates
of convergence of the numerical solutions� The function *� equal to � globally does not hurt the
stability and approximability of the element� neither do *� and *� �as long as the actual pressure
is zero at these two corners�� The functions *� and *� are induced by the two conner singular
vertices of the triangulation Th�

It is easy to conclude that there are no spurious pressure modes for the Stokes equations with
traction boundary conditions on the diagonal mesh family�

������ Spurious Pressure Modes around a Singular Vertex

Let U be a macroelement formed by partitioning a quadrilateral by its two diagonals �the
�rst graph of Figure ����� Letters a� b� c� and d represent the lengths of the four interior edges of
U �

a b

cd

4/(ab)
4/(ab)

4/(ab)

-1/(ab)-1/(ab)

-4/(da)

-4/(da)

1/(da)

24/(ab)

1/(da)

4/(cd)

-4/(da)

4/(cd)
-4/(bc)

-4/(bc)

-4/(bc)

1/(bc)

-24/(bc)

1/(bc)

-24/(da)

24/(cd)
-1/(cd)

-1/(cd)

4/(cd)

Figure ��	� Macroelement U and spurious mode �U

Again� we solve a linear system obtained from
Z
U

p div v � �� �v � V U
h �� �M�

� �U��

for the spurious pressure modes p � NU
h � With some calculations� we �nd that p is a linear

combination of the constant function U and �U � Here �U is displayed in the second gragh of Figure
���� In order to check whether p is in Nh� we put p into

Z
U

p div v�
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and see if the integral equals zero for all v �M�
� �U�� The veri�cation shows that only �U is in Nh�

Considering an irregular crisscross triangulation Th of a polygonal domain � �see Figure
��	�� we �nd that for each singular vertex� there is a locally supported spurious pressure mode
like �U �others are multiples of this mode�� Therefore� locally supported spurious pressure modes
are distributed uniformly in this type of mesh� Namely� Nh contains about O�h��� independent
spurious pressure modes for either of the two boundary conditions� On the irregular crisscross mesh
family� it is known �Douglas and Dupont and Scott and Percell ����� that the numerical solution for
the velocity has an optimal rate of convergence� In the next section� we will show that the recovered
pressure also converges optimally�

���� Stability and Approximability on Irregular Crisscross Meshes

In this section we will formally discuss the stability and approximation properties of the P��
P� element on irregular crisscross meshes� Again� let Th be an irregular crisscross triangulation of
a polygonal domain � and � be the number of singular vertices of Th� For convenience� we let Uh
denote the macroelement partition of Th such that each U � Uh has a structure like the �rst graph
of Figure ����

Based on the analysis in Section ����	� we have the following lemma�

Lemma ������ On an irregular crisscross mesh Th� if Vh �� �M�
� �Th� and Ph �� M�

���Th�� then

dimNh � � � ��

and moreover� all �U together with the constant function � form a basis for Nh�

Proof� Since the constant function � and �U are in Nh for all U � Uh� dimNh � � � � � In order
to prove dimNh � � � �� we need to show that if there is p � Nh orthogonal to �U for all U � Uh�
then p must be a globally constant�

It is easy to see that such a p must be a piecewise constant function over the macroelement
partition Uh �since U and �U form a basis for NU

h �� Since Vh �M�
���Uh� is a stable mixed �nite

element� p must be globally constant�
Hence� the constant function � and all the �U form a basis for Nh� �

The next theorem is about the stability and approximability of the P��P� element on irregular
crisscross meshes� The proof of this theorem is almost identical to the proof of Theorem ��
��� and
is therefore omitted�

Theorem ������ On a regular family of irregular crisscross meshes Th� we have

��� the reduced inf�sup constant ��h � � � �� where � is independent of h�
�	� if �uh� ph� and �uh� �ph� are numerical solutions of �	���	� and �	���
� from Vh � Ph and

Vh �Mh respectively� then

ku� uhk� � kp� �phk� � Ch��kuk� � kpk���

Here we assume �u� p� �H�����H���� solves �	������ Moreover� �ph can be easily recovered
from the solution ph�

The reduced pressure �ph can be recovered from ph just by �ltering out the spurious pressure
modes by using the process stated in ���
����

The above theorem is also valid for the Stokes equations with traction boundary conditions�
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���� Stability and Approximability on Mixed meshes

This section is devoted to the P��P� element on mixed triangulations of diagonal and criss�
cross structures� The analogous result for the P��P� element on the mixed mesh family is stated in
Section ��� of Chapter �� Again� we only consider the unit square as the domain �� De�nitions for
triangulations Th� the partition Qh of the unit square� crisscross subdivisions� diagonal subdivisions�
k�squares� and some related concepts are described in Section ��� of Chapter ��

Theorem ������ Suppose that the triangulation Th is obtained by triangulating each square in Qh

with either the diagonal or the crisscross subdivision� and that there is at least one interior singular
vertex of Th� Let � denote the number of singular vertices of Th�

��� Then dimNh � � � �� Moreover� there exists a locally supported spurious pressure mode
around each singular vertex of Th�

�	� Consider a family of such triangulations Th parametrized by h tending to zero� Suppose
that there exists a number k such that every k�square contains at least one �square which
is crisscross subdivided� Then there exists a positive constant � depending only on k such
that ��h � ��

Proof� Following the notations in Section ��� of Chapter �� we let U�� U�� � � � � Uk denote all the Ki�j

such that each of them has an interior singular vertex� For convenience� we denote the spurious
pressure mode �shown in Figure ���� on Ui by �Ui � i � �� 	� � � � � k� Let T D

h denote the corresponding
diagonal triangulation of the unit square with the same mesh size h� Since Th can be viewed as a
re�nement of T D

h � Vh�T D
h � � Vh�Th� and Ph�T D

h � � Ph�Th��
If we can show that any p � Nh is a globally constant provided p is L� orthogonal to all

�Ui � then ��� is proved� Suppose p � Nh is orthogonal to all the �Ui � then p must be a constant on
each Ui� Therefore� p � Nh�T D

h �� That is� p is a linear combination of *i� for i � �� 	� 
� �� The
independence of *�� *�� *� and *� guarantees that p is a globally constant�

The proof of �	� is exactly the same as the proof for the third statement of Theorem ������ �

Similar to Theorem ����	� we have

Theorem ������ Assume �u� p� � H���� �H���� solves �	����� and �uh� �ph� � Vh �Mh solves
�	���
�� Under the assumptions of Theorem ��
�� we have

ku� uhk��� �C inf
v�Vh

ku� vk��� � Ch�kuk���� ���
���

kp� �phk��� �Ch�kuk��� � C inf
q�Mh

kp� qk���� ���
�	�

If K��n and Kn�� are crisscross subdivisions� then

kp� �phk��� � Ch��kuk��� � kpk����� ���
�
�

If K��n and Kn�� are crisscross subdivisions� then M�
���Qh� �Mh� Therefore� ���
�	� implies

���
�
�� If Th has one or two corner singular vertices� then the actual pressure p can be approximated
by �ph �Mh with an optimal rate of convergence provided p is orthogonal to the spurious pressure
modes associated with the corner singular vertices of Th�

The pressure is recovered exactly in the way it was for the irregular crisscross meshes�
For the Stokes equations with traction boundary conditions� Theorem ��
�� holds and the

estimate� under the assumptions of Theorem ��
��� is

ku� uhk��� � kp� �phk��� � Ch��kuk��� � kpk�����



��

��	� Stability and Approximability on Barycentric Trisected Meshes

We shall prove that the P��P� element is stable on barycentric trisected triangulations in
this section� Namely� the space Nh contains only constant functions� and the inf�sup constant �h is
bounded from below by a positive number independent of h�

Let Sh be a regular triangulation of a polygonal domain � and Th be a re�nement of Sh by
connecting the three vertices of each triangle in Sh to its barycenter� We call such a triangulation
Th a barycentric trisected triangulation� Let Uh be a macroelement partition of Th such that each
U � Uh is a triangle in Sh�

Let "U be the triangulation of the reference triangle "	 by connecting the three vertices of "	
to its barycenter� Clearly� any U � Uh is a image of "U under a linear mapping� Some algebraic

computation shows that N
�U
h contains only constant functions� Therefore� by Lemma 
����� NU

h

contains only constant functions for any U � Uh� Applying the macroelement partition theorem
�Theorem 
�	���� we have the following theorem�

Theorem ��	��� Consider a family of regular barycentric trisected triangulations Th parametrized
by h tending to zero� Then

��� The P��P� element is stable on this mesh family�
�	� Assume �u� p� �H�����H���� solves �	����� and �uh� ph� � Vh�Ph solves �	���	�� Then

ku� uhk��� �C inf
v�Vh

ku� vk��� � Ch�kuk����
kp� phk��� �Ch��kuk��� � kpk�����

Combining Theorem ������ Theorem ������ and the result by Scott and Vogelius �	��� we can
conclude that Pn�Pn�� element is stable on barycentric trisected triangulations for n � 	 for the
Stokes equations with either the Dirichlet or the traction boundary conditions�

Remark ��	��� The P��P� element works �ne on mixed meshes of diagonal subdivisions and
barycentric trisected subdivisions �see Remark 	����� of the unit square� The only spurious pressure
modes are from the corner verices on these meshes� We can prove similar results as stated in
Theorem ��
� and Theorem ��
�� for this type of meshes�



��

Chapter �

STABILITY AND APPROXIMATION PROPERTIES
OF THE P�
P� ELEMENT

In this chapter� we will present some theoretical results on the P��P� element for the Stokes
equations� The P��P� element is de�ned by

Vh � �M�
� �Th� and Ph � M�

���Th��

on any triangulation Th� In other words� the velocity space of this element consists of continuous
piecewise linear polynomials and the pressure space consists of discontinuous piecewise constants�

This element is probably the simplest �nite element for the Stokes equations that preserves
the incompressibility condition� Unfortunately� the pressure space Ph is too large on many meshes
so that the numerical solution for the velocity is always zero� for example� on the diagonal mesh of
the unit square� However� for some meshes this element does have optimal rate of convergence for
the velocity� and moreover the pressure can be recovered�

This chapter is organized as follows� First� we introduce Powell!s result on the approximation
property of C� quadratic polynomials over crisscross meshes� Secondly� on the crisscross mesh family
of the unit square� we show that the reduced inf�sup constant is Ch� Namely� the element is not
reduced stable� However� we can prove that the �nite element solution for the velocity converges
optimally� and that the solution for the pressure can be recovered� Next� we present some similar
approximation results for a general mesh family of a polygonal domain� Furthermore� we display a
basis for the space Zh of all the divergence�free functions in Vh over the crisscross mesh of the unit
square� and show that Zh has optimal approximation properties for any divergence�free functions
in �H�� Finally� we exhibit a relation between the stabilities of the P��P� element and the Q��P�

quadrilateral element�

���� Known Results

A known result on the P��P� element is by Powell �	�� who considers approximation prop�
erties of C� quadratic polynomials on the crisscross mesh family� However� Powell!s result can
be adapted for the P��P� element on the crisscross mesh of the unit square� That is� the P��P�

element provides a numerical solution for the velocity with an optimal rate of convergence for the
Stokes equations with traction boundary conditions� We show also that the P��P� element works
for the Stokes equations with Dirichlet boundary conditions�

���� Spurious Modes around a Singular Vertex

For the P��P� element� there exist spurious pressure modes around each singular vertex of a
triangulation Th� In this section� we explicitly display these modes associated with a singular vertex�
The way to determine a spurious pressure mode is similar to that used for the P��P� element�



��

We consider spurious pressure modes on a macroelement U which is a quadrilateral divided
by its two diagonals �see the �rst �gure of Figure ���� Letters a� b� c� and d denote the lengths of
the four interior edges of T U

h � Let the nodal basis functions corresponding to vertices �� 	� 
� ��
and � be denoted by ��� ��� ��� ��� and �� respectively� Since rotations and translations do not
change the inf�sup constant� we assume that one diagonal of U lies on the x�axis� For convenience�
we denote the directions of the two diagonals of U by ��� �� and �n�� n��� The coordinates of the
�ve vertices of T U

h are

�a� ��� �bn�� bn��� ��c� ��� ��dn���dn��� and ��� ���

Any arbitrary u � V U
h can be written as

u �
�X
i��

�ui� vi��i�

For any p � PU
h � its values in the four triangles of T U

h are denoted by pU� � pU� � pU� � and pU� � starting
from the triangle with vertices �� 	� and �� and moving in a counterclockwise direction�

�
cd

��
bc

��
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�
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Figure ���� Macroelement U and spurious pressure mode�
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Z
U

p divu � n��dp
U
� � bn�p

U
� �u� � n���bpU� � dpU� �u��

n���dpU� � bpU� � bpU� � dpU� �u� � ��apU� � cpU� �v��

n���dpU� � bpU� �v� � �apU� � cpU� �v� � n��bp
U
� � dpU� �v��

�apU� � dn�p
U
� � apU� � bn�p

U
� � cpU� � bn�p

U
� � cpU� � dn�p

U
� �v� � ��

for any u � V U
h � Solving the system obtained from the above equation� we have

pU� � � �

ad
� pU� �

�

ab
� pU� � � �

bc
� pU� �

�

cd
� ��	���

as a representative of all the spurious pressure modes around the singular vertex of T U
h �see the

second �gure in Figure ����� If we solve the linear system corresponding to u� and v�� then the
solution space is spanned by U and the one shown in ��	����this fact is frequently used in latter
sections�

If the macroelement U is a square or a parallelogram� then

pU� � ��� pU� � �� pU� � ��� pU� � ��



��

is a basis function of all the spurious pressure modes associated with the singular vertex of T U
h �

���� Stability and Approximability on Crisscross Meshes

In this section� we show that on the crisscross mesh the P��P� element is unstable even after
all spurious pressure modes are removed from the pressure space Ph� That is� Vh�Mh is unstable�
Speci�cally� we will show that the reduced inf�sup constant ��h is Ch� Therefore� we do not expect to
get any meaningful estimates for the numerical solution if the standard analysis is directly applied
to Vh �Mh� However� with a deeper consideration we show that the numerical solution for the
velocity converges optimally and that the pressure can be recovered as well�

For convenience� we consider the unit square � � ��� ��� ��� �� as the domain in this section�
Let Qh denote a partition of � which has n� n equal small squares with h � ��n and n a positive
integer� The crisscross triangulation Th of � is obtained by dividing each small square of Qh by its
two diagonals� A vertex in Th is denoted by ��� �� if the vertex has coordinates ��h� �h��

������ Space of Spurious Pressure Modes

In order to analyze the P��P� element on the crisscross mesh family on the unit square� we
�rst need to determine the structure of the space Nh on this family� As we have seen in Section 	�
for each singular vertex �i� ��	� j� ��	� of the triangulation Th� there is a spurious pressure mode
denoted by �i�����j����� with four triangles as its support �see the second �gure of Figure ����
Therefore� all �i�����j���� are in Nh� We will show that in addition to the �i�����j����!s there is also
a globally supported spurious pressure mode in Nh� Surprisingly� locally and globally supported
spurious pressure modes occur simultaneously for the crisscross mesh family�

If p � Nh is orthogonal to all �i�����j����� then p must be a constant in each small square in
Qh� For convenience� we denote the value of p by pi�����j���� in a small square with �i���	� j���	�
as its center vertex�

Let u � Vh be arbitrary� We have

u �
X

��i�j�n��

�ui�j� vi�j��i�j �
X

��i�j�n��

�ui� �
� �j�

�
�
� vi��

� �j�
�
�
��i� �

� �j�
�
�
�

where �i�j and �i�����j���� are all the nodal basis functions in Vh� Hence�
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X
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�
��pi� �
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�
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� �j�
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� �j�
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�
�ui�j�

��pi� �
� �j�

�
�
� pi� �

� �j�
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�

� pi� �
� �j�

�
�

� pi� �
� �j�
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�
�vi�j
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��
���

Since ui�j and vi�j are arbitrary� by setting ��
��� to zero we have the following linear system

�pi� �
� �j�

�
�

� pi� �
� �j�

�
�

� pi� �
� �j�

�
�
� pi� �

� �j�
�
�

� ��

�pi� �
� �j�

�
�
� pi� �

� �j�
�
�

� pi� �
� �j�

�
�

� pi� �
� �j�

�
�

� ��

for � � i� j � n� �� Therefore� we have

pi� �
� �j�

�
�

�pi� �
� �j�

�
�
�

pi� �
� �j�

�
�

�pi� �
� �j�

�
�
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for � � i� j � n� ��
If we require

R
�
p � �� then pi�����j���� � �pi�����j����� for � � i � n�� and � � j � n���

Now we are able to conclude that p is a globally supported checkerboard�like spurious pressure
mode �see Figure �	� denoted by ���

�

��

�

�� � ��

� ��

�

�� �

� ����

��

�

Figure ��� Global checkerboard ��� h � ����

Theorem ������ On the crisscross mesh Th of the unit square with h � ��n� we have

dimNh � n� � 	�

Moreover� any function in Nh can be written as a linear combination of the global constant function
�� the �i�����j�����s� and the pressure mode ���

The proof of the above theorem is immediate�
On the crisscross mesh� the structure of Nh for the P��P� element is a little di�erent from

the one for the P��P� element� For the P��P� element� all spurious pressure modes are locally
supported� As we will see later on� the globally supported mode �� and its localized version which
appears in each macroelement are the major sources of trouble for the analysis of the approximability
and the stability of the P��P� element�

������ Reduced inf
sup Constant

In this section� we will prove that the reduced inf�sup constant ��h for the P��P� element is
about Ch on the crisscross mesh family of the unit square� First we prove that the reduced inf�sup
constant ��h is at least Ch� and then we show that ��h is at most Ch by an example�

Lemma ������ Let Th be the crisscross mesh� Then Vh � Mh is unstable� and moreover� the
reduced inf�sup constant

��h � Ch�

where constant C is independent of h�

Proof� Let Qh be a macroelement partition of Th� Obviously� each macroelement in Qh is a trans�
lation of any other macroelement in Qh� Therefore� the local inf�sup constant of V U

h �MU
h is O���

for any macroelement U � Qh� Since MU
h contains only constants for any macroelement U � Qh�

the reduced inf�sup constant is at least h if we can prove that Vh�Qh �Qh �� M�
���Qh�Mh� has

a inf�sup constant greater than Ch�
For any p � Qh and u � Vh� we haveZ
�

p divu �
h
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In particular� pick u � Vh such that

ui�j �h��pi� �
�
�j� �

�
� pi� �

�
�j� �

�
� pi� �

�
�j� �

�
� pi� �

�
�j� �

�
��

vi�j �h��pi� �
�
�j� �

�
� pi� �

�
�j� �

�
� pi� �

�
�j� �

�
� pi� �

�
�j� �

�
��

and

ui� �
�
�j� �

�
� ��

vi� �
�
�j� �

�
� ��

Then� we have

Z
�

p divu �
h�

	

X
��i�j�n��

�
��pi� �

�
�j� �

�
� pi� �

�
�j� �

�
� pi� �

�
�j� �

�
� pi� �

�
�j� �

�
���

��pi� �
� �j�

�
�
� pi� �

� �j�
�
�

� pi� �
� �j�

�
�

� pi� �
� �j�

�
�
��
�

�h�
X

��i�j�n��

�
�pi� �

� �j�
�
�
� pi� �

� �j�
�
�
�� � �pi� �

� �j�
�
�

� pi� �
� �j�

�
�
��
�
�

��
�
�

De�ne the right hand side of ��
�
� to be the square of a seminorm of p� denoted by jpjh� It
is easy to show that

kuk��� � Ch��kuk��� � Cjpjh�
Hence� the last inequality together with ��
�
� implies

b�u� p�

kuk��� � Cjpjh�

If we can show that
hkpk��� � Cjpjh� ��
���

for any p � Qh� then we are done�
In order to prove ��
���� we need to show

X
��i�j�n��

�
�pi� �

� �j�
�
�
� pi� �

� �j�
�
�
�� � �pi� �

� �j�
�
�

� pi� �
� �j�

�
�
��
�

� Ch�
X

��i�j�n��

p�i� �
� �j�

�
�
�

��
���

The left hand side of ��
��� can be split into two parts� a part containing all the terms with i � j
even and another with all the terms with i � j odd� Each pi�����j���� appears in either one of the

two parts at most � times� and each part has O�h��� terms� If pi�����j���� is zero for at least
two vertices �i � ��	� j � ��	� one with i � j even and another witj i � j odd� then ��
��� holds�
Since j�jh � � and j��jh � �� we can add a function q which is a linear combination of the constant
function � and �� to p such that p � q vanishes at two pairs of �i� ��	� j � ��	� with i� j is even
and odd each� Hence�

kpk���� � kp� qk���� � kqk���� � kp � qk���� � Ch��jp� qj�h � Ch��jpj�h�

�The proof of ��
��� can be found in the book by Girault and Raviart ���� x II�
�
� and the paper
by Johnson and Pitk$aranta ��
��� This proves the lemma� �
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Lemma ������ On the crisscross mesh� there is q �Mh such that the reduced inf�sup constant ��h
of Vh � Ph satis�es

��h � Ch�

where constant C is independent of h�

Proof� We will �nd a speci�c q �Mh such that

sup
v�Vh

b�v� q�

kvk���kqk��� � Ch�

The example is exactly the same as the one in Girault and Raviart ����x II�
�
� for the Q��P�

element�
Without loss of generality� we consider � � ���� ��� ���� ��� Let Th denote the crisscross

triangulation with h � ���	n�� and let Q�h denote the macroelement partition of Th such that every
macroelement has size 	h� 	h and is made up of �� triangles� A macroelement in Q�h is denoted
by Ui�j if �ih� jh� are the coordinates of the center vertex of the macroelement� Let �Ui�j denote a
pressure function which is zero outside of Ui�j and has values on Ui�j as shown in Figure �
�

� ��

�� �

Figure ���� �Ui�j �

De�ne
q �

X
Ui�j�Q�h

i�Ui�j �

One can easily verify that q is in Mh since q is orthogonal to Nh� After some calculations� we have

sup
v�Vh

b�v� q�

kvk���kqk��� �
p

�h� �

Combining Lemmas �
�� and �
�	 we have the following theorem�

Theorem ������ On the crisscross mesh� the space Vh �Mh is unstable and the reduced inf�sup
constant ��h of Vh � Ph satis�es

��h � Ch�

where constant C is independent of h�

The above theorem implies that we can not directly apply the standard techniques of error
analysis to Vh �Mh since ��h � O�h� makes error estimates meaningless� At this point� we don!t
know whether the numerical solution fails to converge or our analysis is not sharp enough to unveil
the real property of the numerical solution� We will give a positive answer to this question in the
next section�
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������ Approximation Properties

In this section� we show that the numerical solution approaches the actual solution at a rate
of h in the H� norm� Moreover� we will display a way to recover the numerical solution for the
pressure� Since Vh �Mh is unstable� this means that Mh is still too large� Therefore� we need to
remove more modes from Mh and still try to preserve the good approximation properties for the
remaining pressure space� It is then necessary to de�ne a new velocity space Wh � Vh such that
not only is Wh � Sh stable but also the velocity from Wh � Sh is exactly the same as the uh from
Vh �Mh� Of course� the space Wh should possess good approximation properties�

The crucial matter here is to determine the bad modes in Mh� Let h � ��n and n � �k
for some positive integer k� and let Th be the crisscross mesh of the unit square� Let Q�h be a
macroelement partition of Th such that every U � Q�h has �� h�h squares� Therefore� T U

h consists
of �� triangles� From the analysis of Section �
��� we know that NU

h is the space spanned by the
functions U � �U � and �i�����j����� where �i � ��	� j � ��	� is a singular vertex in T U

h �see Figure

�� for T U
h and �U �� Obviously� �i�����j����!s are not in Mh� Since �� � spanf�U � �U � Q�hg� we

need to remove spanf�U � �U � Q�hg from Mh�
De�ne

�Nh � spanf�� �i��
� �j�

�
�
� �U � � � i� j � n� �� �U � Q�hg�

Sh � L� orthogonal complement of �Nh in Ph�

Wh � fv � Vh
�� b�v� q� � �� �q � �Nhg�

SUh � USh�

WU
h � fv �Wh

�� spt v � Ug�
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Figure ��	� Macroelement U and a bad pressure mode over U �

Theorem ������ Let Th be a crisscross mesh of the unit square� Assume �u� p� � �H�����H����
solves �	����� and �'uh� 'ph� �Wh � Sh solves �	���	�� then

ku� 'uhk��� � Chkuk����
kp� 'phk��� � Ch�kuk��� � kpk�����

Proof� It is easy to verify that

Nh � �Nh� M�
� �T�h� �Wh� and M�

���Q�h� � Sh�

Therefore� Wh � Sh has good approximation properties� It only remains to prove that Wh � Sh is
stable�



��

De�ne
'NU
h � fq � SUh

�� b�v� q� � �� �v �WU
h g�

Then the analysis of Section �
�� implies that 'NU
h contains only constant functions� Therefore�

Wh �
�
Sh  ��U�Q�h

'NU
h �
�

is stable by the fact that M�
� �T�h� �M�

���Q�h� is stable� Finally� by
using the macroelement partition theorem we have that Wh � Sh is stable� �

Theorem ����	� Let Th be the crisscross mesh of the unit square with h � ����k� for some positive

integer k� If �u� p� � �H�����H���� solves �	������ then the solution �uh� ph� � Vh�Ph of �	���	�
satis�es

ku� uhk��� � Chkuk����
ph � 'ph � �Nh�

and the pressure can be recovered as a postprocess from ph�

Proof� Clearly� the solution �uh� ph� � Vh � Ph of

a�uh� v� � b�v� ph� � �f � v�� �v � Vh�
b�uh� q� � �� �q � Ph

satis�es
a�uh� v� � b�v� ph� � �f � v�� �v �Wh�

b�uh� q� � �� �q � Sh�
��
���

Since uh �Wh and ph � �ph� �Nh� � nh for some nh � �Nh� ��
��� implies

a�uh� v� � b�v� ph� �Nh� � �f � v�� �v �Wh�

b�uh� q� � �� �q � Sh�

Since the solution of �	���	� in Wh � Sh is unique� we have

uh � 'uh and ph� �Nh � 'ph�

By Theorem �
�
� the velocity uh and recovered pressure 'ph have optimal rates of convergence� It
is simple to recover 'ph from ph since we know �Nh explicitly� �

��	� Stability and Approximability On a General Mesh Family

The P��P� element is analyzed on a general mesh family in this section� On this general
mesh family� it is shown that the �nite element solution for the velocity converges at a order h and
the pressure can be recovered by a simple postprocess�

The triangulation Th is formed in the following way� First� we partition the polygonal domain
� into quadrilaterals� This quadrilateral partition is denoted by Q�h� Secondly� each quadrilateral
in Q�h is divided into four subquadrilaterals by linking the intersection of its two diagonals to the
middle point of each edge� so Q�h is formed� Repeating the above process to all quadrilaterals in
Q�h� we haveQh� Finally� partitioning each quadrilateral in Qh into � triangles by its two diagonals�
we obtain the triangulation Th� The �rst �gure in Figure �� shows how to partition a quadrilateral



�	

in Q�h into � quadrilaterals in Q�h� the second �gure shows a macroelement in Q�h with �� triangles
in Th�

Figure ���� Form Qh from Q�h�

We will show that on the triangulation Th� the numerical solution uh has an optimal rate of
convergence and a pressure with an optimal rate of convergence can be recovered from ph� The
measure to achieve this objective is quite similar to what we used for the crisscross mesh� We �rst
remove all possible �bad modes� from Ph� and then consider the pressure in the remaining pressure
space� The key issue is to determine bad pressure modes in Ph� We know that spurious pressure
modes associated with each singular vertex must be removed from the pressure space Ph� However�
this is not enough to guarantee the stability according to our experience with the crisscross mesh�
Since the crisscross mesh is a special case of Th� we de�nitely need to remove those pressure modes
which may degenerate to local spurious modes� Based on this consideration� we will remove all
multiples of the mode �shown in Figure ��� on each macroelement in Q�h from the pressure space
Ph�
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Figure ���� �Bad pressure mode� over U�h�

For convenience� we denote a quadrilateral in Qh by Uh� a quadrilateral in Q�h by U�h� one
in Q�h by U�h� and the mode shown in Figure �� by �U�h

� Let �Uh denote the spurious pressure
mode associated with the singular vertex in Uh � Qh� We can easily conclude that

Z
�

�U�h
� ��

for any 	 � T�h� any U�h � Q�h�



��

De�ne
�Nh � spanf�� �Uh� �U�h

� �Uh � Qh� �U�h � Q�hg�
Sh � L� orthogonal complement of �Nh in Ph�

Wh � fv � Vh
�� b�v� q� � �� �q � �Nhg�

SU�h

h � U�hSh�

WU�h

h � fv �Wh

�� sptv � U�hg�
Theorem ��	��� Let Th be a regular triangulation de�ned at the beginning of this section� If
�u� p� � �H�����H���� solves �	����� and �'uh� 'ph� �Wh � Sh solves �	���	�� then

ku� 'uhk��� � Chkuk����
kp� 'phk��� � Ch�kuk��� � kpk�����

Proof� It is expected that Nh � �Nh� This is the case if Th is a crisscross mesh� Since T U�h

h has a
special structure� we can show that

M�
���Q�h� � Sh and M�

� �T�h� �Wh�

Therefore� Wh � Sh has good approximation properties� If we can prove that Wh � Sh is stable�
then we will be done�

De�ne
'NU�h

h � fq � SU�h

h

�� b�v� q� � �� �v �WU�h

h g�
We need to show that 'NU�h

h contains only constant functions� If it does for any U�h � Q�h� then

Wh� �Sh
��U�h�Q�h

'NU�h

h �
�

is stable by the fact that M�
� �T�h��M�

���Q�h� is stable� Therefore�
by using the macroelement partition theorem we can prove that Wh � Sh is stable�

We show that dim 'NU�h

h � �� Since �Uh � �Nh� if q � 'NU�h

h � then q is a constant on each
Uh in U�h� Hence� q must be a constant on each U�h in U�h since we already removed �U�h

from
the pressure space� Therefore� q must be a constant on each of the four U�h in U�h� A simple
computation shows that q must a constant on U�h� �

Theorem ��	��� Let Th be the triangulation de�ned at the beginning of this section� then the
numerical solution �uh� ph� � Vh � Ph satis�es

ku� uhk��� � Chkuk����

and ph� �Nh � 'ph� Here we assume �u� p� � �H�����H���� solves �	������

Proof� Use similar arguments in the proof of Theorem �
��� �

���� A Space of Divergence�Free Functions on the Crisscross Mesh

In this section� we display a basis for the space Zh of all divergence�free functions of contin�
uous piecewise linear polynomials on the crisscross mesh Th� All the basis functions have a very
small local support and the space Zh has optimal approximation properties�

Let the domain � be the unit square and Qh� h � ��n and n is a positive integer� be a
partition of � which contains n� n equal small squares� The triangulation Th is obtained from Qh

by dividing each small square in Qh by its two diagonals�



��

De�ne
Vh � �M�

� �Th��

Zh �fv � Vh
�� div v � �g�

A simple calculation shows that
dimVh � �n� � �n � 	�

In order to study Zh� we de�ne a �pressure� space Ph as

Ph � M�
���Th��

Therefore� the analysis of the properties of Zh can be carried out using the frame work of the
analysis of the P��P� �nite element for the Stokes equations with Dirichlet boundary conditions�
Since divVh � Ph� we have

Zh � fv � Vh
�� div v � �g � fv � Vh

�� b�v� q� � �� �q � Phg�

Lemma ������ On the crisscross triangulation Th with h � ��n�

dimZh � �n� 	���

Proof� Since dimPh � �n� and dimNh � n� � 	 �see Theorem �
���� the lemma follows� �

In order to �nd a basis for Zh� we �rst consider a small macroelement U with size 
h � 
h
�see Figure ���

1 2 3

11

4

10

5

12 13

6

987

Figure ���� Macroelement U �

We denote all the interior vertices of U by �� 	� � � � � �
� as shown in Figure �� and denote the
nodal basis functions by ��� ��� � � � � ��� accordingly� Let V U

h denote the subspace of Vh such that all
the functions in V U

h have supports contained in U � We look for functions v � )��
i���ui� vi��i � V U

h

such that div v � � in U � Namely� we need to solve a system of 
� linear equations in 	� unknowns�
Since dimZU

h � �� we know that this system has one�dimensional solution space� After some
algebraic computations� we �nd that the solution space is

ZU
h � spanfzUg�

where zU � ��� �� and
� ��� � �� � ��� � ��� � ��� � ����

� �� �� � � � ��� � ��� � ��� � ����



��

See Figure �� for graphs of � and ��

Figure ���� The shape of the two components of zU �

Since there are exactly �n � 	�� di�erent macroelement with size 
h � 
h in Th�the set of
all these macroelements is named by Uh�we �nd a basis for Zh� By the results of Section �
� we
have

Theorem ������ Let Th be the crisscross mesh of the unit square with h � ��n� Then

fzU �� �U � Uhg�

form a basis of Zh� Furthermore� if u � �H���� and divu � �� then

inf
v�Zh

ku� vk��� � Chkuk����

���� A Relation between the P�
P� and Q�
P� Elements

In this section� we shall study the relationship between the P��P� and Q��P� �nite elements�
The domain � under consideration could be any polygonal domain� We denote a quadrilateral
partition of � by Qh and its corresponding irregular crisscross triangulation by Th which is obtained
by dividing each quadrilateral in Qh by its two diagonals� We assume Th is a regular triangulation�

The �nite element Q��P� is de�ned as

'Vh � fv � C����
�� vj� � Q�

� � 	 � Qh� vj�� � �g�
'Ph � fq � L����

�� qj� � Rg�
'Nh � fq � 'Ph

�� b�v� q� � �� �v � 'Vhg�
'Mh � L� orthogonal complement of 'Nh in 'Ph�

Here
Q� � fw � F���

�� w � Q��"	�g�
"	 is the reference square� F� is the bilinear mapping from "	 to 	 � and Q��"	� is the space of all
bilinear functions on the reference square "	 �

For the P��P� element we use the notations Vh� Ph� Nh� Mh� and etc�
It is obvious that

'Ph � Ph�



��

Lemma ������ For a polygonal domain �� let Qh be a quadrilateral partition of �� If Th is the
corresponding irregular crisscross mesh for Qh� then

'Nh � Nh�

Proof� We state a very simple but important fact �rst� For any v � Vh� there exists a w � 'Vh such
that

b�v� q� � b�w� q�� �q � 'Ph� ������

Similarly� for any w � 'Vh� there is v � Vh such that ������ holds�

Since any function w � 'Vh is linear on all the edges of Qh� there exists a function v � Vh
such that v � w vanishes on all the edges of Qh� Therefore� ������ follows by using the Green!s
formula�

From ������� the lemma follows� �

In order to study the structure of Nh� we consider Qh as a macroelement partition of Th�
For any quadrilateral U � Qh� there is a spurious pressure mode in Ph associated with the singular
vertex of T U

h �see Figure ���� For convenience� the spurious pressure mode is denoted by �U �

Lemma ������
Nh � 'Nh � spanf�U

�� for all quadrilaterals U � Qh g

Proof� Clearly� �U � Nh for any U � Qh� Since NU
h contains only linear combinations of U and

�U for each U � Qh� any function q � Nh must be in 'Ph provided q is orthogonal to all �U !s� By
������� q � 'Nh� Hence� the lemma follows� �

Corollary ������
Mh  'Ph � 'Mh�

Theorem ������ For a polygonal domain �� let Qh be a quadrilateral partition of � and Th the
corresponding irregular crisscross mesh for Qh� Assume Th is regular� If '�h and ��h denote the
reduced inf�sup constants of 'Vh � 'Ph and Vh � Ph respectively� then

C'�h � ��h � C��'�h�

where C is a constant independent of h�

Proof� Let Qh be a macroelement partition of Th� On each macroelement U � Qh� we have

dimV U
h � 	� dim PU

h � ��

dimMU
h � 	� dimNU

h � 	�

Following the arguments of Theorem ��
��� we can bound the local inf�sup constants on all macroele�
ments in Qh by a positive number which is independent of h� Applying the macroelement parti�
tion theorem� we know that the reduced inf�sup constant ��h is determined by the stability of
Vh � �Mh 

P
U�Qh

NU
h � � Vh � 'Mh �by the corollary�� This implies that Vh �Mh has exactly the

same stability as Vh � 'Mh� If we can prove that Vh � 'Mh and 'Vh � 'Mh have the same stability�
then we are done�

We �rst show that
��h � C'�h� ����	�



��

For any q � 'Mh� by Theorem 	�	�
� there exists a function w � 'Vh such that

b�w� q� � kqk�����

kwk��� � C

'�h
kqk����

����
�

If we can construct a function v � Vh such that

b�v� q� � kqk�����

kvk��� � C

'�h
kqk����

then ����	� is proved�

Let Ih �� �Ih� Ih� � 'Vh 
 Vh be the interpolation operator such that Ihg and g agree at every

vertex in Th for any g � 'Vh� Therefore� for any function g � 'Vh� the interpolation error g � Ihg
vanishes at all the edges of the quadrilateral partition Qh� We will show that there is a constant C
independent of h such that

kg � Ihgk��� � Ckgk���� ������

for any g � 'Vh� If this is the case� by taking v � Ihw� then

kvk��� � kw � vk��� � kwk��� � Ckwk����
According to the arguments in the proof of Lemma ���� and ����
�� we have

b�v� q� � b�w� q� � kqk�����

kvk��� � C

'�h
kqk����

This proves ����	� with the assumption �������
Let U � Qh be a macroelement� If we can show that

kg � Ihgk��U � Ckgk��U � ������

jg � Ihgj��U � Cjgj��U � ������

for any g � QU � any U � Qh� and any h � � with constant C independent of h� then we are done�
Let E�� "U� denote the set of all the equivalence macroelements of the unit square "U satisfying the
shape constraint �	�
�	�� Obviously� translations and dilations of U do not a�ect ������ and �������
Therefore� for simplicity� we assume that the length of the longest diagonals of each macroelement in
E�� "U� is one unit� and that the intersection of the two diagonals of any macroelement in E�� "U� has

coordinates ��� ��� For any macroelement U in E�� "U�� we name the intersection of its two diagonals
by v� and the rest four vertices by v�� v�� v�� and v� clockwise� Hence� S � f�v�� v�� v�� v�� v��

�� U �
E�� "U�g is a closed set in R��� Let g � QU be arbitrary and it values at vi be gi for i � �� 	� 
� ��
For convenience� we denote �g�� g�� g�� g��

t by �g� Since �Ihg��vi� � gi for i � �� 	� 
� � and �Ihg��v��
is determined by g�� g�� g�� and g�� we have

kg � Ihgk���U � �gtAU �g�

kgk���U � �gtBU �g�

jg � Ihgj���U � �gtCU �g�

jgj���U � �gtDU �g�



��

Here BU is a symmetric positive de�nite and AU � CU � and DU � are symmetric positive semi�de�nite�
Clearly� the entries of AU � BU � CU � and DU are continuous functions of �v�� v�� v�� v�� v���

Since S is a bounded closed set in R��� there exists a constant C� independent of h such that

kg � Ihgk��U � C�kgk��U � �����

for any U � E�� "U��
It is easy to see that only the constant functions make the both sides of ������ zeros� Hence�

matrix DU always has exactly three positive eigenvalues which depend on �v�� v�� v�� v�� v�� contin�
uously� Since S is a bounded closed set in R��� the smallest nonzero eigenvalue of DU is bounded
away from zero by a positive number independent of h� Due to the same reason� the largest eigen�
value of CU is bounded above by a constant independent of h� Therefore� there exists a constant
C� independent of h such that

jg � Ihgj��U � C�jgj��U � ������

for any U � E�� "U��
Combining ����� and ������� we obtain ������ and ������� Therefore� we have proved

����	��
Using similar arguments� we can show that '�h � C��h� �

Theorem ������ Let Qh be a quadrilateral partition of a polygonal domain � and Th be the corre�
sponding irregular crisscross mesh for Qh� If 'Vh� 'Ph is stable� then Vh �Mh is stable� Moreover�
if �uh� �ph� � Vh �Mh and �uh� ph� � Vh � Ph solve �	���	�� then

ku� uhk��� � Chkuk����
kp� �phk��� � Ch�kuk��� � kpk�����

������

Here the constant C is independent of h� �ph � ph�Nh� and we assume that �u� p� � �H�����H����
solves �	������

Proof� Stability of Vh�Mh is a direct consequence of Theorem ����� It is known that M�
���Qh� �

Mh� this implies that the approximation properties of Mh are as good as those of Ph� Therefore�
������ follows� �
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