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Chapter 1

Introduction

In the physics literature, spectral quantities abound. These are objects of the form
Yo wid(A — A;), where the \;’s are the eigenvalues, or energies, of a Hermitian opera-
tor, and the coefficients, w;, oftentimes depend on the corresponding eigenvectors. One
frequently encountered spectral quantity, which much work has been devoted to approx-
imating, is the density of states ) . 6(A — \;), see, e.g., [33] 67, [51, 32] and references
therein. In quantum physics, the density of states represents the distribution of energies
at which quantum states are available for occupation. In numerical linear algebra, the
density of states can be used to determine the number of eigenvalues of a matrix in
a given interval, and an approximation of the density of states is useful in large-scale
eigenvalue problems for this purpose. Another spectral quantity, which a large portion
of this thesis is devoted to, is the spectral function Y ;|(x;, v)|[25(A — A;), where z; is the
eigenvector corresponding to A;, v is an arbitrary vector, and (-, -) denotes an appro-
priate inner product which varies depending on the context. As we will see, the spectral
function is central to the approximation of all other spectral quantities.

This thesis addresses the approximation of joint spectral quantities. Joint spectral
quantities are a natural extension of the notion of spectral quantities to two distinct
systems. These are quantities of the form }_, ;w;;é (A= +>\;)), where the eigenvalues
A and )\;- are those of two distinct operators, and the coefficients, w;;, may depend on
the corresponding eigenvectors. It is often possible to consider joint spectral quantities
as spectral quantities associated with a larger matrix. In some instances, this insight

allows us to use known methods in a slightly new way.
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Joint spectral quantities are of particular interest when modeling semiconductors,
or other materials, where the fundamental material properties are determined by the
distribution of electrons in the conductance band and holes in the valence band. While
the electrons and holes are related, the Hamiltonian systems governing each are distinct,
and the sum of eigenvalues of these two systems represents the energy required to excite
an electron into the conductance band, and spawn the creation of an electron-hole pair.
This process is fundamental in the operation of many electronic devices, such as, light-
emitting diodes, laser diodes, and solar cells.

The most direct method to compute spectral and joint spectral quantities involves
solving for all eigenpairs of one or more Hermitian operator(s). While many problems
in physics and engineering require the largest or smallest eigenvalues in magnitude of
an operator, spectral quantities are complicated in that they require all eigenvalues,
and possibly all eigenvectors. Many methods exists for computing select eigenpairs of a
linear operator, e.g., shift-and-invert type methods. However, computing all eigenpairs
of an operator is a daunting task, and often represents a bottleneck in engineering
applications. Thus, methods for approximating spectral and joint spectral quantities
which avoid costly eigenvalue problems are necessary.

The two most prevalent methods for approximating spectral quantities in the liter-
ature are the Kernel Polynomial Method (KPM) and, as we refer to it in this thesis,
the Lanczos process. The KPM was developed in the 1990’s by physicists for use in
approximating spectral functions and densities of states, and involves performing a
formal Chebyshev polynomial expansion of a spectral function [61, 51, 53, 52]. The
Chebyshev coefficients in the expansion are the so called “modified moments,” which
are quadratic forms involving Chebyshev polynomials of a matrix. To compute these
modified moments, the three-term Chebyshev recursion may be used. The other method
for approximating spectral functions, the Lanczos process, has classically been used to
approximate bilinear forms u? f(A)v where f is smooth, A is Hermitian, and u and v
are given vectors. A systematic introduction to using the Lanczos algorithm to approx-
imate bilinear forms is given in [I7]. These bilinear forms have many uses, including
error estimation in iterative linear solvers [13], matrix function trace estimation [59] [7],
and partial eigenvalue sums [6]. The Lanczos process can be viewed as a Gaussian

quadrature approximation of an integral with respect to an unknown measure which



depends on the spectrum of A and the vector v.

Both the Lanczos process and the KPM have their benefits and drawbacks. The
main benefit of the Lanczos process is the accuracy achieved. Because of the moment
matching property of the Lanczos process, which follows from the relationship to Gauss
quadrature, the Lanczos process is able to approximate spectral functions quite ac-
curately at the cost of relatively few iterations of the Lanczos algorithm. The main
drawback of the Lanczos process is the deterioration of mutual orthogonality between
the basis vectors in the Lanczos algorithm due to finite precision arithmetic. Because
of this loss of orthogonality, the beautifully simple three-term recurrence in the Lanc-
zos algorithm cannot be used, and more costly orthogonalization techniques must be
applied, e.g., full Gram—Schmidt orthogonalization. The main benefit of the KPM is
its use of the three-term Chebyshev recurrence in order to compute expansion coeffi-
cients. However, the efficiency of the KPM comes at the cost of accuracy. Because the
KPM relies on a Chebyshev expansion of Dirac measures, high degree polynomials are
required in order to obtain accurate approximations. In contrast, the Lanczos process
forms an approximation in terms of a linear combination of Dirac measures, and so is
of the same form as the spectral function, albeit with fewer terms.

The main ingredient necessary for the Lanczos process is the Lanczos partial tridiag-
onalization of a matrix with respect to a given vector determined by the Lanczos algo-
rithm. From the Lanczos partial tridiagonalization, we are able to compute quadrature
nodes and weights which determine the Lanczos approximation to a spectral function.
The Lanczos algorithm deviates drastically from theory once finite precision effects are
taken into consideration. Necessarily, any discussion of the Lanczos process would be
lacking without taking into consideration the effects of finite precision in the Lanczos
algorithm. In Chapter [2| we discuss the Lanczos algorithm in exact and finite precision,
taking special care to focus on Lanczos partial tridiagonalizations. Also discussed are
methods developed to overcome issues encountered in finite precision.

In Chapter |3| we discuss the theory of the Lanczos process, and how the Lanczos
process for approximating bilinear forms can be viewed as an approximation to the
spectral function associated to a symmetric matrix and given vector. A priori error
estimates for the Lanczos process currently in the literature are only available with

respect to analytic functions. However, it is more appropriate to consider the error
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in a distributional sense, i.e., in negative Sobolev norms. This is also accomplished in
Chapter [3| using a mainstay of approximation theory, Jackson’s Theorem, as well as
Sobolev imbedding theorems.

Next, we introduce spectral quantities, joint spectral quantities, and their Lanczos
approximations in Chapter [l Beginning with spectral quantities, we overview the
existing literature on using Hutchinson’s method, a Monte Carlo trace estimator, to
form approximations of the density of states. This method is used extensively in the
applications discussed in Chapter Moving to joint spectral quantities, we define
the joint density of states and joint spectral function. The joint density of states is a
natural extension of the density of states to two distinct linear systems. We show how
to approximate the joint density of states using methods pertaining to the density of
states. Additionally, we develop another method for approximating the joint density
of states which relies on the notion of convolution of measures. The final, and most
difficult, joint spectral quantity is the joint spectral function. The joint spectral function,
when computed exactly, requires full knowledge of all eigenvalues and eigenvectors of
both systems under consideration. We show how using the spectrum of one operator
or the other, but not both, we are able to accurately approximate the joint spectral
function using the Lanczos process. Furthermore, if we only wish to approximate the
joint spectral function in a small interval, we show that only a few select eigenpairs of
one operator are necessary. In many instances, this makes the approximation of joint
spectral functions tractable. For all cases of spectral and joint spectral quantities, we
consider both standard eigenvalue problems and generalized eigenvalue problems.

In Chapter [f|we apply the theory developed in previous chapters to modeling random
alloys. For this application we use the effective mass Schrédinger equation to model
electrons and holes in an indium gallium nitride (InGaN) alloy. Using the Lanczos
process, we analyze properties of InGaN alloys, and show how random alloys deviate
from simpler homogeneous alloys. To the best of the authors knowledge, this is the first
time a full numerical analysis of the effective mass Schrodinger equations in one, two,

and three spatial dimensions has been performed for random alloys.



Chapter 2

Lanczos Partial

Tridiagonalization

In this chapter we introduce the theory of partially tridiagonalizing a matrix with respect
to a given starting vector using the Lanczos algorithm. We first discuss the Lanczos

algorithm in infinite precision, and then take into account the effects of finite precision.

2.1 Krylov Subspaces

Let A € R™ " be a nonsingular matrix and v € R™ a nonzero vector. Denote the family

of Krylov spaces generated by A and v as
Km(A,v) = span{v, Av, ..., A" '}, meN. (2.1)

Krylov subspaces are the foundation of iterative methods for solving linear systems, e.g.,
conjugate gradient and GMRES, and for eigenvalue problems, e.g., Lanczos and Arnoldi
iterations. We begin this section by understanding why Krylov spaces are natural to
consider. Our presentation closely follows that of [25].

Suppose we are interested in determining the solution, x € R™, to the linear system
Az = b. Recall the minimal polynomial of the matrix A is the monic polynomial p, of
minimal degree, for which p(A) = 0. The polynomial p is easily constructed from the

Jordan normal form of A. If Aq,..., A\q are the unique eigenvalues of A and m; is the
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size of the largest Jordan block corresponding to A;, then the minimal polynomial of A

is given by p(t) = 1%, (¢t — \;)™i. For example, if the Jordan form of A is

then, Ay = 1 has two Jordan blocks, the larger of which has size m; = 2, and Ay = 2
has two blocks of size mg = 1. For this example, the minimal polynomial is p(t) =
(t—1)%(t - 2).

Expanding out p(t) = Hle(t — Xi)™ in terms of the monomials, ¢, gives p(t) =
S, cit! where m = my + ... +mg. Note that co = 4

¢ 1 (=X;)™ £ 0 since we assumed

A is invertible. Using A~!p(A) = 0, it is easily seen that

m m—1
A1 — R e : _ _ Gt )y
Z < @ q(A) with ¢(t) Z 0 t
=1 1=0
Hence, the solution of the linear system Az = b satisfies © = A~1b = ¢(A)b. We have

just proved the following theorem.

Theorem 1. If the minimal polynomial of a nonsingular matrix A € R™*™ has degree
m, the solution of Ax = b lies in ICry (A, b).

If the degree of the minimal polynomial of A is small, we can search for the solution
to Az = b in the low-dimensional Krylov space associated with A and b. In practice, it
is typically not the case that the degree of the minimal polynomial of A is small. For
example, if all eigenvalues of A are simple, then the degree of the minimal polynomial
is n. The purpose of what has been presented so far, is to show that the action of the
inverse of the matrix A on the vector b, and the Krylov spaces associated with A and
b, are intimately related. The main utility of methods involving Krylov spaces resides
in the fact that satisfactory approximate solutions to the system Ax = b can typically
be found in K, (A4, b) for m < n, even if the degree of the minimal polynomial is n.

Note that in Theorem [I| we did not use any information about the right-hand side
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vector in determining the dimension of the Krylov subspace. Rather, we showed that
A~ € K, (A, v) for all v € R™, so long as the degree of the minimal polynomial of A is
m. Next, we investigate how the relationship between A and v influences the dimension
of the Krylov space K,,(A4,v).

From the definition of Krylov subspaces (2.1)), it is clear that K;(A4,v) € K;41(A,v)
for all natural numbers j, and that dim K;(A4,v) < j. The next theorem illustrates that
there is a maximal dimension, m, such that

Ki(A,0) G Ko(A,0) G ... G Km(Av) = K (A,0) = ... (2.2)

Recall, the minimal polynomial of v with respect to A is the monic polynomial of
minimal degree for which p(A)v = 0. The grade of v, denoted grade(v), is the degree of
the minimal polynomial of v with respect to A. Note that grade(v) is always less than
or equal to the degree of the minimal polynomial of A. The following proposition can
be found in [4§].

Theorem 2. For A € R™" and v € R", dim(K,,(A4,v)) = min(m, grade(v)).

Proof. We first show that for m = grade(v), A" v € Km(A,v) for all j > 0. We
proceed by induction. Denote the vector space of polynomials of degree less than or
equal to k as ;. Let p € P be the minimal polynomial of v with respect to A,
and write p(t) = t™ — ¢(t) for some ¢ € P _1. Using p(A)v = 0, we see that A™v =
q(A)v € Kim(A,v). Next, assume that A™ v € Kim(A,v) for j = 0,..., k. Expressing

A™tky in terms of the vectors v, Av, ..., A", we see that

[y

m—1
Am+k+1v — A(ATTH-kU) —A CZ'Ai'U — Cm—lAmU + Z Ci—lAiva
i=1

3l

I
<)

i

for some constants ¢;, i = 0,...,m — 1. Using again A™v € Kz(A,v), we see that
ARy € K (A, v), as desired.

This demonstrates that dim KC,,(A,v) < grade(v) for all m. Lastly, to complete
the proof, we show that dim /C,,(A,v) = m if and only if m < grade(v). The vectors
v, Av, ..., A" 1y, are linearly independent if and only if for any collection of constants
¢, 1=0,...,m—1, not all zero, the sum, Z?:ol ¢; A%, is nonzero. This is equivalent to

saying there is no polynomial ¢ € &,,_1 such that ¢(A)v =0, i.e., m < grade(v). O
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Theorem [2 shows that dim KC,,, (A, v) = m, so long as grade(v) > m. In what follows,

we always assume dim /C,,(A,v) = m < n to simplify the analysis. For a symmetric
matrix A with simple eigenvalues, as long as v has nonzero components in the direction
of each eigenvector of A, dim IC,,,(A,v) = m for all m < n, and so this assumption holds
in most practical situations. To see this, note that when v has nonzero components in the
direction of each eigenvector of A then the minimal polynomial of A, the characteristic
polynomial of A, and the minimal polynomial of v with respect to A coincide, and are
degree n. That the characteristic polynomial of A and the minimal polynomial of A are
equal in this situation follows from the previous discussion of constructing the minimal
polynomial from the Jordan normal form. To see that the minimal polynomial of v with
respect to A equals the characteristic polynomial, assume the orthogonal eigenvectors
of A are z;, with corresponding eigenvalues A;, for ¢ = 1,...,n. If the coefficients of v

in the eigenbasis are +;, then for any polynomial p,

n
p(Aw = 7ip(Ai)wi. (2.3)

i=1
From (2.3) we see that if p(A)v = 0 and the 7;’s are nonzero, then p(\;) = 0 for
i=1,...,n. In other words, the minimal polynomial of v with respect to A is the same
as the characteristic polynomial of A when v has nonzero components in the direction

of each eigenvector of A.

2.2 Arnoldi Algorithm

Using the facts established about Krylov spaces in the previous section, we now turn to
the Arnoldi algorithm for constructing an orthonormal basis of Ky, (A, v). We show that
this is the same basis determined by performing the Gram—Schmidt algorithm on the
vectors {v, Av,..., A" 1v}. Recall that we always assume dim K,, (A, v) = m, meaning
that the vectors {v, Av,..., A" 1y} are linearly independent for m < n.

The basis for Ky,(A,v) as given in (2.1]), while useful for theory, is of little use in
practice. This is because as the Krylov dimension increases, the vectors A7v become
closely aligned with the dominant eigenvector, as in power iteration. While this is not

an issue in perfect arithmetic, it does pose an issue on finite precision computers. For
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this reason, we need to determine a basis more suited for finite precision computations.
This is precisely what the Arnoldi algorithm does [3].

Assume that H € R™ " is an upper Hessenberg matrix orthogonally similar to A.
That is,
AV =VH, (2.4)

for an orthogonal matrix V. Equating the jth columns in (2.4)), we have relation

41
Avy =Y hijvi, j=1,...,n, (2.5)
=1

where v; is the jth column of V', (H);; = hsj, and hyy1nvnt1 = 0. Rearranging (2.5)), we

can express the vector v;j;1 using a j+1 term recurrence involving the vectors vy, ..., vj,
J
hj+1j Uj+1 = Avj — E hijvi7 ] == 1, ey (26)
i=1

From the orthonormality of the vectors v;, the coefficients in (2.6]) satisfy

. (2.7)

J
hij :’UiTAUj, ’izl,...,j, hj+1j = HAU]'—Z}LZ'J"UZ'
1=1

From recurrence and the formulas for the coefficients in , given a nonzero
starting vector v € R™, we are able to construct the columns of an orthogonal matrix
V., with first column vy = v/||v||, and upper Hessenberg matrix H which satisfy (2.4)).
This is known as the Arnoldi algorithm, and the vectors v; are known as the Arnoldi
vectors.

In practice, we are rarely interested in constructing V and H in full. Rather, we are
mostly interested in utilizing and for j =1,...,m, with m < n. If we let
Vi be the first m columns of V', and H,, be the m x m principal submatrix of H, then
we can write

AV = Vi Hypy + B 1 mUmg1€h (2.8)

where e, is the mth column of the m xm identity matrix. The m-step Arnoldi algorithm
constructs all terms in (2.8)), and is summarized in Algorithm
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Algorithm 1 Arnoldi Algorithm

1: Initialize v; = v/||v]|.
2: for j=1,...,mdo

3 V= Avj

4 fori=1,...,5do
5: hz'j = (17, ’Uz‘)

6 V40— hijvi

7 end for

8 hjyiy =7

9 if hji1; = 0 then stop
10: else
11: Vjy1 = h]iilj
12: end if
13: end for

Consider the stopping criteria, hjt1; = 0, in Algorithm [Il When this occurs at step
Jj < m, we have that hj;1,v;41 =0, and so AV; = V;H;. This means that the columns
of V; span an invariant subspace of A. This is useful if we are interested in solving
for eigenpairs of A. Indeed, if 0 is an eigenvalue of H; with associated eigenvector
y, then 0 is an eigenvalue of A with associated eigenvector V;y. So, using an upper
Hessenberg matrix of order j, we are able to determine spectral properties of A. This is
a rare occurrence in practice. We show next that the Arnoldi vectors are a basis of the
Krylov space K., (A, v), and so our general assumption that the vectors v, Av, ..., Alv,
are linearly independent for j < n preclude the stopping criteria, h;y1; = 0, from being
achieved.

Carrying out the Arnoldi algorithm in full, with starting vector v; = v/||v||, results
in V, H € R"™™ such that AV = V H, where V is orthogonal and H is upper Hessenberg
with positive subdiagonal. Let K = QR be the QR-factorization of the Krylov matrix
K = [v1, Avy, ..., A" 1], where Q is orthogonal and R is upper triangular with positive
diagonal. Since the QR~algorithm is simply the Gram—Schmidt algorithm applied to the
columns of K, we know that the columns of () are an orthonormal basis for the space
Kn(A,v), and the first m columns of @) are an orthonormal basis of K,,(A,v). Using H
and V', we can also write K = VVTK = Viei, Hey, H?eq, ..., H" le]. Since H is upper
Hessenberg with positive elements on the subdiagonal, H* has positive elements on the

kth subdiagonal and is zero below. Hence, the matrix [e1, Hey, ..., H" le;] is upper
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triangular with positive elements on the diagonal, and so K = Vler, Heq, ..., H" leq]
is a QR-factorization of K. By uniqueness of QR-factorizations we have ) = V, and so

the columns of V;,, are an orthonormal basis for &Cp, (4, v).

2.3 Lanczos Algorithm

In this section we specialize to the case when A is symmetric. We assume throughout
this section that all operations are performed with exact arithmetic. The effects of finite
precision will be taken into consideration in the next section.

Rewriting relationship as H,, = VI AV,,,, we see that if A is symmetric then the
upper Hessenberg matrix H,, is also symmetric. A symmetric upper Hessenberg matrix
is a symmetric tridiagonal matrix. Throughout the rest of this chapter we replace Hy,
with T}, € R™*™ to emphasize that we are dealing with a tridiagonal matrix. Writing

aj = hjj and B; = hji1; for j =1,...,m, the Arnoldi recurrence now simplifies to
AUj = ,8]'7111];1 + ajv; + /BjUjJrl» j=1...,m, (2.9)

where SBguvg = 0, or, equivalently,

AV = ViuTon + BmVmarel (2.10)
where
a; P
Tp=vlav, = |7 . (2.11)
R ﬁm—l

Bm—1  Qm
The vectors v; are now referred to as Lanczos vectors.

The Lanczos algorithm is widely used for many different applications [29]. Often, it
is used to find a few extremal eigenvalues of sparse symmetric matrices. However, when
we use the term “Lanczos algorithm” or “Lanczos iteration” in this thesis, we will be
referring to algorithms for constructing V,,, and 7T, in . Oftentimes, we will use
the phrase partial tridiagonalization when specifically referring to construction of the

matrix T;,.
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Because we will need them later, we introduce some terminology regarding the matri-
ces T, and V,,,. Denote the eigenvalues and eigenvectors of T3, as 6; and y; respectively,
j=1,...,m (we drop the dependence on m for notational convenience). The values
{0;}72, are called the Ritz values, and the vectors {Vi,y;}2, are called the Ritz vectors.
This terminology comes from the fact that the Lanczos algorithm can be viewed as a
Rayleigh-Ritz method for approximating eigenpairs of the matrix A.
Before discussing the properties of the Lanczos algorithm, we present the equivalent
of Algorithm [1| for the case of a symmetric matrix with the notation used in . This
is given in Algorithm

Algorithm 2 Lanczos Algorithm

1 Initialize v1 = v/||v]|, Bovo = 0.

2: for j=1,...,mdo

3: v = Avj — ﬁjflvjfl
4: Q5 = (’lj,’l)j)

5: V4V — Q05

6 B= o

7 if 3; = 0 then stop
8: else

9: Vjt1 = ﬁ%

10: end if

11: end for

We remark on several desirable features of the Lanczos algorithm:

1. Only one matrix vector multiplication is needed each iteration. Furthermore, we
do not need to have the matrix A stored in memory. Rather, it is sufficient to
supply a routine which, given a vector v, returns Av. Thus, we are able to take

full advantage of the case when A is large and sparse.

2. For some applications we are only interested in creating a partial tridiagonalization
of A. For example, this is the case when only eigenvalue, and not eigenvector,
approximations of A are desired. In this case we do not need to create the matrix
V. Instead, at step j, only the coefficients o; and §; need to be computed. For

this, only the previous two Lanczos vectors, vj_1 and vj, need to be stored.

3. There are several ways to reduce a symmetric matrix to tridiagonal form, e.g.,
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Givens and Householder rotations. However, algorithms utilizing Givens or House-
holder rotations must be carried out in full before the matrix A is reduced to tridi-
agonal form. At no intermediate step is the matrix tridiagonal. Contrast this with
the Lanczos algorithm, which provides a partial tridiagonalization, T; = VjTAV]-,

at each step j.

The benefits of the Lanczos algorithm are manifold, which is why it is so widely used.
However, as was known originally to Lanczos [29], the algorithm behaves differently in

the presence of roundoff error. These differences are considered in the next section.

2.4 Lanczos Algorithm in Finite Precision

The desirable features of the Lanczos algorithm mentioned in the previous section, make
it suitable for many applications, including eigenvalue problems, the solution of linear
systems, and singular value decompositions. However, one of the main drawbacks,
noticed in the original paper by Lanczos [29], is the loss of orthogonality of the Lanczos
vectors due to rounding error. This widely known issue is discussed at length in all
serious textbooks and articles on the Lanczos algorithm. In this section we discuss
the loss of orthogonality in the context of the partial tridiagonalization of the matrix
A. The original work on this issue is the PhD thesis of Paige [39], and his subsequent
publications [40), [4T].

In this section we will be dealing with computable quantities on finite precision
computers. In order to avoid an abundance of tildes, or other methods to distinguished
exact quantities and computed quantities, we use the same notation as in the previous
section, with the knowledge that all quantities are computed in finite precision, unless
stated otherwise. That is, the v;’s, a;’s, and f;’s represent quantities which have
been computed with roundoff error, and are not identical to their counterparts in the
previous section. For simplicity, we make the assumption that all Lanczos vectors have
been normalized exactly, i.e., that vjrvj = 1. All equations will now include an error

term, e.g., the recurrence relation (2.9) now becomes

A’Uj = Bj—lvj—l —+ Qv + ,3j’l)j+1 + fj, ] = 1; U (212)
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Figure 2.1: Eigenvalue distribution (2.14)).

where Bovg = 0 and f; is a vector with entries accounting for the roundoff error at

iteration j. Or, equivalently, in matrix form,
AV = ViuTon + BmUmsr€l + Fp, (2.13)

where the jth column of matrix F,, € R"*™ accounts for the roundoff error at itera-
tion j. Throughout this section e represents the unit roundoff error, which for 64-bit
computations is of order 10716,

Before discussing the details surrounding roundoff errors in the Lanczos algorithm,
we give a simple example illustrating the deviation of finite precision from exact arith-
metic taken from [36]. We perform the Lanczos algorithm on a symmetric matrix with
eigenvalues given by

i—1

n_la—AM“ii=L~wm (2.14)

Ai = A+

where p is a parameter controlling the eigenvalue distribution, A and X are the begin-
ning and end of the spectrum, and n is the size of the matrix. For this example, we
choose A = 1, A = 100, p = 0.95, n = 100, and we construct V;, for m = 50 using two
different methods. The eigenvalues for this example can be seen in Figure which

illustrates the clustering of eigenvalues near A due to the parameter p in (2.14)). We



Figure 2.2: Plot of the matrix entries — log(|V,1V;,|) for m = 50 using Algorithm (left)
and Algorithm [2[ (right) for a symmetric matrix.

use Algorithms [I] and [2] to construct the basis vectors, the difference being that Algo-
rithm [2| constructs v; 41 by orthogonalizing Av; against the two previously computed
basis vectors {vj_1,v;}, whereas Algorithm 1| orthogonalizes Av; against all previously
computed basis vectors {v1,...,v;}, which is equivalent in exact arithmetic. The re-
sults, visualized by plotting the matrix elements — log |V,1'V,,|, can be seen in Figure
From Figure we see that using the three term recurrence in the Lanczos algorithm
results in a significant loss of orthogonality, while orthogonalizing each new Lanczos
vector against all previously computed basis vectors retains mutual orthogonality to
machine precision. Indeed, using the three term recurrence of Algorithm [2] results in
|vl'v;| = O(1) for some i # j, when it should ideally be O(e).

When taking into account roundoff error, we can expect that relationship
holds to within machine precision, i.e., the entries of f; are O(e). This is clearly seen in
Figure where the Lanczos vectors are computed using Algorithm [2| (same example
as Figure (right)), and the norm of f; = Av; — Bj_1vj—1 — ojv; — Bvj41 is plotted
for each iteration. Even though the Lanczos vectors are far from orthogonal, as seen in
Figure (right), holds for f; with entries of order e. In [39] it is shown that
|1 fill < CrellA||l, where C,, depends on the matrix size n, and in [44] it is stated that
no exception to the rule || f;|| < €||A| has been found. In other words, even though the

vector accounting for the roundoff error, f;, remains small, we lose mutual orthogonality
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Figure 2.3: Norm of roundoff error f; computed using the Lanczos algorithm.

between the Lanczos vectors.
A major issue that arises as a consequence of the loss of orthogonality is 75, #

VI AV,,, i.e., we no longer have a partial tridiagonalization of the matrix A. This can
be seen by premultiplying (2.13)) by V,I,

VIav,, = (VIV,)T, + V.IF,,. (2.15)

While we expect the entries of Vn{ F,, to be small since each column of F,, has norm
O(e||A|)) and the columns of V;,, are unit length, V,1'V,, is far from the identity, as seen
in Figure (right). Thus, if we are interested in producing a partial tridiagonalization
of A, we must take into account the loss of mutual orthogonality of the Lanczos vectors
in finite precision.

Note that Figure shows a clear structure to the loss of mutual orthogonality.
We investigate this structure and the propagation of the loss of mutual orthogonality
next. Let the matrix K,, € R™*™ have entries k;; = vlij, 1,7 = 1,...,m, which
sets K, = V.I'V,,. Ideally, K,, would approximate the identity matrix to machine
precision, however, the previous example shows that this does not hold when using
Algorithm 2 We can characterize the propagation of diminishing orthogonality using

difference equations for the entries k;; [54, [55].
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Theorem 3. Let A € R™ ™ be a symmetric matriz and vi € R™ be a unit vector.
Let vy, ...,ums+1 be the Lanczos wvectors after m iterations of the Lanczos algorithm
(Algorz'thm@ in finite precision and define k;j = kj; = fuiij fori,j=1,...,m+ 1.
Then, the terms k;; satisfy the following:

ki =1 i=1,....m+1,
T .
kii-‘rl:vi Vi+1 Zzlv"'ama

Bikij+1 = Bikiv1j + (i — aj)kij + Biciki—1j — Bj—1kij—1 + U]sz' — vl fj,
for 1 <i<j <m and koj = 0.

Proof. The first equation is due to our assumption that the Lanczos vectors are normal-
ized exactly while the second is a definition. Taking the inner product of (2.12)) with v;
gives

vf Avj = Bj_1kij—1 + ajkij + Bikij11 + vl fj, (2.16)

fori,j =1,...,m. Subtract from (2.16]) the same expression with ¢ and j switched, and

use kj; = k;j, to get
0= Bj_1kij—1 + ajkij + Bikijy1 + 0] fj — Bicikio1; — aiki; — Bikip; —v) fi. (2.17)

Rearranging terms in (2.17)) gives the final result. Note that because k;; = kj;, and
we have specified the diagonal as well as the super-diagonal, all that remains to be

determined is k; j41 for 1 <i < j < m. O

Using Theorem [3| we can determine how the loss of mutual orthogonality is propa-
gated forward to newly created Lanczos vectors. The loss of orthogonality is initiated
by local roundoff errors f;, and then is propagated forward to newly created Lanczos
vectors according the recurrence in Theorem |3l Because the f;’s remain small, it is not
due to an accumulation of roundoff errors that loss of orthogonality occurs. Rather,
at step j, the deviation of k;j11 = viT vj4+1 from zero depends mainly on the level of
orthogonality of the Lanczos vectors at the previous two iterations and the o’s and f’s.
The dependence of the level of orthogonality of the Lanczos vectors at step j can be

visualized using a finite difference stencil for k; ;1. This is shown in Figure which



18

i+1
ST S

Figure 2.4: Finite difference stencil for k; ;41 = U;-T’UjJrl.

is a visual representation of the difference equation in Theorem [3] with the white circle
representing k; j41, and the black circles representing the terms which k; ;11 depends
on.

In order to understand how far the Lanczos vectors deviate from orthogonal, we
define

_ kii — 8:s 2.1
fim = | max [kij — dijl, (2.18)
where J;; is the Kronecker delta. In perfect arithmetic, x, = 0, however, as our

example showed, this is not the case in the presence of roundoff error. Due to K,
being nonzero, or equivalently, the Lanczos vectors failing to be mutually orthogonal,
the Lanczos algorithm fails to produce a partial tridiagonalization in many situations.
Obviously, if we are interested in producing a partial tridiagonalization, we need to alter
Algorithm Work on this issue by Parlett and his students [43] 50, 54, 55, 56] has
shown that by modifying the Lanczos algorithm to keep the Lanczos vectors “sufficiently
orthogonal” (made specific shortly), ensures that we produce a partial tridiagonalization
of A. Specific methods of ensuring the Lanczos vectors remain “sufficiently orthogonal”
will be discussed in section [2.5 however, they all follow a similar format, given below
in Algorithm

Note that the only distinction between Algorithms [2 and [3| are lines 6 through 8 in
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Algorithm 3 Modified Lanczos Algorithm
1: Initialize v; = v/||v||, Bovo = 0.
2: for j=1,...,mdo
3: U= Avj — 5]'_11}]'_1

4: Q= (17,vj)

5: V4 V— Q55

6: if ¥ requires additional orthogonalization then
T: modify

8: end if

o 8= lsl

10: if 8; = 0 then stop
11: else

12: Vj41 = 5%

13: end if

14: end for

Algorithm 3| This is where we ensure the new created Lanczos vector, vj;1, is “suffi-
ciently orthogonal” to the previous Lanczos vectors v1,...,v;. In fact, Algorithm [3] is
the same as Algorithm [2] if we always assume ¢ does not need additional orthogonal-
ization. Most importantly, both algorithms produce all quantities in , with the
exception of the roundoff matrix Fj,. Next, we discuss what “sufficiently orthogonal”
entails, in order to ensure the symmetric tridiagonal matrix produced in Algorithm [3]is
a partial tridiagonalization of A.

In what follows, we need to perform a QR-factorization of V,,, = [v; ... vp,], and so we
need conditions which ensure the linear independence of the Lanczos vectors produced

by Algorithm [3] For this we give a simple lemma from linear algebra.

Lemma 1. Let V € R™™ have columns of unit length, and define K = VIV and
K = maxi<ij<mlki; — 0ij|. If & < (m — 1)7Y, then the columns of V are linearly

independent.

Proof. By the definition of K, the columns of V' are linearly independent if and only
if K is invertible. Furthermore, K is invertible if and only if it has strictly positive
eigenvalues. Therefore, any condition which ensures the positivity of the eigenvalues
of K, also ensures V is full rank. To characterize the eigenvalues of K, we apply

Gershgorin’s circle theorem, which states that each eigenvalue, A, of K satisfies |A\—k;;| <
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> jilkij| for some 1 < i < m. Therefore, the eigenvalues of K satisfy

1—-(m—-—1k<A<1+(m-—1)k.

Note in the application of Gershgorin’s circle theorem we used |k;j| < & for i # j
and k; = 1 (follows from the assumption that the columns of V' have unit norm). It

immediately follows that the eigenvalues of K are strictly positive if & < (m —1)"1. O

Applying Lemma with V;,, and K,,, = V,I'V,,,, we see that the Lanczos vectors (the
columns of V,,,) are linearly independent if ,, < (m—1)"!, where £y, is given by (2.18).
Note, this is a very weak condition. Indeed, for a standard problem, m is of order 103
or less, and so0 k,, can grow to the level of 1073 with linear independence of the Lanczos
vectors intact. This shows that while the Lanczos vectors may become exceedingly
non-orthogonal, they remain linearly independent. In the following theorem we make
the stronger assumption k£, < y/€¢/m, and assume this implies the linear independence
of the Lanczos vectors (holds so long as € < m/(m — 1) ~ 1/m, which is true in all
practical scenarios).

Next, we state the fundamental theorem, due to Simon [54], about partially tridiag-

onalizing a matrix using the Lanczos algorithm in finite precision.

Theorem 4. Let A € R™™ be a symmetric matriz, v1 € R™ be a unit vector and assume
Ty € R™™ V€ R™™ B, € R, and vyp+1 € R™ are produced by Algorithm@ i.e.,
they satisfy AVy, = Vi + ﬁmvmﬂe% + F,,, where the entries of Fy, are of order
O(e||Al)). Then, if £, defined as in ([2.18), satisfies rp < \/€/m, we have

Tm = QZ;LAQm + Ema

where Vi, = QR is the exact QR factorization of Vi, and the entries of E,, are of
order O(e||A])).

Proof. See [54,55]. We remark that the QR factorization in the statement of Theorem [4]
is well defined due to our assumption that ,, < \/€¢/m implies k,, < (m —1)~! (which

guarantees linear independence of the columns of V,). O

Theorem {4 deserves considerable attention. The requirement that x,, = O(e) is
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referred to as “orthogonal to working precision”, while x, = O(\/€) is referred to
as “semi-orthogonality”. Theorem [ tells us that as long as the Lanczos vectors are
semi-orthogonal for steps j = 1,...,m, the partial tridiagonalization of A, T,,, is accu-
rate to order O(e). In fact, we do not gain any advantage when keeping the Lanczos
vectors orthogonal to working precision. When using the Lanczos algorithm to ap-
proximate the spectrum of A using the Rayleigh-Ritz method, the weaker condition of
semi-orthogonality ensures that we do not obtain redundant copies of eigenvalues of A,
which could otherwise be a serious issue.

Another important consideration in Theorem [4] is the starting vector v;. Note that
the partial tridiagonalization produced by the Lanczos algorithm depends on both the
matrix A and the starting vector vy. Different starting vectors produce different partial
tridiagonalizations. In many applications of the Lanczos algorithm, the starting vector
vy is chosen randomly, and so is unimportant. However, in this thesis we will often be
interested in producing partial tridiagonalizations of a matrix with respect to specific
starting vectors. Theorem [ tells us that the partial tridiagonalization produced by the
Lanczos algorithm in finite precision is, up to roundoff error, the same as the partial
tridiagonalization with starting vector ¢; (the first column of @,,, the Q-factor of the
exact QR factorization of V,,,) in the absence of roundoff error, as long as the Lanczos
vectors are semi-orthogonal. Because we have assumed the Lanczos vectors are normal-
ized exactly, the first column of @, is v1, i.e., g1 = v1. Therefore, so long as we ensure
the Lanczos vectors remain semi-orthogonal, the partial tridiagonalization produced by
Algorithm [3] is the one we desire.

Much work has been devoted to dealing with the loss of orthogonality of the Lanczos
vectors. In the next section we give a brief overview of a few methods designed to handle

this issue.

2.5 Orthogonalization Strategies

Several methods have been designed to overcome the loss of orthogonality in the Lanczos
vectors. Determining which is best depends on the application at hand. Here we discuss
a few methods designed to ensure the Lanczos vectors are at least semi-orthogonal,

which ensures that the Lanczos algorithm produces a partial tridiagonalization of A
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with respect to a supplied starting vector. All of the following methods fit in the
framework of Algorithm [3] with each method using different criteria for determining
if additional orthogonalization is necessary as well as different methods for producing

semi-orthogonal Lanczos vectors.

2.5.1 Full Orthogonalization

Full orthogonalization takes the most conservative approach, and always performs addi-
tional orthogonalizations (with respect to Algorithm . Full orthogonalization entails
explicit (Gram—Schmidt) orthogonalization against all previous Lanczos vectors for ev-
ery iteration. It is one of the simplest ways to maintain a sufficient level of mutual
orthogonality among the Lanczos vectors, however, it is also one of the most costly.
Full orthogonalization was the method advocated by Lanczos [29] and Wilkinson [64].
Full orthogonalization is essentially applying the Arnoldi algorithm, Algorithm [1 to
the symmetric matrix A. This method can be expected to retain mutual orthogonality
to machine precision. This makes full orthogonalization useful for its simplicity and
robustness. However, all computed Lanczos vectors need to be saved in order to form
the inner products, which would not otherwise be necessary for some applications, e.g.,
if we are only interested in producing a partial tridiagonalization of A. Furthermore,
each iteration involves more work since additional Lanczos vectors are present. The

Lanczos method with full orthogonalization is presented in Algorithm || [44].

2.5.2 Selective Orthogonalization

Here we present a brief and simplified overview of the selective orthogonalization strat-
egy of Parlett and Scott [43] [42]. Their orthogonalization strategy relies heavily on the
insights of Paige about the behavior of the Lanczos algorithm in the presence of round-
off error. Paige’s thesis illustrated that orthogonality between Lanczos vectors is lost
precisely when a Ritz value converges to an eigenvalue of A. Additionally, Paige showed
in which direction orthogonality is lost. Selective orthogonalization takes advantage of
this knowledge to retain semi-orthogonality.

The following two results form the basis for selective orthogonalization. Note that

the first applies in the case of exact arithmetic while the second takes into account



23

Algorithm 4 Lanczos Algorithm (full orthogonalization)

1: Initialize v; = v/||v||, Bovo = 0.
2: for j=1,...,mdo
3: U= A’Uj — Bj_lvj_l

4: Q= (17,vj)

5: VU — v

6: fori=1,...,5do
7 V4— 0 — (’D,vi)vi
8: end for

o B =

10: if 3; = 0 then stop
11: else

12: Vjy1 = 5%

13: end if

14: end for

roundoff error.

Theorem 5. Assume the Lanczos algorithm (Algom'thm@) for j steps is conducted in
exact arithmetic, i.e., we have computed the symmetric tridiagonal matriz T; € RI*J

and the orthonormal Lanczos vectors vi,...,vj11 such that
AV = ViT; + Bjvjae]

where V; = [v1...v5] and B; = ||(AV; — V;Tj)e;||. Furthermore, assume the exact
eigendecomposition of T; is T; = YyeyT, y,{yl = 0y, k,l = 1,...,5. Then, for each

Ritz value 0;, there is a corresponding eigenvalue, Ny, of A, such that
(A = 0i| < Bjlyal, i=1,....7

where yj; = ejTyZ-.

Theorem 6. Assume the Lanczos algorithm (Algorithm @) for j steps is conducted in
finite precision, i.e., we have computed the symmetric tridiagonal matriz T; € RI*J and

the Lanczos vectors vy, ...,vj41 such that

AV} = ViT; + Bjvjsre] + Fj,
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where V; = [v1...vj], B; = [[(AV; — V;T})e;l|, and F; is a roundoff matriz (columns
of norm O(e||A||)). Furthermore, assume the exact eigendecomposition of Tj is Tj =
YoeyT, ygyl =01, k,l=1,...,j, and denote the Ritz vectors as z; = Vjy;, 1 =1,...,].
Then,

Vi . .
(2i,vj41) = m, i=1,...,7,
where y;; = e?yi and the v;’s are of order O(e||A||).

Theorem 5| [26, [43] shows that if the last entry of a normalized eigenvector of Tj
is small, then a Ritz value is close to an eigenvalue of A. Note that the quantity
Bjly;ji| is equal to the norm of the residual of the Ritz pair as an eigenpair of A, i.e.,
|Az;—0;z| = B;ly;js|. While Theorem [p]is stated in exact arithmetic, a similar inequality
holds with a slightly different constant when roundoff error is taken into consideration
and the Lanczos vectors are no longer perfectly orthogonal [43]. The authors of [43]
say the bounds in Theorem [5| “fail gracefully” when the Lanczos vectors are no longer
orthonormal. Theorem [6 due to Paige [39], shows that when a Ritz value is near
an eigenvalue, the Lanczos vector loses orthogonality precisely in the direction of the
corresponding Ritz vector. Note that in exact arithmetic (2;,vj41) = 0. We can use this
knowledge to our advantage when orthogonalizing Lanczos vectors. When computing
a new Lanczos vector, vj41, we can use the eigenvectors of Tj to check if a Ritz value
has converged to an eigenvalue of A via Theorem [5] If so, according to Theorem [0} we
should orthogonalize the Lanczos vector against the corresponding Ritz vector. This is
summarized in Algorithm [5| where 7, a user defined tolerance, should be O(y/€) in order
to retain semi-orthogonality.

In Algorithm [5], the spectral decomposition is computed every step. Since m <
n, and there are specialized algorithms for computing the eigenpairs of a symmetric
tridiagonal matrix, this is not too cumbersome. However, there are several different

ways to relax this requirement, see [43] for more details.

2.5.3 Partial Orthogonalization

Partial orthogonalization, introduced by Simon [54] [56], approximates the solution to
the difference equation in Theorem [3| to monitor mutual orthogonality of Lanczos vec-

tors. If orthogonality drops below a certain threshold, then extra steps are taken to
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Algorithm 5 Lanczos Algorithm (selective orthogonalization)

1: Initialize tolerance 7 > 0, v1 = v/||v||, Bovo = 0.

2: for j=1,...,mdo

3: U= A’Uj — Bj_lvj_l

4: Q= (17,vj)

5: v U - oY

& B=lol

7. Diagonalize Tj, T; = YOYT, YTY =1
8: Determine Z = {1 <i < j \ﬁ]]yﬂ| <7}
9: for i € Z do

10: VARES ijz

11: V4~V — |(|Z’j|12) Zi

12: end for

13: B =0
14: if 8; = 0 then stop

15: else

16: Vi1 = &
j.+1 B;

17: end if

18: end for

orthogonalize the current Lanczos vector against previous Lanczos vectors. By moni-
toring the level of orthogonality each iteration, we are able to keep the Lanczos vectors
semi-orthogonal.

Let k;; = viij, as in Theorem Using the Lanczos vectors we can compute k;;
up to roundoff error, however this requires many inner products and is the same work
required in full orthogonalization. In order to be more efficient, we approximate the
terms k;;. The main issue in approximating k;; is the roundoff terms v;; fi— v;f fj. Since
we cannot approximate the roundoff terms, but we know their order of magnitude is
O(€||A]|), we use random numbers in their stead. Denote the approximation to k;; as

l;:ij. We modify the recurrence relation in Theorem |3|so that l%ij satisfies

ki =1 i=1,...,m+1,

Fiiil = G i=1,....m, (2.19)
Bikijer = Bikiy1j + (i — o)k + Bimtki—1j — Bj—tkij—1 + mij,

for 1 <1 < j < m, 150]- = 0, where ¢; and 7;; are random numbers chosen from
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appropriate distributions, e.g., ¢; € N(0,¢) and 7;; € N(0,¢€||A||), where N (u, o) is the
normal distribution of mean p and standard deviation o.

In partial orthogonalization, at each iteration 1 < j < m we compute ki j+1, 1 <
it < j + 1, as an approximation to k; ;41 = U;I'Uj+]_, according to . Once l;ij+]_
reaches a user specified tolerance, 7, for some 1 < i < j, we orthogonalize against all
previous Lanczos vectors vy, ..., vj. The tolerance 7 should be O(4/€) to maintain semi-
orthogonality. Notice, however, it is insufficient to orthogonalize against all previous
Lanczos vectors for just one iteration. Indeed, orthogonalizing against all previous
Lanczos vectors at iteration j implies k; j+1 = vl v;41 is order O(e) fori =1,...,5. For

the next step j + 1, Theorem [3] tells us that
Bjtikijr2 = —Bikij + O(el|Al]).

If I;Z j+1 ~ k; j41 reached the tolerance 7, it is likely l;:ij ~ k;j is also close to the tolerance.
Accordingly, it is necessary to orthogonalize against all previous Lanczos vectors for two
consecutive iterations. This brings the level of orthogonality at the next iteration down
to machine precision, and we may proceed to use the standard Lanczos algorithm until
orthogonality again deprecates to the tolerance 7.

After the orthogonalizations are performed, the values ki j+1 need to be updated.
In perfect arithmetic they would be zero, however we need to take into consideration
roundoff error. The author in [56] undertook a statistical study and found that replacing
the k; j+1 with values from the distribution N(0, 1.5¢) performed well after reorthgonal-
ization. The Lanczos algorithm with partial orthogonalization is given in Algorithm [6]

It is also possible to orthogonalize against select Lanczos vectors, instead of all
previous vectors. However, we will not pursue the particulars here. For more details,
see [56].

2.6 B-Lanczos Algorithm

In this section we discuss the generalization of the Lanczos algorithm to the case of
partially tridiagonalizing a pair of matrices A and B, where A is symmetric and B is
symmetric positive definite. This extension is of primary interest when the matrices

A and B define a generalized eigenvalue problem. Previously, the Lanczos algorithm
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Algorithm 6 Lanczos Algorithm (partial orthogonalization)

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:

1
2
3
4
5:
6
7
8
9

. Initialize tolerance 7 > 0, v1 = v/||v||, Bovo = 0.
:forj=1,...,mdo
V= AU]' — Bj,lvj,l
oy = (f)vvj)
V4=V — QU;
if orthogonalized previous iteration then
fori=1,...,j5 do
V4— 0 — (’lN),’UZ‘)’UZ'
Update lz:in
end for
else

Bi=1Ioll _

if kjj.1 >7foranyi=1,...,j then
fori=1,...,5 do
’LN)(—INJ—(’[),’U@')’L}Z'

Update k; j 1
end for

end if
end if
B = |2
if 3; = 0 then stop
else

Vit = g
end if

end for

Compute k; j+1 according to (2.19) with §; = Bj.

Must
orthogonalize
consecutive
iterations.

Approximate
vlvjy1 and
orthogonalize
if necessary.
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produced a partial tridiagonalization of a single matrix, from which spectral properties
can be approximated with Ritz values and Ritz vectors. In this section, we extend
the Lanczos algorithm so that the Ritz values and Ritz vectors now approximate the
eigenpairs of a generalized eigensystem. The algorithms in this section can be found
in [5,49]. Throughout this section we assume all operations are done in exact arithmetic.
The effects of roundoff error being similar to the case previously discussed.

Let A, B € R™" be symmetric with B positive definite. We are interested in de-
termining a symmetric tridiagonal matrix with spectrum related to that of the system
Az = \Bz, 2T Bx = 1. The first step in realizing such a tridiagonal matrix is transform-
ing the generalized system into a standard eigenvalue problem. The simplest way to do
this is by working with the matrix B~'A. The issue is that B~ A is no longer symmet-
ric. However, it is self-adjoint with respect to the B-inner product (z,y)p = = By.
This allows us to use the standard Lanczos algorithm with the matrix B~'A, and the
B-inner product and induced B-norm ||-||g. Starting with nonzero v € R", the Lanczos

recurrence after m-steps becomes
B7'AV,, = Viu T + Brnvmirel (2.20)

or, equivalently,
AV = BV T + B Bopy el (2.21)

where the columns of V,,, are a B-orthonormal basis of the Krylov space K, (B~ A, v).

First, consider the following naive implementation of the standard Lanczos algorithm
with matrix B~!A, vector v, and B-inner product and induced norm. With these
modifications, Algorithm [2] becomes Algorithm [7]shown below. We refer to Algorithm [7]
as the “naive” B-Lanczos algorithm due to the extra computational cost relative to
other implementations. In Algorithm [7] there is one matrix vector multiplication with
A, two matrix vector multiplications with B, and one linear solve with B. Next, we
show how to eliminate the matrix vector multiplications with B at the cost of storing
additional vectors.

In order to reduce the costs associated with Algorithm [7] we work with the auxiliary
vector w = B7, instead of ¢ from Algorithm That is, instead of forming © = B~ Av,;—

Bj—1vj—1 at the outset, we form W = Bv = Av; — Bj_1Bv;j_1. To illustrate the cost
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Algorithm 7 Naive B-Lanczos Algorithm

1: Initialize vy = v/||v|| B, Bovo = 0.
2: for j=1,...,mdo

3: U= BilA'l}j — 5]'_1'0]'_1

aj = (0,05)B

V40— Q505

Bi = llvlls

if 8; = 0 then stop

else

viig = B
j.+1 B;
10: end if

11: end for

savings, we move through one iteration of the B-Lanczos algorithm. Let us assume the
vectors w; = Bv;, i = 1,..., 7, have already been computed and note that vawl = O

for k,l =1,...,j. At the beginning of iteration j we form @ as
w = A’Uj — ﬁjfl’wjfl.

Notice that because we are working with w = Bw, all B-inner products with © translate

to standard Euclidean inner products with w. Line 4 in Algorithm [7] becomes
aj = (0,v5)p = (0, v5).
After oj has been computed, w = B? is updated, @ « ¥ — a;wj, giving
W = Avj — fj_1wj—1 — ojw;.

Next, at line 6 we compute 8; = ||0]|p = /(0, W), for which we need both @ and .
Hence, it is necessary to solve the linear system Bv = w for ©. Finally, by defining
vj+1 = 0/B; we have the desired Lanczos vector. Note that we also define w;1 = w/3;,
since we need it the following iteration. In this way, we form a bi-orthogonal system,
instead of only the B-orthonormal basis as in Algorithm

By working with the vector w = Bv, rather than v itself, we have eliminated two

matrix vector multiplications with B. However, in order to utilize this method we also
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have to store the vectors w; = Bv;, 1 = 1,...,m-+1 for the m-step B-Lanczos algorithm.
By defining W,,, = BV,,,, (2.21) becomes

AV = Wi Ty + Brnwmi1el (2.22)

where V,,, and W,, are bi-orthogonal, i.e., VL W,, = I. Thus, we arrive at Algorithm

Algorithm 8 B-Lanczos Algorithm

1: Initialize w = Bv, Sy = Vvlw, v1 = v/By, w1 = w/Boy, wy = 0.
2: for j=1,...,mdo

3 w = A’Uj — 5]'_111}]'_1
4 Qaj = (U?,Uj)

5: W — W — Wj

6 Solve Bv = w for v
7 Bj = (5711))

8 if 3; = 0 then stop
9 else

10: Vjy1 = /3%

11: Wiyl = 231}7

12: end if

13: end for

Comparing the B-Lanczos algorithm (Algorithm [§) and the standard Lanczos al-
gorithm (Algorithm , we see that there are two main distinctions. First, for the
B-Lanczos algorithm we save two sets of vectors which are bi-orthogonal, instead of a
single orthonormal basis. Secondly, each iteration of the B-Lanczos algorithm requires
a linear solve with B, which is not present in the standard Lanczos algorithm. Both
the standard Lanczos algorithm and the B-Lanczos algorithm require one matrix vector
multiplication with A.

As in the standard Lanczos algorithm, we do not expect the bi-orthogonal basis to
remain bi-orthogonal in the presence of roundoff error. At step j, we must now ensure
the off diagonal entries of W]-TVj remain O(y/e) for T,,, in to be a partial tridiago-
nalization of the matrix pair A and B. All methods mentioned in section |2.5|work for the
B-Lanczos algorithm with minor modifications. We include the full orthogonalization

version of the B-Lanczos algorithm, Algorithm [9] for completeness.



Algorithm 9 B-Lanczos Algorithm (full orthogonalization)

1: Initialize w = Bv, Sy = VvTw, vi = v/By, w1 = w/ By, wy = 0.
2: for j=1,...,m do
3: w = AUj — ﬁj_le_l

4: Q= (’J),’Uj)

5: W — W — Wy

6: fori=1,...,5do
7 W W — (71), vi)wi
8: end for

9: Solve Bt = w for v
10: 5]' = (’D, ’LZ))
11: if 8; = 0 then stop
12: else
13: Vjy1 = 5%
14: Wit = 5}7
15: end if

16: end for




Chapter 3

The Lanczos Process

3.1 Quadratic Forms and Quadrature

We begin this chapter by motivating interest in quadratic forms, v f(A)v, where v is a
given vector, A is a matrix, and f is a function. We give further conditions on A, v, and
f later. For now, suppose we are interested in iteratively approximating the solution to
the linear system Ax = b, where A is nonsingular and symmetric. Let the approximate
solution, after a number of iterations, be denoted by Z. In order to know if we should
accept our iterative solution as satisfactory, we would like to efficiently approximate the
error ||z — ||, where ||-|| is the standard Euclidean norm. Notice that we can write the
error as * — 2 = A~'r, where r = b — A% is the residual vector. Using the relation

between the error and the residual vector we can write
|z —&)* = (z — &) (x — &) = (A7) (A7) =T F(A)r,

where f(A) = A~2. By approximating the quadratic form 77 f(A)r, or by providing
upper and lower bounds, we can determine when to stop the iterative linear solver, and
consider our approximate solution converged. The methods given in this chapter for
approximating quadratic forms were first proposed in [I3], and our presentation closely
follows that of [17].

To begin, let A € R™"™ and v € R™ be a given symmetric matrix and unit vector

respectively. Due to the symmetry of A, we know that all eigenvalues are real, and the

32
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eigenvectors form an orthonormal basis for R™. This allows us to form the orthogonal
eigendecomposition A = XAX”T, where A = diag(A,..., ), X = [21... 2], and
XTX = 1. We assume, without loss of generality, that the eigenvalues are arranged in
ascending order, i.e., A1 < Ao < ... < Ay

For a smooth function, f, defined on the real line, the matrix f(A) is defined as
f(A) = XF(AN)XT, with f(A) = diag(f(A\1),- .., f(An)), see, e.g., [I8]. With the spectral
decomposition of A, and the definition of the matrix f(A), the quadratic form v” f(A)v
can be expressed as

v f(A)v = v X fF(A) X0,
— (XTo)T F(A)(XT0),

= I v)PF M),
=1

(3.1)

where (-, -) is the standard Euclidean inner product. From we see that the
quadratic form v f(A)v is completely determined by the magnitude of the components
of v in the direction of the eigenvectors of A, and f evaluated at the eigenvalues.

While we have made the assumption that v is a unit vector, obviously holds for
all n-vectors v. However, the formulas we develop to approximate v’ f(A)v are simplest
in the case that v is a unit vector. If we are interested in approximating u” f(A)u for
|lul| # 1, we can easily rephrase the problem in terms of the unit vector v = u/||ul,
using the relation u” f(A)u = ||ul|?*vT f(A)v.

Next, we prepare to approximate v’ f(A)v using Gaussian quadrature. To this end,
We express in integral form. Define a measure on the real line, s(\), depending on

v and the spectrum of A, as

n

s(N) =D _I(@i, 0) 8N = Xi), (3-2)

=1

where 0(\) is the Dirac delta distribution concentrated at the value A. Using the measure

s(\), we can rewrite (3.1)) as

b
v f(A)v = /s()\)f()\)d)\, (3.3)
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where the limits of integration satisfy a < A; and b > A,,. The measure, or weight, s(\),
will be referred to as the spectral function for its obvious relation to the spectrum of A.
A few comments are necessary at this point. First, the integral in is well-
defined, even though the weight is not defined in a pointwise sense. Indeed, the integral

in (3.3) can be rewritten as a Riemann—Stieltjes integral

=

A< A,

|(:Ei7v)|2a )\kg)\<)\k+1a k:]-v"'7n_1a

-

/bfdu, 1(A) =

=1
n
Z\(xi,v)\Q, A 2> A,
=1
where, for simplicity, we have assumed all eigenvalues of A are simple, i.e., \{ < ... < \p.

Since p is non-decreasing and f is continuous, the Riemann—Stieltjes integral exists [17,
63]. Second, while we are phrasing the problem as approximating the quadratic form
vl f(A)v, we are, in fact, approximating the spectral function s(\). This is obvious
when looked at from the perspective of quadrature. Because the Gauss quadrature
nodes and weights are independent of the integrand, we are approximating the action
of s(A) on f, for arbitrary f, i.e., we are approximating s(A). We discuss in what sense
we are approximating s(A) in greater detail in Section

Using s(A), we define a (discrete) semi-inner product

b
(f,9)s :Z/ s(ANF(NgN)dA = (f(A)v, g(A)v), (3-4)

and the corresponding induced semi-norm || f||s = \/(f, f)s, where f and g are smooth
functions. A simple example illustrating why (-, -)s is a semi-inner product, and not
an inner product, is the minimal polynomial of A, i.e., if p is the minimal polynomial
of A, then (p,p)s = ||[p(A)v||? = 0 with p Z 0. We return to this point shortly. Most
importantly, with our assumptions the semi-inner product (-, - ), is well defined for all
smooth functions.

Continuing our quest of approximating v’ f(A)v with Gaussian quadrature, we turn
towards determining the nodes and weights for the m-point quadrature rule correspond-

ing to the weight s(\). For this, we follow the well known Golub—Welsch algorithm [19].
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The Golub—Welsch algorithm determines the nodes and weights of a (weighted) Gauss
quadrature rule using the eigenpairs of a certain symmetric tridiagonal matrix called
the Jacobi matrix. The entries of the Jacobi matrix are the coefficients of the three term
recurrence relation for the orthonormal polynomials with respect to the semi-inner prod-
uct (-, -)s. We will see shortly that (-, - ), is an inner product, and not just a semi-inner
product, on the space of polynomials below a certain degree. To determine the entries of
the Jacobi matrix, we construct the family of orthonormal polynomials with respect to
(-, )s. We begin by forming the family of monic orthogonal polynomials with respect
to (-, -)s, and then specialize to orthonormal polynomials.

First, let &7 and &7, denote the vector space of all polynomials and the vector
space of all polynomials of degree less than or equal to k respectively. Similarly, let
2, denote the space of monic polynomials of exact degree k, i.e., p € «@k has the form
PA) = N 4+ 1 A1 4 ..+ ¢o for some constants ¢; € R, i = 0,1,...,k — 1. As
mentioned previously, (-, - )s is not an inner product on the entire space of polynomials
. This is important because in order to construct the family of monic orthogonal
polynomials, the Gram—Schmidt orthogonalization process is utilized, which requires
an inner product. To see where (-, - )4 fails to be an inner product (and on what space

it is an inner product), we have the following lemma.
Lemma 2. (-, -) is positive definite on Pm—1, where m = grade(v).

Proof. From (3.4)), for any p € &, we have (p, p)s = |[p(4)v|?, and so, (p, p)s = 0 if and
only if p(A)v = 0. By definition, any polynomial p for which p(A)v = 0, is divisible by
the minimal polynomial of v with respect of A, and the degree of the minimal polynomial
of v with respect to A is m = grade(v). Hence, for any nonzero polynomial p € P51,
p(A)v # 0, and so (p,p)s > 0. O

Because (-, -)s is positive definite on &, for k < m = grade(v), we know there
exists a finite family of monic orthogonal polynomials, py € @k, k=0,1,...,m—1,
with respect to the inner product (-, -)s [16]. Additionally, these polynomials form a
basis of &5 _1. For convenience, we define p_; = 0.

A useful feature of monic orthogonal polynomials is that they satisfy a three-term

recurrence. To see that monic orthogonal polynomials satisfy a three-term recurrence,
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notice that pgi1(A) — Apr(A) has degree less than or equal to k, and so

k—2
Pra1 — Ak = —Giy1Pr — Brbr—1 + »_ &b, (3.5)
i=0
for some constants &1, B, and &, i =0,...,k—2. Taking the inner product of (3.5))

with pr and pr_1, and exploiting orthogonality, gives

~ <)\ﬁkaﬁk‘>8 —
Q = k=0,...,m—2, 3.6
s <pkapk>s ( )
and,
/ék _ <)\ﬁk7ﬁk71>s _ <ﬁk7 Aﬁkfl>s _ <ﬁk7]§k>s (37)

(Pr-1,Pk-1)s  Pr—1,Pr—-1)s  (Pr—1,Pk—1)s
for k=1,...,m — 2. Lastly, to see that ¢; = 0, take the inner product of (3.5)) with p,
for some 0 <1 < k — 2, to get

Dk, D1) s Dk ADI) s
o = PPriBi)s _ (DR AD)s _ (3.8)
(D1 P1) s (D1 P1) s

where the last equality in (3.8) holds because Ap;()\) is a polynomial of degree strictly
less than k. Therefore, the family of monic orthogonal polynomials with respect to

(-, -)s satisfies
Prir = (A — Gp1)pk — Beber k=0,1,...,/m —2, (3.9)

with p_1 =0, po = 1, and ap41 and Bk given by and respectively. Note that
we do not need to define Bg since it multiplies p_; = 0.

Next, we obtain the family of orthonormal polynomials with respect to (-, -)s by
normalization, i.e., we define pr(A) = pr(A)/||Pk|ls. In order to determine the recur-

rence satisfied by the pg’s, and therefore the elements of the Jacobi matrix, we manip-
ulate ([3.9). Writing p;(X) = pj(A)||pjlls for j =k — 1, k, k+ 1, in (3.9), and dividing
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through by ||p||s, we obtain

Dr+1 . ~ |[Pr—1
wpkﬂ = (A = Qpy1)Pr — 5kHA7Hs k—1,
AR D%l s
. (3.10)
iy A 1Pkl
= (A= Gpt1)Pk — 75— D1,
1Dk—11ls

where in the last line of (3.10) we used the fact that £, = |[prl|2/lpr—1l|2 (see (3.7)).

Writing B = [|pklls/|IPr_1lls = \/ Bk and ags1 = @pr1, we arrive at
Brer1Prr1 = (A — agp1)pk — Bepr—1 k=0,1,...,m — 2. (3.11)

Note that po(A) = po(A) = 1 because we have assumed v is a unit vector, and therefore
(1,1)s = ||v||> = 1. Again, we define p_; = 0 for convenience, and for this reason do
not need to specify Bg.

With the (finite) family of orthonormal polynomials with respect to (-, - ), defined,
we are ready to define the Jacobi matrix corresponding to the weight s(\). Letting
Pn = Pn(\) = [po(N), ... s pm_1(N)]T for m < m, we can rewrite in vector form

as
ar fr

NPy = o Pt Bopmen. Jo = | P00 , (3.12)
. ﬁmfl

Bm—l Qo

where e, is the last column of the m x m identity matrix and J,, is the Jacobi matrix of
order m corresponding to the weight s(A). It is well known that the nodes for an m-point
weighted Gaussian quadrature rule are the distinct roots of the degree m orthonormal
polynomial with respect to the weighted inner product. In our case, denote the roots
of ppm(A) as 01 < ... < O,,. From , it is immediate that the roots of p,, are the
eigenvalues of the Jacobi matrix, and the corresponding (unnormalized) eigenvectors
of Jy, are Py(0;), j = 1,...,m. Next, as proved in [19], we show that the weights
for the m-point Gaussian quadrature rule are the square of the first component of the
normalized eigenvectors of the Jacobi matrix.

Given the quadrature nodes {Hj}?“zl, the weights, {wj}Tzl, for any interpolatory
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quadrature rule (which includes Gaussian quadrature), are given by

j=1,...,m, (3.13)

see, e.g., [2, 16]. The polynomials /;(\) in are the Lagrange polynomials defined
by the nodes 61, ..., 0, and satisfy [;(0;) = J;;. Before relating the quadrature weights
to the eigenvectors of the Jacobi matrix, we first need a useful lemma which can be
found, e.g., in [16, [17].

Lemma 3 (Christoffel-Darboux formula). Let px € &, k = 0,1,..., be a family of

polynomials satisfying the recurrence

Brr1Pr+1(AN) = (A — ar1)pr(A) = Bepe—1(A) E=0,1,..., (3.14)

for some ay, B, € R, k=1,2,..., with p_1 = 0 (note that By need not be defined since
it multiplied p_1). Then, for any m > 0,

< _ Pm 1<)\)pm<6 _pm()‘)pm 1(9)
gpk<x>pk<e>—ﬁm+l . AN C AL
> P = Bt (P (VP (V) = P (Vpmsn (V). (3.16)
k=0
where p
PN = ()

Proof. Multiplying (3.14]) by px(0) gives

Br41Pk+1(N)pe(0) = (A — apy1)pe( NPk (0) — Brpr—1 (M) (6). (3.17)



39
Subtract from (3.17)) the same expression with the roles of A\ and 6 reversed, and rear-

range to get

(A= Ope(Npe(0) = Bt [Pt Npr(0) = pe(Vpes (0)]
— B [pk()\)Pk—1(9) - pk—l()‘)pk(e)} - (3.18)

Summing (3.18)) from & = 0 to k = m, taking into consideration the telescoping structure
and the definition p_; = 0, establishes (3.15)). Taking the limit of (3.15) as § — A

gives (310). -

The Christoffel-Darboux formulae are key in relating the Gaussian quadrature weights

to the eigenvectors of the Jacobi matrix, as we show next.

Theorem 7 (Golub—Welsch). Let J,, € R™*™ m > 1, be the symmetric tridiagonal

Jacobi matriz corresponding to the weight s(\) with diagonal entries o, j =1,...,m,
and positive super/sub-diagonal entries B;, j =1,...,m —1. Let §;, j =1,...,m, be
the eigenvalues of Jy,, and y; € R™, j =1,...,m, the corresponding normalized eigen-

vectors. The nodes and weights for the m-point Gaussian quadrature rule corresponding

to the weight s(\) are given by 0; and w; = |(yj,e1)|?, j = 1,...,m, respectively.

Proof. The order m Jacobi matrix satisfies , from which it is immediate that
the nodes for the quadrature rule are the distinct eigenvalues of J,,,, with corresponding
(unnormalized) eigenvectors P, (6;) = [po(0;),p1(0;), .., pm—1(0;)11, 5 =1,...,m. The
nodes for m-point Gaussian quadrature are the roots of p,,(\), and therefore we can
write pp(A) = c[[7; (A — 0;), for some nonzero constant c. Notice that the Lagrange
polynomials, [;(X), corresponding to the roots of p,, (defined in ), can be written

as pm()\)

P (05)(A = 05)°
Apply the first identity in Lemma [3{ with 6 = 6;, noting that p,,(6;) = 0, and solve for
Pm(A)/(A = 0;) to get

() = j=1,...,m. (3.19)

(im_(g),) =3 +1p_1+1(0~) > ok(0)pk(N). (3.20)
J m m 7 k=0
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Rewriting (3.19) using (3.20]), the Lagrange polynomials become

m—1

= T G S OO =L (3.21)

L;(N)

With an explicit expression of the Lagrange polynomial in terms of the orthonormal

polynomials, can solve for the quadrature weights w;, j = 1,...,m, using (3.13))

k=0

b 1 m—1 b
0 = / L = 5 @) 2= p’“”ﬂ’)a/ SR

N (3.22)
Oko

—1
Bt 104, (05)Pm1(05)

)

where in the last line we used pp(A) = 1. Next, using the second identity in Lemma
with A = 6, and again using p,,(6;) = 0, we can relate the norm of the (unnormalized)

eigenvector and quadrature weight as follows:

=) p(6;)%,
k=0
m—1

= pr(05) + pm(0)?, (3.23)
k=0

= —Bm+107,(05)Pm41(6;)

_ 1

= o

where the last equality follows from (3.22). Solving (3.23]) for the quadrature weight
gives wj = || P (6;)]| 2. By definition, y; = P (0;)/]|Pn(6;)]], and therefore

Yj = Jw; P (6;). (3.24)

Equation (3.24)) shows that we can determine w; by equating any nonzero component
of the vectors y; and ,/w;Pp,(0;), with the simplest being the first component since
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po(A) = 1 for all A. Taking the inner product of (3.24) with e; and squaring gives

wj = |(yj,e1)? for j =1,...,m. -

From Theorem m, if the Jacobi matrix J,, of order m has eigenvalues 60;, and cor-
responding normalized eigenvectors y;, j = 1,...,m, the m-point Gaussian quadrature

approximation to v’ f(A)v is given by

j=1

VT f(A =) N o) PO = Y l(yg,e)PF(8)) = ef f(Im)er. (3.25)
=1

According to , the quadratic form v” f(A)v is well-approximated by the entry in
the first row and first column of the matrix f(Jy,).

As is well known, an m-point Gaussian quadrature rule is exact for polynomials of
degree 2m — 1. Accordingly, vI f(A)v = el f(Jn)er if f € Pop—1. For f & Pop_1,
standard error estimates for Gaussian quadrature apply. For example, assuming f has

2m continuous derivatives, a standard error estimate is

b

(2m) i

T f( Ay — €l f(Im)er = f<2m§§> jes ( [Jn- @-)2)&, (3.26)
b e

for some ¢ € (a,b), see [2, 17, [18]. Note that J[7"; (A — 0;)? is proportional to py,(\)2.

In fact, it is not difficult to show that H;”:l (A —=0;) = b1 Bmpm(N), and by the

orthonormality of p,,(A), the integral in (3.26]) is

b m

/s()\) ( [ - ej)2> d\ = ﬁ B2 (3.27)
j=1

a J=1

So, if the §8;’s are known along with bounds on f (2m) " we can quantify the error accu-
rately.

In summary, to approximate the quadratic form v f(A)v using Gaussian quadrature,
we first compute the Jacobi matrix for the inner product (-, - ), and then the quadrature
rule gives v f(A)v ~ Z;’;l\(yj,elﬂszj), where 0; and y; are the eigenvalues and
normalized eigenvectors of the Jacobi matrix. The main problem is that the weight,

s(A), is defined in terms of the spectrum of A, which is unknown and, in general, difficult
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to compute. Next, we overcome this hurdle by relating the Jacobi matrix, J,,, to the

Lanczos algorithm.

3.2 Lanczos Polynomials and Lanczos Vectors

As the last section showed, the most important element for constructing the Gaussian
quadrature approximation of the quadratic form, v™ f(A)v, is the Jacobi matrix. The
nodes and weights of the m-point quadrature rule are completely determined by the
eigenpairs of the Jacobi matrix of order m corresponding to the semi-inner product
(-, -)s. However, one serious issue remains. Namely, the Jacobi matrix is determined by
an unknown measure s(A). In order to overcome this hurdle, we relate the Jacobi matrix
to the Lanczos partial tridiagonalization of A with starting unit vector v. Throughout
this section we assume m is an integer satisfying m < m = grade(v).

Recall from last chapter, the order m Lanczos partial tridiagonalization of the sym-
metric matrix A, with respect to the starting vector v, is the symmetric tridiagonal
matrix, T,,, € R™*™ given by T}, = V,L AV,,, where the columns of V,, are an or-
thonormal basis for the Krylov space K, (A, v) = span{v, Av, ..., A" 1v}. The entries
of T, are the coefficients of the three term recurrence satisfied by the columns of V,,,
which are referred to as the Lanczos vectors. When referring to the Lanczos algorithm in
this chapter, we assume that all computations are done in infinite precision, the effects
of finite precision arithmetic having already been considered in the previous chapter.

Before outlining how to relate the Jacobi matrix and the Lanczos partial tridiag-
onalization, we first want to point out a few hints relating polynomials, such as the
orthonormal polynomials constructed in the last section, to the Lanczos vectors. The
first connection is the definition of the Krylov space itself. It is easily seen that the
Krylov space, K, (A4, v), can be expressed as KCp,(A4,v) = {p(A)v | p € Pp—1}. It then
follows that the Lanczos vectors can be expressed as p(A)v for properly chosen poly-
nomials p. The next connection comes from the definition of the semi-inner product
(-, )s. For any polynomials p,q € &, (p,q)s = (p(A)v,q(A)v), and therefore, (-, - )s
directly relates the inner product of a polynomial p, to the vector p(A)v. This relation

also highlights that if the polynomials p and ¢ are orthogonal with respect to (-, -)s,
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the vectors p(A)v and g(A)v are orthogonal with respect to the Euclidean inner prod-
uct. Lastly, and most importantly, is the three term recurrence satisfied by orthonormal
polynomials and the Lanczos vectors. The three term recurrences will allow us to tran-
sition directly from the orthonormal polynomials with respect to (-, - )5 to the Lanczos
vectors.

Let {pr}}", be the family of orthonormal polynomials with respect to the spectral
function s(A) = Y1 (i, v)[26(A—\;), where p, € P is of exact degree k, with py = 1.
For convenience, we define p_1 = 0. As shown previously, the polynomials satisfy the

three term recurrence relation

/kak()\) = ()\ — Oék)pkfl()\) - ﬁkflpkfg()\) k= 1, e,y (328)

which is simply (3.11) (reindexed). The coefficients in the three term recurrence are
given by

ar = A\pg—1,Pk-1)s, and  Br = ||(A — ax)pr—1 — Br—1Pk—2]|s (3.29)

fork=1,...,m.

Now, we come to the truly amazing relation between the orthonormal polynomials
with respect to (-, - )5, and the Lanczos vectors which result from the m-step Lanczos
algorithm applied to the symmetric matrix A, with starting unit vector v. Defining
vectors v, = pg—1(A)v, k = 1,...,m + 1, we now show that these are the Lanczos
vectors. As mentioned previously, the orthonormality of the polynomials translates to

the orthonormality of the vectors,
(vi,v5) = (pi-1(A)v, pj-1(A)v) = (Pi-1,pj-1)s = Jij,

for i,7 = 1,...,m + 1. By orthonormality and a dimension argument, we also see
that the vectors, v, k = 1,...,m, form an orthonormal basis of C,,(A,v) (note that
v1 = v). Additionally, the vectors satisfy a three term recurrence like the polynomials

pr. Evaluating (3.28) at A = A, and multiplying by the vector v, we arrive at the
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standard three term recurrence of the Lanczos vectors

Brvrs1 = (A — gl )vg — Br_1vp—1. (3.30)

Finally, we show (3.30) is in fact the Lanczos recurrence by looking at the formulas for
the coefficients. Using (3.29)), we have

ar = (Apr—1,Pk—1)s = (Apr—1(A)v, pp—1(A)v) = (Avg, vg),
Br = [[(A — a)pk—1 — Br—1Pk—2ls = [[(A — axl)vg — Br—1vk—1],

which are the formulas for the coefficients in the Lanczos algorithm. Because the co-
efficients defining the recurrence relation for the polynomials p; are the same as the
coefficients for the Lanczos recurrence, we have that the Jacobi matrix of order m with
respect to the (unknown) measure s() is the order m Lanczos partial tridiagonalization
of A with respect to the starting vector v.

Utilizing this newfound relationship between the Jacobi matrix and the Lanczos par-
tial tridiagonalization, we can approximate the quadratic form v’ f(A)v using Gaussian
quadrature by simply computing the Lanczos partial tridiagonalization of A with start-
ing vector v, as opposed to forming a family of orthonormal polynomials with respect to
an unknown measure. Using the eigenpairs of the Lanczos partial tridiagonalization to
determine the quadrature nodes and weights we are able to approximate v’ f(A)v. This
makes approximation of the quadratic form straightforward since the Lanczos algorithm
is well understood, and most numerical software packages have a routine for performing
the Lanczos algorithm.

What we have shown is that it is possible to construct the Lanczos vectors from the
orthonormal polynomials with respect to the inner product (-, -)s. We now show that
the converse is also true. Given the partial tridiagonalization of A with respect to the
starting unit vector v, we can define a family of orthonormal polynomials with respect
to (-, -)s. The m-step Lanczos algorithm applied to A with starting unit vector v is
succinctly written as

AV = Vi Ty + Brnmy 1€l (3.31)

where the columns of V,, € R™*™ (the Lanczos vectors) are an orthonormal basis of
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Km(A,v) = span{v, Av, ..., A" v}, T,, € R™*™ is symmetric and tridiagonal, and

V.l41 = 0. The partial tridiagonalization of A with respect to v can be written as

ar B

Tp=viav, = |7 . (3.32)
6m71

6771—1 Am

Note that at any iteration 1 < k < m, T} = VkTAVk € R¥*F is the leading principal
submatrix of T,.

With the knowledge that the roots of the orthonormal polynomials with respect to
(-, +)s are the eigenvalues of the matrix T}, (see (3.12)), define the polynomials

pe(N) = cxk(N),  xx(A) =det (Ty — M), cp =

, (3.33)

for k = 1,...,m, and pp(A) = 1. The polynomials, pi(A), defined as in (3.33)), are
referred to as orthonormal Lanczos polynomials. In order to verify that the orthonor-
mal Lanczos polynomials satisfy the three term recurrence (3.28)), we use the following

lemma.

Lemma 4. Let n;, and vy be real numbers for k € N and define a family of symmetric
tridiagonal matrices,
m n

141
SL =
Vi1
V-1 Tk

Then, the determinants satisfy the recurrence
det S = np det Sp_1 — 1/,3,1 det Sp_o, k=1,2...,

with initial conditions det S_1 = 0 and det Sop = 1 (vy need not be defined since det S_1 =

0).
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Proof. Expand the determinant of S along the last row or column. O

We now show that the Lanczos polynomials satisfy the recurrence (3.28]). Using
Lemma {4} xr(A) = det (T}, — AI), satisfies

Xe(V) = (= Nxe-1(A) = Bi_xn—2(N), (3.34)

for k=1,2,...,m where we define xy_; = 0 and xo = 1. The normalization coefficients,

¢k, defined in (3.33)) satisfy Sxcr, = —ck—1, and so multiplying the left hand side of ((3.34))
by Brck, and the right hand side by —cg_1, gives

Brerxe(A) = (A — ar)ek—1xu—1(A) + Br_1ck—1xr—2(N). (3.35)

Using again fr_1cx—1 = —ck—2 on the rightmost term in (3.35), and the definition of
the orthonormal Lanczos polynomials from ({3.33)), we have

Brok(A) = (A — ag)pr—1(A) — Br—1pr—2(N),

which is (3.28]), as claimed.

The following theorem summarizes this section.

Theorem 8. Let A € R™"™ be symmetric and v be a unit n-vector. Denote the
eigenpairs of A as Ax; = \ix;, :Biij = 0;5, 4,J = 1,...,n, and define the measure
s(A) =30 (x4, 0)|26(X — ;). Assuming m < grade(v), the Jacobi matriz of order m
corresponding to the measure s(\) is the order m Lanczos partial tridiagonalization of

A with respect to the starting vector v.

3.3 Approximating the Spectral Function

In this section we illustrate that using the Lanczos process for approximating the
quadratic form v? f(A)v is equivalent to approximating the spectral function s(\) =
S (@i, v)[28(A = A;). This has many applications in physics, which is the basis of this
thesis. Examples include the density of states [33] 67], the joint density of states [57, 6],

and the optical absorption curve [30]. Additionally, we state known error estimates in
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the Lanczos process for approximating v’ f(A)v when f is analytic, and give new error
estimates, in appropriate Sobolev spaces, when f has less regularity.

From the previous section, we discovered that by performing the m-step Lanczos
algorithm on A, with starting unit vector v, the Ritz values, ;, and corresponding
normalized eigenvectors of the partial tridiagonalization, y;, j = 1,...,m, can be used

to approximate v’ f(A)v as

VI (A =Y [ v) PFOG) = Y[, en)£(6)), (3.36)
i=1 j=1
where the \;, ¢ = 1,...,n, are the eigenvalues of A and the z; are the corresponding

orthonormal eigenvectors. Using the spectral function s()), we can represent v’ f(A)v
as f; sf (see (3.3))). The approximation to v? f(A)v (right hand side of (3.36)) is then

the integral of f with measure s defined as

m

(A) =D _[(yj,e)P(x = 6;). (3.37)

j=1

VAR

Since fab sf is approximated by f: Sf for every test function f (we have equality when f
is a polynomial of degree less than or equal to 2m — 1), we can use the Lanczos process
to construct § as an approximation to the spectral function s.

The property that f; sf = f; 5f for all f € P91 is a well known fact about
the Lanczos process, and is known as the moment matching property. The moment

matching property states that
n m
> (i 0)PAT =D l(ys. e) P05, (3.38)
i=1 j=1

for k = 0,1,...,2m — 1. This property, a consequence of the degree of precision of
Gaussian quadrature, is very powerful. It allows us to approximate sums involving the
unknown spectrum of A, using the m-step Lanczos partial tridiagonalization of A with
starting vector v. Using the eigenpairs of the partial tridiagonalization of A, we are able
to determine “bulk” properties of the spectrum of A with relatively few iterations of

the Lanczos algorithm. This is in contrast to diagonalizing the matrix A, which gives
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moments of all orders, but is significantly more expensive.

3.3.1 Error Estimates for Analytic Functions

In order to understand how well the Lanczos process performs, we begin by formulating
error estimates for the simplest case. Namely, we consider the error in the Lanczos
approximation to v” f(A)v for analytic f. The results presented here for analytic func-
tions are very similar to those given in [67]. We assume throughout this section that
f:[-1,1] — R is analytic.

For the error estimate we use Chebyshev expansions, and known results on the decay
rate of Chebyshev coefficients. The Chebyshev polynomials of the first kind are defined
as

te(A) = cos(kcos™1(N\), Xe€[-1,1], k=0,1,.... (3.39)

Note that Chebyshev polynomials of the first kind are typically denoted by T}, however
we reserve this notation for Lanczos partial tridiagonalizations. To see that in
fact defines a family of polynomials one can use trigonometric identities to deduce that
to(A) =1, t1(A) = A, and tg11(N\) = 2Mt,(N) — tg—1(A) for k =1,2,.... Thus, tx(A) is a
polynomial of exact degree k which satisfies —1 < tx(A) < 1 for all A € [—1,1].
Because Chebyshev polynomials are defined in the interval [—1, 1], we need to per-
form a spectral transformation to put the eigenvalues of A in the interval [—1,1]. Recall
that the integration bounds in the definition of (-, -)s (see (3.4)) satisfy a < A and
An < b. Using these bounds, define ¢ = (b+a)/2 and d = (b — a)/2. Then, the matrix

-1
A=(A—e), (3.40)

has its spectrum inside [—1,1]. We assume this has already been performed, and drop
the circumflex.

Expand f in terms of Chebyshev polynomials of the first kind as

FO) =Y uitr(N), (3.41)
k=0
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where the coefficients py are given by

1

/ (1 = 2272 (N) F(N)dA. (3.42)

-1

2 — ko
- Y

1k

Note that the constant before the integral in (3.42)) comes from the fact that the Cheby-

shev polynomials satisfy

1 0 ifk#I,
/(1>\2)‘1/2tk()\)tl()\)d>\: r ifk=1=0,
- T ifk=1#0.

By assuming f is analytic in [—1,1], we in fact get the stronger result that f is
analytic in a region of the complex plane containing the closed interval [—1,1] in its
interior. The larger the region in the complex plane in which f is analytic, the faster the
Chebyshev coefficients decay. The region of analyticity which is important in this regard
is the interior of a certain ellipse known as a Bernstein ellipse [58]. The Bernstein ellipses
are the image of circles of radius p > 1 centered at the origin under the Joukowsky map
given by ((z) = 1/2(z + z!). Putting this all together, the Bernstein ellipse, E,, for a

parameter p > 1, is given by
E,={1/2(z+ 27" | z = pe® for all 6 € [0,27)}. (3.43)

The Bernstein ellipse E, has foci at £1 and semi-major axis 1/2(p+p~1) and semi-minor
axis 1/2(p — p~!). Bernstein ellipses for several values of p are shown in Figure
The following lemma on the decay rate of Chebyshev coefficients for analytic func-

tions is taken from [5§].

Lemma 5. Let f(\) be analytic on [—1, 1] with Chebyshev expansion f(X) = > 72 o pte(A),
and, for p > 1, analytically continuable to the interior of E,. Then, the coefficients of
the Chebyshev expansion satisfy

ol <M, |u| <2Mp~" for k>1,
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Figure 3.1: Bernstein ellipses E, for p = 1.25 (blue), p = 1.5 (green), p = 1.75 (red),
and p = 2.0 (yellow).

where | f| < M inside E,,.

Finally, we are ready to state error results for the approximation of v* f(A)v via the

Lanczos process for analytic f.

Theorem 9. Let A € R™ " be symmetric with eigenvalues in the interval [—1,1] and
v € R™ be a unit vector, let f be analytic in [—1,1] and analytically continuable inside
E, for p > 1, and let s and 5 be distributions as defined in (3.2) and (3.37) respectively
(5 being determined by the m-step Lanczos process with A and v). Then, the error in

the m-step Lanczos process approzimation to the quadratic form vl f(A)v is
1

- 4Mp
’ _/1 (50 = S SN < il

where | f| < M inside E,,.

Proof. Let f(\) be the 2m — 1 degree Chebyshev expansion of f, i.e.,

2m—1

FO) =" mteN) = F(N) =D puti(N). (3.44)
k=0 k=0

Since the quadrature formula is exact for polynomials of degree up to 2m — 1 we have
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f_ll sf = f_ll 5f, and therefore

’j(S(A)—é(x\))f(/\)d)\‘ = ’/1(s()\)—§(A))(f(/\)_f()\))d)\‘

(3.45)

1
g/s()\)‘f()\)—f()\)‘d)\+_/1§()\)‘f()\ — fV)]ax.

-1

Next, we bound the term f_ll s|f— f | (the other term being nearly identical). Expanding
f — f in a Chebyshev series, see (3.44)), gives

1 1 0o
[slson=qlarn= s 3 meten ]dA< S e / te[dr. (3.46)
1 1 k=2m k=2m -

Using |tx(A)| < 1 for all A € [-1,1] and f_ll s =1 (follows from v being a unit vector)
we have fil s|tx| < 1 for all k, and therefore from (3.46)) we conclude

1 (o)
[0l = A< S . (3.47)
21

k=2m

We remark that f_ll 5 = 1, and so by the same argument f_ll s f—f| < > e o ]

Using the bounds on pj from Lemma [5] we have

Sl <2 Y ot Mfl) (3.49)

k=2m k=2m

where M is the bound of f in E,. Putting together (3.47)) and ( - gives

1
~ 2Mp
_/1 S = Ffix < s

As noted previously, the same bound holds for f_ll S|f— f |. Combining the bounds on
fil s|f — f| and fil 3|f — f| with (B-45) gives the desired result. O
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The above theorem shows that for analytic f, the action of the distribution s(\) on

f matches that of the approximation §()\), determined by the m-step Lanczos process,
to within O(p~2™) for some value p > 1. This is impressive, as other known methods for
approximating the spectral function (in terms of the action on analytic functions) are
order O(p~™) [33]. This includes the well known Kernel Polynomial Method conceived
in the 1990’s for approximating the density of states (and which can also be used to
approximate s) [61], 53, 52, [51]. In other words, the Lanczos process is twice as accurate
as other known methods! While the error estimates of Theorem [J] are interesting, and
useful for comparison, they are a best case scenario since it involves analytic functions.

Next, we investigate error results in Sobolev spaces.

3.3.2 Error Estimates in Sobolev Spaces

In the last section we gave error estimates in the Lanczos process for approximating
vT f(A)v for analytic functions f. However, as mentioned previously, we are more inter-
ested in estimates for the error in the Lanczos approximation to the spectral function,
s(A) — 5(\). To accomplish this, we consider the norm of s — § in the dual space of
appropriate Sobolev spaces, and use Jackson type estimates to get an a priori rate of
convergence. We begin construction of these error estimates by using general estimates
in the dual space of continuous functions on a closed interval. Then, using Sobolev
imbeddings in the space of Holder continuous functions we are able to establish the
desired results.

First, we have a need to introduce some notation and terminology from the theory
of Sobolev spaces and Holder spaces in one dimension. For this background material we
closely follow [Il [I5]. The domain on which we define all of the following spaces is the
open interval Q = (—1,1). Let LP(2), 1 < p < 00, denote the standard Lebesgue space

of measurable functions f : 2 — R with finite norm

(Jirrax)”. 1<p < oo,
1Al =

esssup | f], p = 00.
Q

Note that for notational convenience we suppress dependence on the domain  when
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denoting the norm ||-||r. This should not cause confusion since the domain does not
change in this section. For a nonnegative integer k, the Sobolev space, W*P(Q), is
defined as

wkP(Q) = {f € LP(Q) ‘ FOerr(Q)for0<e< k;}

where, f) = d’f/d)\¢, with derivatives understood in a weak (distributional) sense, and
WOoP(Q) = LP(Q). When equipped with the norm

k 1/p
1£lr = (Zuf@uip) |
=0

WHP(Q) is a Banach space. Also important are the spaces dual to W*P(Q), de-
noted (W’”’(Q))/, i.e., the space of bounded linear functions on W¥*P(Q). The space

(W’”’(Q))/ is a Banach space with the standard operator norm

1L gyipy = sup  |L(u)].
uEWrP(Q)

[ellyi,p <1

Next, we define the Holder spaces. Let C'(2) denote the Banach space of continuous
functions f : @ — R with uniform norm ||f|jcc = sup_j<,<;|f(z)|. The v -Holder

semi-norm is defined as

|f(z) = fy)l
fleonr = sup LA
fleoa syel-11] T =yl
TFY

and the y*"-Hélder norm is

[fllcor = [1flloc + [flcon-

The Holder space, C*7(1), is then defined as the space of functions for which the norm

k
H‘fHCkW = ZHJC(K)HOO + ‘f(k)‘co,w
=0

is finite.
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To begin, let w(A) be a general weight (we use w so as to not confuse with the

spectral function s), and suppose we are interested in using quadrature to approximate

the integral f_ll w(N) f(A)dA, for f € C(Q). Choosing distinct nodes, 0](-7”) € Q, and
(

weights, ij) eR, j=1,...,m, we approximate the integral as

/ W) FN)dA ~ ifj’”) £(65™). (3.49)

The m-point quadrature rule can be written using a discrete weight, w, defined as

() = > m"Me(x o™, (3.50)

j=1
and (3.49)) can be written as f_ll wf & f_ll wf. Throughout this section we assume the

quadrature rule has degree of precision d = d(m), so that

m

1 1
/w()\)f()\)d)\ = /w()\)f()\)dA ="y foral  fe 2.
-1 -1 J

7

For most interpolatory quadrature rules, d(m) = m — 1, and for Gaussian quadrature,
d(m) =2m — 1.

In order for to be meaningful, we obviously need to put conditions on the
weight w. Since we are most interested in measuring the error in linear combinations
of Dirac distributions, and the Dirac distribution can most generally be seen as an
element of the dual space of continuous functions, this is where we begin the analysis.
Therefore, we consider the quadrature approximation for w € (C(Q))’, and write
w(f) = f_ll w(A)f(N)d for f € C(Q). Every element of (C(Q)) is representable as
a Riemann-Stieltjes integral, i.e., for every w € (C(Q))’, there exists a function u, of
bounded variation, such that f}l wf = fil fdu for every f € C(Q), where fil fdu
is a Riemann-Stieltjes integral [28]. The correspondence between w € (C(2))" and u

is unique if we impose the normalization conditions u(—1) = 0 and that u be right
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continuous. Furthermore, ||w|| ¢(q)) = Var(n) where

l
Var(u) = sup > _|u(w;) — plaj-1)l;
j=1
is the total variation in g, with the supremum taken over all partitions, —1 = zy <
1 < ...<xy =1, ¢ being arbitrary. In keeping with the terminology of this chapter,
we refer to elements of (C(£2))" as weights or measures interchangeably.
. . a3 1 1 -

To estimate the quadrature error in (C())’, we need to bound |[" wf — [ W f]
for arbitrary f € C(Q), ||flloc < 1. In order to accomplish this, we use Jackson type
theorems, as opposed to the decay rate of Chebyshev coefficients which was used for
the case of analytic f. Toward this goal, we introduce the modulus of continuity for a

function f:[—1,1] — R,

wy(0) =sup{|f(x) — fW)| ||z —y[ <4 xye[-11]} (3.51)

A function f is continuous if ws(d) — 0 as § — 0 and continuously differentiable if
wf(0) = O(). The modulus of continuity therefore allows us to measure levels of
continuity which lie somewhere between these extremes, in a similar manner to the
Holder spaces.

The last ingredient for the Jackson theorem is the best uniform approximation. For
a continuous function f : [—1,1] — R, define the best uniform approximation of degree
k, denoted f, as the unique degree k polynomial which satisfies ||f — flloo < ||f — 2lloo

for all p € &7,. For a proof of existence and uniqueness of best uniform approximates

see [58]. Also, define the error in the best uniform approximation as

En(f) = f = flloo = inf [|f = pllco- (3.52)
PEPy,

With the modulus of continuity and best uniform approximation defined, we are
now ready to state Jackson’s Theorem, which gives uniform error bounds for polynomial

approximation. The following is taken from [10].

Theorem 10 (Jackson). Let f: [—1,1] = R be continuous. Then, Ey(f) < ws(m/(k+

1)). Furthermore, if f is Lipschitz continuous, i.e., if there exists a constant L > 0 such
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that |f(z) — f(y)| < Llx — y| for all z,y € [—1,1], then Ey(f) < Lw/(2k + 2).

Next, using Jackson’s Theorem, we state another useful lemma pertaining to bounded
linear functionals on the space of continuous functions which vanish on a subspace of
polynomials. This is one characteristic of the error in quadrature routines, which is zero

on all polynomials of degree less than or equal to the degree of precision.

Lemma 6. Let e € (C(Q)) vanish on Py. Then, for all f € C(Q)

1
‘/e()\)f()\)d)\‘ < lellc@y wf(dj_ >
1

Proof. Assume e € (C(Q)) vanishes on 2y, f € C(Q), and f is the best uniform
approximation to f in &;. Using the linearity of e and the fact that f_ll ef =0, we

have ) .
[ e = | [ = Fo < el ey - Tl
“1 “1
By Jackson’s Theorem, ||f — flloo < wy (m/(d+1)), giving the desired result. O

In most practical cases, we are not interested in using quadrature to approximate all

elements of (C'(€2))’, but rather those with a special property. Namely, that of positivity.
We call w € (C(Q)) positive if f_ll wf > 0 for all nonnegative f € C(Q). The following
lemma applies the results of Lemma [6] to the case of a quadrature rule with degree
of precision d, approximating a positive measure. A similar result, in a less general

context, can be found in [I4].

Lemma 7. Let w € (C(Q)) be positive, and for T](m) € R and distinct Hj(m) € Q,

j=1,...,m, define € (C(Q)) as w(\) = Py T;m)é()\ - Gj(-m)). If w — @ vanishes

on Py for d =d(m) >0, then for all f € C(Q)

1

‘ / (wX) —@(A))f(A)dA‘ < (fj (7™ + |T;m>;)>wf<di1>.

=1
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Proof. For f € C(Q) we apply Lemma@ to w — W to get

~ ~ ™
'/ —w(N)) f(N)dA| < ”w_wH(C(Q))’wf<d+1)- (3.53)
~1
By the triangle inequality, ||w—1wl| o q)y < [[wl ¢ )/ +@ll ¢y~ Next, we show that
lwll c@yy = 25e ™ }m) and |0 o(@yy = Zj:1|7']( |, which establishes the result. Let

u be the function of bounded variation for which fil wf = fil fdu for all f € C(Q).
The positivity of w impiies pt is monotonically increasing. Because of this, [|wl| o)y =

Var(p f dp = f A)dA, i.e., the norm of w is the zeroth moment. Because w—w
L(m)

i=1Tj

bounded variation, fi, for which f_l wf = f_l fdi for all f € C(Q), is given by

vamshes on the constants, the zeroth moment is given by > " . The function of

0, A< by,
k
m) .
fi(A) = ]; O S A< Oy, k=1, ,m— 1,
Z m)7 )\ Z 97’7’”
and has total variation H@DH(C@)), = Var(pt) = Z;n:1i7'](m)| 0

For a given weight, w, let 9](~m) € [-1,1] and T](m) e R, j=1,...,m, be the
nodes and weights respectively of a family of m-point quadrature rules for m =1,2,.. ..
A family of quadrature rules is called convergent of class X if 0%, ](m) f (9§m)) —
f_ll wf as m — oo for all f € X. This definition aligns with intuition; as we include
more quadrature nodes and weights, the quadrature rule should approximate the true
value of the integral more closely. Commonly used function spaces include C(Q) and
Riemann integrable functions. Lemma [7] shows that if the degree of precision tends to
infinity as the number of points m tends to infinity (true for all interpolatory quadrature
rules), a sufficient condition for the quadrature scheme to be convergent of class C(Q)
is sup,,en Z;n 1\T(m)] < oco. This follows from ws(§) — 0 as § — 0 for f € C(Q),
and D7, (7 7m ]T |) < 22?1:1|T](m)’. In fact, in 1933 Pélya showed that these two

conditions are necessary and sufficient for a quadrature rule to be convergent of class

C(Q) [45). The condition, sup,,cy ZT:1|TJ(m)| < o0 is sometimes referred to as the
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Pélya condition.

Because the sum of the quadrature weights is always the (finite) zeroth moment,
it is desirable to have positive weights since in this case the Pdlya condition will auto-
matically be satisfied. As a corollary to Lemma [7} we can say that any interpolatory
quadrature rule with positive weights is convergent of class C'(€2). This is sometimes
referred to as Steklov’s Theorem [28]. Since the Lanczos process corresponds to Gaus-
sian quadrature, which always has positive weights, we know the Lanczos process for
approximating v” f(A)v is convergent for all f € C(). This should come as no surprise,
since for m = n, the m-step Lanczos algorithm creates a symmetric tridiagonal matrix
orthogonally similar to A, i.e., A =V, T,,,V,I' and so v’ f(A)v = el f(T},)e1. What we
would like to focus on now, is the rate at which the Lanczos process converges.

We remark that this is as far as we may proceed while considering the action of
w € (C(Q)) on arbitrary f € C(f2), in the sense that we may only arrive at bounds
which tend to zero, and not on convergence rates. This follows because the modulus of
continuity of a continuous function can decay arbitrarily slow. In [34], it was demon-
strated that for an arbitrary family of quadrature rules which is convergent of class
C(€), a continuous function can be constructed such that quadrature error tends to
zero as slowly as desired. Specifically, for any family of quadrature rules convergent of
class C(9), and for any sequence of positive numbers tending to zero, {€;}?2, one can
construct a function f € C(£2), and an increasing sequence {n}32,, such that the error
in the ng-point quadrature approximation to the integral of f is €. Therefore, in order
to gain information on the convergence rates of the Lanczos process, we specialize to
the space of Holder continuous functions.

From Jackson’s Theorem, we know we can bound the error in the best approximation
by the modulus of continuity for a continuous function. The modulus of continuity is
particularly easy to characterize for Holder continuous functions. This will be useful
when considering Sobolev spaces, since standard imbedding theorems give conditions for
Sobolev spaces to be contained in Holder spaces. Bounding the modulus of continuity

for Holder continuous functions is done in the following lemma.

Lemma 8. For f € C%(Q), wr(8) < |f|co~d7.
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Proof. The inequality obviously holds for § = 0. For é > 0, we have

|f‘00a“r - sup M 2 sup M
w,yE[—l,l] |.'L' - y|'Y a?,yE[—l,l} |,17 — y|7
e |z—y| <5
zFy
sy M@ S )
B z,y€[—1,1] o oY
lz—y|<o

O]

Using Lemma [7] and [§] we are now ready to derive error estimates in Sobolev spaces.
From standard Sobolev imbeddings we know that elements of W1?(€2), p > 1, are Holder
continuous with exponent v = 1 — 1/p [Il 15]. Therefore, we can apply the results of
Lemma [8] using the exponent 1 — 1/p for arbitrary f € WhP(Q).

Theorem 11. Let 1 < p < oo, w € (C(Q)) be positive, and for T}m) € R and distinct
0" € Q, j=1,...,m, define @ € (C(Q)) as d(N) = X0, 76N~ 6)). [fw—w
vanishes on Py for d = d(m) > 0, and T = sup,,cy Z;-n:l\r}m)] < 00, then there exists

a constant, C > 0, independent of m, such that

. C
||w - U}”(Wl,p)/ S m

Proof. Let f € WHP(Q) for p > 1. Then, there exists a positive constant, independent
of f, such that ||f|cor < C||f|lwrs for v =1 —1/p, see, e.g., [1, 15]. From Lemma [7]

we have

‘ / (w() —ﬂ)(A))f(A)dA‘ < (fj (7™ + |T;m>;)>wf<dil>.

-1 Jj=1

Using the assumption that the Pélya condition is satisfied, i.e., 7 = sup,, ey ZTzl \T;m)\ <

00, we have ZT:1(TJ(m) + |T](m) |) < 27, with 7 independent of m. Additionally, from
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Lemma |8 we have that wy(m/(d+ 1)) < |f|con(7/(d 4 1))7. Combining these results

1
[ ) = o) s < T leon

-1
2T

< <d+ l)waHCOv’Ya

C
< — P,
LS
which immediately gives the desired result. O

Next, we extend the results of the previous theorem to gain error results in (VV””D (Q))/
For this, we follow [I0] and prove Ex(f) < 7/(2(k+1))Ek—_1(f’) in the case that f and

f! are continuous.

Lemma 9. Let f: [-1,1] — R be continuous with continuous derivative. Then,

En(f) < s

> mEk—l(f/)'

Proof. Let pr_1 € P_1 be the best uniform approximation of f’ and define pg(\) =
fj‘l pr—1(0)dl. Using p) (A) = pr—1(A), we see that Ex_1(f") = ||(f — pk)’[|oc. Further-
more, f — py is Lipschitz with Lipschitz constant L = Ey_1(f’) (follows from the Mean

Value Theorem). Applying Jackson’s Theorem for the case of a Lipschitz function gives

Er(f) = Ex(f —pr) <

S5t D) 1)Ek—1(f/)'

O]

Using Lemma@we are now ready to extend Theorem |11|to estimates in (Wk’p(Q))/.

Theorem 12. Let k > 1 be an integer, 1 < p < oo (with p > 1 in the case k = 1),
let w € (C())" be positive, and for T;m) € R and distinct 0](.7”) €0, j=1,...,m,
define w(\) € (C(Q)) as © = Py T](m)(;()\ —0;). If w— @ vanishes on Py for

d=dm) > k—1 and T = sup,,en Z;p:1|73(m)| < 00, then there exists a constant,
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C > 0, independent of m, such that

N C
Hw_wH(Wk»P)’ S (d_k+2)k_1/p7 k217 p#lv
and, for any € € (0,1),
- C
Hw — ’IUH(Wk,l)/ S (d— L T 3)k—1—6’ k Z 2, p= 1.

Proof. We first consider the case p # 1. With the assumptions on k and p, f € WP (Q)
is an element of C*~17(Q) for v = 1 — 1/p and satisfies || f||ck-1~ < C||f|lyyx.» for some
constant, C' > 0, independent of f. As is the proof of Lemma [0 we have

| [ (@0 = 500 SOV < o = il gy Bl (3.54)

-1

where Eq4(f) (see (8.52))) is the error in the best uniform approximation of f in #,. Using
the positivity of w, we showed in Lemma El that [Jw — | gy < Z;”Zl(Tj(m) + |T](m)|),
and so by using our assumption that the Pélya condition is satisfied, ||w—w|| c@y <27
where 7 = sup,,en ZT:1|T](m)\ is independent of m. Updating the error with the

bound on ||w — u~1||c@), gives

1

| [ @) = a0) x| < 20 () (3.55)

-1

In order to bound E,(f), we apply Lemma |9 k£ — 1 times,
s 1
Ed(f) < (§>(dT1)Ed—l(f/)»

T 2 1 "
< (*) mEd—Z(f )7 (3_56)
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Using,
1 1

AT D@ (d—Ft3) ~(d_kr2FT

and,

— ™
2 ((d—k+2)>

7’ Tk
\a=wzg) 1 leons

:
< (=) Moo,
C

< m”f“wkm
(13.56|) becomes

C C
Ed(f) < (d— k+ 2)k_1+,y”f”kaP = (d— k+ 2)k_1/prHkaP'

(3.57)

Combining and completes the claim for p £ 1. For p = 1 and k > 2,
Sobolev imbeddings tell us f € W#1(Q) is an element of C*~217¢(Q) for any € € (0,1).
Hence, we perform the same analysis as before, but apply the results of Lemma [9] k — 2
times, as opposed to the k£ — 1 times done previously. In this case the bound on the
error in the best uniform approximation to f in &, satisfies

C
Falf) £ g gy W lhwes

O]

We may now apply the results of Theorem [12|to the Lanczos process approximation
of the spectral function. The next corollary follows from Theorem (12| by using d(m) =
2m — 1 and noting that because the Gaussian quadrature weights are positive, the Pélya

condition is always satisfied.

Corollary 1. Let A € R™" be symmetric with eigenvalues in the interval [—1,1] and
v € R™ be a unit vector, let k > 1 be an integer, 1 < p < oo (with p > 1 in the case
k= 1), let s(\) be the spectral function corresponding to A and v, and $(\) be the
approximation determined by the m-step Lanczos process with A and v. Then, there

exists a constant, C' > 0, independent of m, such that the error in the m-step Lanczos
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approzimation to the spectral function is

~ C
HS - SH(Wk»P)’ < (2m —k+ 1)k—1/p’

k>1, p#1,

and, for any € € (0,1),

s — all gy < ¢
(Wk’l)l — (2m —k + Q)k—l—e’

k>2 p=1.

In this section we showed that performing the Lanczos process to approximate the
quadratic form v” f(A)v is equivalent to approximating the spectral function s(\). We
also stated a known error estimate for the Lanczos approximation to v? f(A)v when f
is analytic. Finally, we gave a new bound for the error, s — §, in Sobolev spaces which

has not previously appeared in the literature.

3.4 Quadratic Forms for Generalized Systems

Thus far, we have looked at approximating the quadratic form v” f(A)v, which is de-
termined by the inner products of v with the eigenvectors of A, and f evaluated at the
eigenvalues. In this section we look at the equivalent situation where the eigenvalues
and eigenvectors stem from a generalized eigenvalue problem. We are most interested in
finite element discretizations of eigenvalue problems for elliptic operators, which results
in a generalized algebraic eigenvalue problem.

Let A, B € R™" be symmetric with B positive definite. Because B is symmetric
positive definite, it can be used to define an inner product (z,y)p = (z, By) = 2T By, for
all z,y € R”, with corresponding induced norm ||z = \/(x, ). We are interested in
the analogs of and using the eigenpairs of the generalized eigenvalue problem

Az = \iBxi, @ Brj = 0y, (3.58)

fori,j=1,...,n. Letting X = [z1... z,] and A = diag()\1,..., \,), we can rewrite (3.58))
as AX = BXA and XTBX =1.
We can rewrite the generalized eigensystem ((3.58)) as a standard eigenvalue problem

with the matrix B! A, however, the matrix B~ A is not symmetric with respect to the
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standard Euclidean inner product. Fortunately, it is symmetric with respect to the B-
inner product. So, given a smooth function f and a vector v € R™ satisfying ||v||p = 1,
a natural extension of the quadratic form (3.1]) for the case of a generalized eigensystem
is

o fapy =Y |(@i,v) Bl f (M), (3.59)
=1

where f4 p, a matrix to be determined, depends on f, A, and B. By developing the
right-hand side of it is easily checked that fa 5 = BXf(A)XTB. The “general-
ized” spectral function in this case is now s(\) = > [(z;,v) g[*6(A — ;).

In order to investigate approximation of the spectral function corresponding to A, B,
and v, we first transform the generalized eigenvalue problem to a standard eigenvalue
problem, and then relate to results of the previous section. Let B = LLT be
the Cholesky factorization of B, where L, the Cholesky factor, is lower triangular with
positive entries on the diagonal. Using the Cholesky factor L, we rewrite as

(LA™Y (L70) = A (2721). (LT:L“@-)T(LT:L‘]) = b1, (3.60)

for i,7 = 1,...,n. Therefore, defining C = L™'AL™T and 2z = LTz;, i = 1,...,n, we
have a standard eigenvalue problem for the symmetric matrix C'. The eigenpairs of the
matrix C' completely determine the eigenpairs of the generalized system, and vice versa.

With Z = [21... z,) = LTX and v = LTv (note ||u|| = 1 since we have assumed

lvl|p = 1), we have (z;,v)p = (2, u) for i = 1,... ,n. Therefore,

o' fapv = 3 (24, 0)BI* f(Ni) = 3 (26, u) P £ (M),
a = 2l 2 (3.61)

= (Z"w)" f(A)(Z" ) = u" f(O)u.

In other words, by performing the Lanczos process with the matrix C = L™'AL~T and
vector u = LTv, we can approximate the quadratic form v” f 'A,BV, and hence the spectral
function s. Next, we show that the Lanczos partial tridiagonalization of C' = L~YAL~T
with starting vector u = LTv, is the same as the partial tridiagonalization resulting

from the B-Lanczos algorithm with A, B, and v.
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The m-step Lanczos algorithm applied to C' with starting vector u = LT v gives
CUpm = U Ty + Brntims 1€l (3.62)

where the columns of U, are an orthonormal basis of the Krylov space K,,,(C, u), T, €
R™*™ is a symmetric tridiagonal matrix, and B, umy1el, is the rank-one remainder
term. Notice that by premultiplying by L and defining V;,, = L=TU,,, and v, 41 =
LTy, 41, we find

AV, = BV Ty + B Bum i€k, (3.63)

which is the B-Lanczos algorithm with starting vector v. Notice that, as expected, the
columns of V,;, are B-orthonormal since Vf,f BV, = UnTlUm =1

As in Section the Lanczos partial tridiagonalization is the Jacobi matrix, and
therefore the nodes and weights of the m-point Gaussian quadrature rule are determined
by the eigenpairs of T;,,. Letting 6; and y;, j = 1,...,m, denote the eigenvalues and

orthonormal eigenvectors of T},, respectively, the Lanczos process approximation of the

quadratic form (3.59)) is

v fapv =Y | v)BlPfN) = Y |5, e)lPf(05) = e f(Tn)er

i=1 j=1

Note that the moment matching property for the Lanczos process with matrix C' =

L7YAL™T and vector u = LT v states that,

n
Z| Ry U |)\k Z| y_],el j’ k:(),l,,?m—l
=1

Using the fact that (z;,u) = (z;,v)p, we derive a moment matching property for the

B-Lanczos process applied to the matrix pair A, B, and B-unit vector v
m
Zy (@i, 0)BIPAF = |(ys, )05,  k=0,1,...,2m - 1. (3.64)
=1

We have discussed two options for using the Lanczos process to approximate the

quadratic form v f A,BV:
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1. Perform the Lanczos algorithm on C' = L™'AL™T with starting vector v = LTv.
Each iteration requires two linear solves (one with LT and another with L) and

one matrix vector multiplication with A.

2. Perform the B-Lancozs algorithm with A, B, and starting vector v. Each iter-

ation requires one linear solve with B and one matrix vector multiplication with A.

Clearly (2) is the more cost-effective option without even taking into consideration the
cost of computing the Cholesky factor of B.
To summarize, the Lanczos process for approximating the spectral function s(\) =

S (@i, v) B2 f(A;) using an m-point quadrature rule is:

1. Perform the m-step B-Lanczos algorithm with A, B, and starting vector v, ||[v||p =

1, to get the symmetric tridiagonal matrix T,.

2. Compute the eigenpairs of T, Tiny; = 0y, ||ly;]| =1, for j =1,...m.

3. o7 fapo~ i (5, e1)2£(6;)-
P



Chapter 4

Lanczos Approximation of Joint

Spectral Quantities

4.1 Spectral Quantities

In this chapter we discuss approximating linear combinations of Dirac measures of the
form q(\) = >, wid(A — \;), where the \;’s are eigenvalues of a symmetric matrix, and
the coefficients, w;, may or may not depend on the eigenvector corresponding to A;.
We refer to g(\) as a “spectral quantity.” A simple example of a spectral quantity
which we have already encountered is the spectral function corresponding to a symmet-
ric matrix and given vector. In order to approximate spectral quantities, we utilize the
Lanczos process discussed in the previous chapter. We begin by discussing the Lanczos
approximation to the density of states for a matrix, the results of which are known. Af-
terward, we advance to joint spectral quantities, which are spectral quantities involving
the eigenpairs of two separate systems. These are of the form Zl ; wijcS()\ — (N + )\;)),
where the \; and /\; are the eigenvalues of two different symmetric matrices, and the
coefficients, w;; € R, may depend on the corresponding eigenvectors. The two joint
spectral quantities discussed in this chapter are the joint density of states and the joint
spectral function. The joint density of states is a natural extension of the density of
states for two separate eigenvalue problems, and the joint spectral function is of great
utility when determining optical properties of semiconductors. In all cases of spectral

and joint spectral quantities, we first discuss the case of a standard eigenvalue problem,

67
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and then the extension to generalized eigenvalue problems. To the best of the authors
knowledge, the methods presented here for the joint density of states and the joint
spectral function are new. All methods are discussed from a numerical linear algebra
perspective, with applications considered in the next chapter.

Throughout this chapter we use A, A’ € R"™" to denote symmetric matrices, and
B € R™™™ for a symmetric positive definite matrix. For standard eigenvalue problems,

we use the following notation for eigenpairs

Ax; = N, xiT:cj = 0ij, (4.1)
Al = N, o al = 65, '
fori,57 =1,...,n, and for the case of generalized eigenvalue problems we use
Ax; = \jBx;, x;rBa:j = 0ij, (4.2)
Az = NBel,  2/TBa; =5y, '
for 7,7 = 1,...,n. In both cases we assume the eigenvalues are in ascending order,

A1 < A2 < ... <\, and similarly for the Al’s. Note in the case of generalized eigen-
systems, the right hand side matrix is B for both systems (as opposed to using B for
one and B’ for the other). This is due to the fact that the generalized systems
we are interested in are finite element discretizations of eigenvalue problems for elliptic
operators. In this case, using the same B (Galerkin mass) matrix for the primed and
unprimed systems represents using the same finite dimensional subspace to approximate
infinite dimensional eigenfunctions.

As we saw in the previous chapter, given a vector v € R", the Lanczos process can
be used to construct approximations to a measure on the real line which is dependent on
the spectrum of A and the vector v. In this chapter we exclusively refer to this measure

as the “spectral function,” given by

n

s A, 0) =Y (@i, 0)P6(A = i), (4.3)

i=1



69

or, in the case of a generalized eigensystem,
s\ A, Byv) = |(zi,v)sP6(A — N), (4.4)
i=1

where ¢ is the Dirac distribution, (-, ) and (-, -)p are the Euclidean and B-inner
products, and the eigenpairs are as in or respectively. In the last chapter we
showed how to construct an approximation to the spectral function using the Lanczos
process, in addition to giving error estimates. Specifically, we use the m-step Lanczos
algorithm to partially tridiagonalize the matrix A, with starting vector v, to obtain a
symmetric tridiagonal matrix T, € R™*™ from which we are able to approximate the
spectral function. Denoting the eigenpairs of the partial tridiagonalization as T;,y; =
0;y;, j = 1,...,m, (note that we suppress the dependence of the eigenpairs on m for

notational convenience), the Lanczos approximation to the spectral function (4.3)) is

m

50 = ol DIy en) Po (A = 65), (4.5)

j=1

where e; is the first column of the m x m identity matrix. Previously, when discussing
the Lanczos process we assumed v was a unit vector, and so the prefactor, ||v]|?, was
absent. However, in this chapter we will mostly be dealing with non-unit vectors, and
so the extra term is necessary to incorporate. Note that the Lanczos approximation
to the spectral function is the same as above, the only difference being that the
matrix 7T, is constructed using the B-Lanczos algorithm and the prefactor becomes
|v]|%. Due to the relationship between the Lanczos process and Gauss quadrature, the
Lanczos approximation to the spectral function matches the first 2m — 1 moments of

the spectral function. That is, the Lanczos process approximation satisfies,
n m
2vk 2k
Z|($hv)| )‘z :Z|(y]761)| 6]7 k=0,1,...,2m — 1, (46)
i—1 j=1
or, for the case of a generalized system,

S @i v)slPAF = |y, e)?0F,  kE=0,1,...,2m 1. (4.7)
i=1 j=1
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For notational convenience, in this chapter we use (-, - ) to denote the dual pairing of
(C(Q)) x C(£2), where Q is an open interval, and its closure, {2, contains the eigenvalues
associated to the spectral quantity. That is, for a spectral quantity g(\) = >, w;d(A —
Ai), with A; € Q and w; € R for all 1 < i < n, the dual pairing is (g, f) = >, wif(\;) for
all f € C(2). Throughout this chapter we refer to elements of C(£2) as test functions.
For all spectral and joint spectral quantities discussed in this chapter, the template
for producing Lanczos approximations is the same. First, we relate the spectral quantity
to a spectral function or , depending on whether a standard or generalized
eigenvalue problem is under consideration. We then use the Lanczos process to construct
an approximation to the spectral function. By following this template, we construct
accurate approximations to the spectral quantity of interest. We begin with the Lanczos
approximation to the density of states, which is the simplest example of a spectral

quantity.

4.2 Density of States

The first spectral quantity we approximate using the Lanczos process is the density of

states [33]. Formally, the density of states of the symmetric matrix A is
1 n
A== d(A=N), 4.8
o) = 0 (4.9

where the eigenvalues, );, are as in . This is an example of a spectral quantity
where the coefficients are uniformly equal to 1/n. The density of states is of great
interest in electronic structure calculations as well as in large scale parallel eigenvalue
computations.

We briefly explain one practical use of the density of states. Given a symmetric
matrix A, and real numbers p < v, distinct from any eigenvalues of A, suppose we wish
to know how many eigenvalues are inside the interval (u,r). Denote this quantity as
N(u,v). Classically, one computes N (p, ) using the inertia of spectral transformations
of A. As a consequence of Sylvester’s law of inertia, the number of eigenvalues in the
interval (u,v) is the difference in the number of positive entries on the diagonal of

D, and D,, where D,, and D, are the diagonal matrices in the LDLT factorizations of
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A—pul and A—vl respectively (assuming they exist) [44]. This generalizes to computing
the LDLT factorization of A — uB and A — vB in the case of a generalized eigenvalue
problem. However, computing LDLT factorizations is prohibitively expensive if the
matrix is large, or if we wish to compute N (u,v) for several different values of u and v.

On the other hand, using the density of states we can compute N (u,v) as

v

N(p,v) = /nqb()\)d)\. (4.9)

m

Note that the above shows how the density of states is, indeed, a density. Using the
density of states, or an approximation thereof, computing N (u,v) for several different
values of p and v is simple and inexpensive using . An approximation to the density
of states can be used, for example, to partition the spectrum of A into subintervals with a
roughly equal number of eigenvalues. That is, by determining values to < t] < ... < tp,,
such that N(t;,ti+1) =~ n/ns for i = 0,...,ns — 1, we can divide the spectrum into ns
subintervals, each of which contain a similar number of eigenvalues. This is used in the
parallel spectrum slicing software Eigenvalue Slicing Library [31].

Next, we focus on using the Lanczos process to approximate (4.8]). If we are able
to construct a unit vector v € R™ equally weighted in the direction of each eigenvector,
i.e., a vector which satisfies (z;,v) = £1/y/n for i = 1,...,n, then the spectral function
corresponding to A and v would be exactly the density of states. Hence, the Lanczos
process with matrix A and starting vector v would give an accurate approximation of
the density of states ¢(\). However, without complete knowledge of the spectrum of
A a priori, this is not possible. Instead, methods to approximate the density of states
using the Lanczos process rely on a stochastic technique to remove the influence of the
coefficients |(z;,v)[* (see (4.3)) in the spectral function corresponding to A and v. This
concept is closely related to Monte Carlo trace estimators.

The method of approximating the density of states we discuss utilizes a result of
Hutchinson [24]. Following [32], we refer to a stochastic method which utilizes the fol-
lowing lemma as Hutchinson’s method. We use NV(0, 1) to denote the standard normal

distribution, and for a random variable w taking values in R™, we write w ~ N(0,1)
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when the entries of w are drawn from N(0, 1) randomly with independently and iden-
tically distributed (i.i.d.) values. We refer to such vectors as standard normal random

n-vectors.

Lemma 10 (Hutchinson). Let C' € R™*" and w ~ N (0,1). Then,
E[w! Cw] = tr(C).
Proof. Because w is a standard normal random n-vector, the entries satisfy

Elw,w;] = Ejw;|E[w;] =0, i # j, and  E[w?] =1.

In other words, E[wa} = I, with expectation understood componentwise. Using the

linearity of expectation we find

E[w! Cw] = E{ Zn: Cijwiwj:| = Zn: Cij

E[w
ij=1 =1 T

J

Z-wj] = tI‘(C).

O]

We remark that for any n x n matrix C, and random variable w taking values
in R™ with i.i.d. entries drawn from a probability distribution, the only requirement
']

necessary for Efw!Cw] = tr(C) is E[ww?] = I. The standard normal distribution is

not the only distribution satisfying this property. In fact, it is not difficult to show
that if w has i.i.d. entries drawn from a distribution with mean p and variance o2,
then E[w! Cw] = o?tr(C) + p? > i j=1¢ij (follows directly from Efw;w;| = p2 + 025;5).
Therefore, if the entries of w are drawn from any distribution with zero mean and
unit variance, then E[w?Cw] = tr(C). Another distribution satisfying this property
is the Rademacher distribution, in which random variables take values +1 with equal
probability. Other distributions which work, along with error bounds for stochastic
trace estimation, can be found in [4].

Next, we apply Lemma[I0]to a matrix given by an outer product. This will illustrate

how we intend to use stochastic processes to remove the influence of the coefficients

|(z;,v)|? in the spectral function.
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Corollary 2. For z,y € R" and w ~ N(0,1), E[(z,w)(y,w)] = (x,y). In particular,
if v =y, E[[(z,w)]’] = |

Proof. Apply Lemma with C' = 2yT, noting that tr(C) = (z,y). O

Corollary [2 gives the main intuition on how we plan on approximating the density of
states using spectral functions. For a standard normal random n-vector w, Corollary
tells us E[\(a:z, w)[?] = 1, where the 2; € R”, i = 1,...,n, are the orthonormal eigenvec-
tors of the matrix A given by . Therefore, the spectral function corresponding to
A and w, s(\; A, w), is a linear combination of Dirac deltas concentrated at the eigen-
values of A, with coefficients |(z;,w)|?>. Each of these coefficients has an expectation
of unity, and thus matches the coefficients of the density of states on average (disre-
garding the prefactor 1/n). By averaging spectral functions corresponding to several
standard normal random n-vectors, we stochastically approximate the density of states
by removing the influence of the coefficients, |(x;, w)|?, from each individual spectral
function. Next, we proceed more formally in outlining the Lanczos approximation to
the density of states.

Notice that the action of the density of states on any test function f satisfies

(6.1) = —tr(£(4),

where we used the property that the trace of a matrix is the sum of its eigenvalues.
Applying Lemma |10 with the matrix C' = f(A), we see that (¢, f) = 1/nE[w? f(A)w]
for any test function f, where w is a standard normal random n-vector. The spectral

function corresponding to A and w, and the quadratic form w? f(A)w, are related by
wl f(A)w = (s(X; A, w), f),

for any test function f. Putting everything together, by choosing w ~ N(0,1), the

spectral function corresponding to A and w is related to the density of states by

(6.0) = ~a(F(A) = Bl f(A)u] = ~E[(s(5 Aw). /)], (110)
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for all test functions f. Written another way,

d(\) = 11[«:[5@; A,w)]. (4.11)

n

What shows is that we can approximate the density of states by averaging
spectral functions corresponding to A, and vectors with i.i.d. entries drawn from N (0, 1).
By averaging spectral functions, s(\; A,w), for several standard normal random n-
vectors w, we create something near the expected value, which, according to ,
is the density of states. We refer to the standard normal random n-vectors used in

the averaging process as trial vectors. Choosing n, trial vectors, w®) ~ N(0,1), k =

1,...,n,, the stochastic approximation to the density of states using spectral functions
is
R
)~ A A, w® Ti, W 25 A=\ 4.12
o0 oS st u) = o0 kZZ| : ) (41

where, as in , the approximation is an equality with respect to expected value.
Due to the law of large numbers, the more trial vectors we choose, the closer we expect
the right hand side of to match the density of states.

Now, with the density of states related to spectral functions through , we
are primed to use the Lanczos process to approximate the density of states. Since the
Lanczos process produces an approximation to a spectral function, we simply replace all
spectral functions in with the corresponding Lanczos approximation. For any one
trial vector w, we perform the m-step Lanczos algorithm on A with w as starting vector,
obtaining the partial tridiagonalization T,, € R"™*™. The eigenvalues, also known as
Ritz values, of T;,, ;, and corresponding orthonormal eigenvectors y;, j = 1,...,m,

determine the nodes and weights for the Lanczos approximation to s(A; A, w) by

s A, w) & Jlw]]* Y1y en) P65 — 65). (4.13)

j=1
By replacing each spectral function in (4.12)) with the approximation from the Lanczos
process, as in (4.13]), we stochastically approximate the density of states.
To this end, let w®) ~ N(0,1), k = 1,...,n,, denote trial vectors. For each trial

vector we partially tridiagonalize A by performing the m-step Lanczos algorithm on
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A with starting vector w®), obtaining Tr(nk ) ¢ rmxm, Computing the eigenpairs of

k) (k k) (k k k ..
T7(Tl)y]( ) :‘9]( )yj( )7 (yz( )7y]( )) :51']'7 1,) = 1a'~-7m7 the

Lanczos approximation to the density of states is

each partial tridiagonalization,

500 = LSS w2, ) P~ ). (4.14)

Nnyn
U k=1 j=1

Approximating the density of states using the Lanczos process is summarized in
Algorithm Note that each of the n, Lanczos processes needed to compute (|4.14)
are completely independent of the others, making the computation of ) embarrassingly

parallel. For this reason we dispense with the superscripts on all vectors in Algorithm [10]

Algorithm 10 Lanczos Approximation of the Density of States

1: Initialize n,, m, and set k = 0 and ¢(\) = 0.

2: while k < n, do

3:  Draw trial vector w ~ N(0,1).

4: Partially tridiagonalize A with starting vector w to get T, € R™*™,
5 Compute eigenpairs T),y; = 0;y;, yiTyj =05, %, =1,...,m.

6 G« () + Ll é (g5, e1)26(1 — 6,).

7 k<« k+1.
8: end while

4.3 Density of States for Generalized Eigenvalue Problems

In this section we are interested in computing the density of states, ¢(A) = 1/n> " | 6(A—
i), associated to the generalized eigenvalue system . The Lanczos approximation
to the density of states for the generalized eigenvalue system is the same as in the stan-
dard eigenvalue problem, with one major exception. Namely, special care must be taken
when determining the starting vector for the Lanczos process. The definitive source for
approximating the density of states for a generalized eigensystem is [67], which our
presentation closely follows.

Assuming the matrices in the generalized eigensystem are the result of a finite
element discretization, we first modify the stiffness and mass matrices without altering

the eigenvalues of the system. We do this for two main reasons. First, as with all



76
Lanczos methods for generalized eigensystems, we expect to use the B-Lanczos algo-
rithm, which requires a linear solve with B each iteration. Iterative linear solves can
obviously be expected to converge faster if the coefficient matrix is well conditioned.
Second, the methods presented in this section require us to factor the matrix B. Ma-
trix factorization can be prohibitively expensive for large matrices, and so we overview
an economical method to approximate the factorization using Chebyshev polynomials.
When the matrix B is well conditioned, we show that the approximate factorization is
more efficient.

In order to ensure the mass matrix is well conditioned, we utilize a well known fact
about the finite element method. Let D = diag(B) be the diagonal matrix with entries
on the diagonal equal to those of the diagonal of the mass matrix. Because we have
assumed the mass matrix is positive definite, all elements on the diagonal of B are pos-
itive, and therefore all elements of D are nonnegative. Using D, we replace the stiffness
and mass matrix with 4 < D Y/24D"1/2 and B + D Y2BD~'/2 transforming the

generalized eigensystem to
(D‘1/2AD_1/2> (D'?2) = A(D‘l/ 2pp~V/ 2) (DY), (4.15)

where D2 is the diagonal matrix with entries equal to the square root of the entries
of D and D~1/2 = (D'/2)~!. The new stiffness and mass matrices, D~Y/24D~1/2
and D~Y2BD~1/2 respectively, are inexpensive to compute at the outset, and the new
mass matrix is well-conditioned. In [62] it was shown that for any conforming mesh of
linear triangles (two-dimensions), the scaled mass matrix has spectral condition number
bounded by four. In three dimensions, for conforming linear tetrahedral elements, the
condition number of the scaled mass matrix is bounded by five. In what follows we
assume the scaling has already been performed, and denote the scaled stiffness
and mass matrices by A and B respectively.

Next, we transform the generalized eigenvalue problem into a standard eigenvalue
problem in order to show how the stochastic methods from the previous section trans-
late to the generalized eigenvalue problem. Toward this end, let B = LL” denote a
factorization of B, e.g., the Cholesky factorization or the square root factorization. As

seen previously, using the factorization of the mass matrix, the generalized eigenvalue
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problem becomes the standard eigenvalue problem

Czi = )\Z‘Zi, ZT

(2

Zj = (5@', i,j = 1, Lo,y (4.16)

where C = L™ YALT and z; = LTx;.

Because the matrix C' has the same eigenvalues as the generalized eigenvalue prob-
lem with A and B, we can apply the methods of the previous section to approximate
the density of states. Choosing a trial vector w ~ N (0, 1), the spectral function corre-

sponding to C' and w equals the density of states in expected value,

6(N) = %E[s()\; Cow)|. (4.17)

as in (4.11)). We next relate the spectral function s(A; C,w), to that of s(\; A, B,v), for
a properly chosen vector v.

For the eigenvectors, z; = LTx;, of C = L~'AL™" (as in (4.16)), notice that for any
vector u € R"™ we have

(zi,u) = zlu =l Lu = 2! (LLT)(L™Tu) = (z;,v)p, (4.18)

(2 7 7

~—
B

where v = L~Tu. From (4.18) we are able to relate the spectral function corresponding
to C' and trial vector w, and the spectral function corresponding to the generalized

system with A and B, and starting vector v = L~ Tw. Indeed, for w ~ N(0,1), and

v =L Tw, by [#.18) we have

n
s(\; C, w) Z\ (zi,w)[P6(A = X)) = > |(mi,v)B*6(A = i) = s(X; 4, B, v).
i=1
This illustrates the main distinction between the Lanczos approximation to the den-
sity of states for a standard eigenvalue problem and a generalized eigenvalue problem.
For the Lanczos approximation to the density of states of a matrix, the trial vector
w ~ N(0,1) is the same as the starting vector for the Lanczos algorithm. On the other

hand, when approximating the density of states for a generalized eigenvalue problem,
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the trial vector and starting vector are different. In summary, when applying Hutchin-
son’s method to a generalized eigenvalue problem we use L~ 7w as starting vector for
the B-Lanczos algorithm, where w is a standard normal random n-vector and B = LLT
as opposed to using w as the starting vector in the Lanczos algorithm for the standard
eigenvalue problem. Note that by defining v = L~Tw, we have [[v[|%3 = [Jw]|/?, and
so when using the Lanczos process to approximate the density of states for a gener-
alized eigensystem, each trial will have a prefactor of ||wl|?, the same as the Lanczos
approximation to the density of states for a matrix.

As noted previously, we produce an approximation to the density of states by
stochastically averaging spectral functions over many different trial vectors w. By
replacing the spectral functions with their corresponding Lanczos approximation, we
determine a computable approximation to the density of states for a generalized sys-
tem. The recipe for using Hutchinson’s method in conjunction with the Lanczos process

to approximate the density of states for a generalized system is given in Algorithm

Algorithm 11 B-Lanczos Approximation of the Density of States

1: Initialize n,, m, and set k = 0 and ¢(\) = 0.

2. Factor B = LLT.

3: while k£ < n, do

Draw trial vector w ~ N(0,1).

Form starting vector v = L™ Tw.

Perform B-Lanczos with A, B, and vector v, to get T, € R™*™,

Compute eigenpairs T},y; = 0;y;, y;[yj =05, 4,j=1,...,m.
~ ~ 2 M
s 00 < 90 + B X 1 en) PO = 0)):
j:

9: k<« k+1.
10: end while

The method for approximating the density of states for a generalized eigensystem,
as presented is Algorithm poses a major issue in that we have to perform a Cholesky
factorization or square root factorization of B. For two and three dimensional problems
this is a significant bottleneck. In order to overcome this issue, we follow [67] and use
a polynomial approximation of the operator L~7.

Let S be the unique symmetric positive definite square root factorization of B, i.e.,

B = S? with S symmetric positive definite [23]. Note that with the previous notation
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S =L = L". In order to apply Algorithm we approximate S~ w using Chebyshev
polynomials. In essence, this removes the costly factorization in line 2 of Algorithm
and replaces line 5 with an approximation to S~'w where w is a standard normal
random n-vector. Before diving into the technical details, we note that this amounts to
approximating §(B)w where g(v) = v=1/2.
As with all things involving Chebyshev polynomials, the first step is a linear scaling
to the interval [—1,1]. Let a and b be the minimum and maximum eigenvalues of B
respectively, i.e., @ = Apin(B) > 0, b = Apax(B), and a < b (strict inequality is required
since if a = b, then B is a multiple of the identity matrix, in which case this is a standard
eigenvalue problem). By definition, the eigenvalues of B lie in the interval [a, b]. Letting
c =1/2(b+a) and d = 1/2(b — a), we define the linear scaling A\(v) = d~(v — ¢)
between the intervals v € [a,b] and A € [—1, 1]. After scaling to the interval [—1, 1], we

-1/2

approximate g(v) = g(\) = (¢ + d\) using Chebyshev polynomials.

The degree k Chebyshev expansion of g()) is given by

k
gV =D piti(N), (4.19)
=0

where ¢;(\) denotes the degree j Chebyshev polynomial of the first kind, and the coef-

ficients, p;, are given by

1
260 [6ONO),

1 = i=0,1,... k. (4.20)

-1

Note that the standard notation for Chebyshev polynomials of the first kind is 7},
however we reserve this notation for Lanczos partial tridiagonalizations. An accurate
and economical method to approximate the Chebyshev coefficients is Gauss-Chebyshev
quadrature. The authors in [67] recommend taking a conservative approach and using
a 4k point Gauss-Chebyshev quadrature rule, noting that the quadrature is performed
only once at the outset, and the cost is negligible relative to the total cost of approxi-
mating the density of states. The last free parameter to choose is the polynomial degree
k, which is discussed in Section

Define the matrix B = d~*(B — ¢I), and note that the eigenvalues of B lie in
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the interval [—1,1]. Once the Chebyshev coefficients, pj, j = 0,1,...,k, have been

computed, the approximation to S~! is given by
k
S gr(B) =) uyti(B). (4.21)
j=0

Using , the factorization of the mass matrix B in Algorithm is skipped, and
in line 5 we use as starting vector for the B-Lanczos algorithm v = Zj}:o ujtj(B)w,
where w is the trial vector. The rest of the algorithm proceeds as given. Note that a
matrix approximating S~! is never constructed as implied by . Instead, we use
the Chebyshev recurrence relation to construct the approximation to S~!w. Defining

~

w; =tj(B)w, j =0,1,...,k, the Chebyshev recurrence gives
wjy1 = 2Bw; —w;_1, j=1,2,....k—1, (4.22)

where wy = w and w; = Bw. Therefore, given a trial vector wp = w, we construct wj,
j=1,...,k, using the Chebyshev recurrence (4.22)), and the starting vector to be used
in Algorithm [I1]is

k
v = Z jW;. (4.23)
=0

In fact, we can form the approximation of S~'w more economically by only storing
three vectors w; = t;(B)w at a time. For v defined as in ([#.23), v can be recursively
updated, v <= v+ 1wj41, where w;i 1 is computed using the previous two vectors w;_1
and w; according to (4.22). This is illustrated in Algorithm Next, we give details on

the choice of the polynomial degree k in the Chebyshev expansion of g(A\) = (c+d))~1/2.

4.3.1 Choosing Degree of Chebyshev Expansion

Now, we address the important question of what polynomial degree is necessary in the
Chebyshev approximation of the inverse square root of B. While we expect a higher
degree polynomial to correspond to a more accurate approximation of the matrix-vector
product S~!w, a higher degree polynomial also means more matrix vector multiplica-

tions in the formation of each starting vector for the B-Lanczos algorithm. Hence, we
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Algorithm 12 Approximation of S~'w using the Chebyshev Recurrence (see (4.23)))

A~

1: Initialize symmetric B € R™ " with eigenvalues in [—1,1], coefficients p;, j =
0,...,k, and w € R™.

2: Set wg = w, w_1 = w1 =0, v = powp, and j = 0.

3: while j < k do

4 w1 < B’wo.

5 if j # 0 then

6 wy — 2w] — w_q

7: end if

8 V4= U+ [jp1wy

9 W_1 < Wy

10: W < W1

1 je 41

12: end while

do not want to use a needlessly high degree polynomial. In order to understand the
degree polynomial necessary, we look at how closely the degree k& Chebyshev expansion,
gr()\), approximates g(\) = (¢ 4+ d\)~'/2. For this, we again turn to the theory of ana-
lytic functions in Bernstein ellipses, as we did in understanding the error in the Lanczos
process for analytic functions.

We begin by looking at where the function g(\) = (¢4 d\)~'/2 is analytic. Because
we have assumed the B-matrix is symmetric positive definite, it has positive eigenvalues,
i.e., a = Amin(B) > 0, and so the scaling constants ¢ = 1/2(b+a) and d = 1/2(b — a)
satisfy ¢ > d > 0. Therefore, g is analytic in [—1, 1] and has a singularity at A = —¢/d <

—1. Recall, the Bernstein ellipse corresponding to a parameter p > 1 is defined as
E,={1/2(z+ 271 | 2 = pe for 6 € [0,27)}. (4.24)

The Bernstein ellipse E, is the ellipse in the complex plane with foci at £1 and semi-
major axis 1/2(p + p~1) and semi-minor axis 1/2(p — p~!). The following theorem,
taken from [58], gives the rate of convergence for truncated Chebyshev expansions of
functions which are analytic in the interval [—1, 1], and analytically continuable to the

interior of a Bernstein ellipse E,,.

Theorem 13. Let a function g analytic in [—1,1] be analytically continuable to the

interior of the Bernstein ellipse E, for p > 1. Then, the degree k Chebyshev expansion
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satisfies
2M (p)p~*

g — gklloo < ,
—1

where |g| < M(p) inside E,,.

In order to apply Theorem to the expansion (4.19), we need to determine the
value of the ellipse parameter p > 1, and a bound, M = M(p), for the function g(A) =
(c+d)\)71/% in the interior of E,. With knowledge of the singularity at A = —c/d, we

choose a Bernstein ellipse with semi-major axis, 1/2(p + p~ 1), satisfying

-1

P +2p < 2. (4.25)

Solving the quadratic equation resulting from (4.25)), we take any p satisfying

2
c c
l<p<p, p=- ) I 4.26
p<p p=5+ ( d) (4.26)
Notice that we can write ¢/d = (k+1)/(k — 1), where k = b/a is the spectral condition
number of B. Rewriting the upper bound p in terms of the spectral condition number

gives

B k+1 k+1 2
p:m—l—l_ </<;1> —1. (4.27)
The dependence of p on x, as well as plots of several Bernstein ellipses corresponding
to p = p(k) for different values of k are shown in Figure We see that the better
conditioned the matrix B, i.e., the closer x is to unity, the larger the Bernstein ellipse
in which g()\) is analytic, and hence the faster the Chebyshev expansion of g converges.
This is the main reason the diagonal scaling is important.

Next, we determine the maximum value of g(\) = (¢ + d\)~/2 inside the Bernstein

ellipse E,. The following lemma is taken from [67].

Lemma 11. If ¢ > d > 0 and p satisfies (4.26), the maximum modulus of g(\) =
(c+d\)~Y/2 inside the Bernstein ellipse E, is

M(p) = (e=d") ",
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Figure 4.1: Bernstein ellipse parameter p as a function of the spectral condition number
 (left). Bernstein ellipses, Ej, for various spectral condition numbers (right).

where, 7 = 1/2(p + p~1), is the semi-magjor axis.

Combining Lemma |11 and (4.26)) with Theorem we bound the uniform error in

the Chebyshev expansion of g in the following theorem.

Theorem 14. Let g(\) = (¢ + d\)~Y/? for A € [=1,1] with ¢ > d > 0. The degree k
Chebyshev expansion of g satisfies

2p7F

9= Gklloc £ ——F—F77,
| I TEN

where v = 1/2(p + p~ 1Y), and p is any real number satisfying

2
1<p<§+ (;) Y

With the uniform error in the Chebyshev expansion bounded by computable quan-
tities in Theorem we now outline our procedure for determining what degree Cheby-
shev expansion to use. For the first step, we compute, to a high degree of accuracy, the
minimum and maximum eigenvalues of B, a = Apin(B) and b = Apin(B), in order to
scale the matrix to have eigenvalues in the interval [—1, 1]. Note that scaling to the inter-
val [—1, 1] only requires lower and upper bounds on Apin(B) and Apax(B) respectively.
However, since the smallest and largest eigenvalues of a matrix are typically the easiest
to acquire, and these values allow us to compute the rate of decay of the error from

Theorem we find it advantageous to perform this computation. Furthermore, the
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cost of computing the largest and smallest eigenvalues of B is negligible in comparison
to the overall cost of approximating the density of states.

Next, from a and b we determine the scaling constants ¢ = 1/2(b+ a) and d =

1/2(b — a), which allow us to scale from the interval [a,b] to [—1,1], and set

p:§+ <2>2—1. (4.28)

From (4.26) we know that ¢ is analytic in the Bernstein ellipse E, for any 1 < p < p.

Accordingly, we choose k to be the smallest integer satisfying

25k

GoOVe=T <, (4.29)

where 7 = 1/2(p + p~!), and 7 is a chosen tolerance. The proper value of k can be
found using any root-finding method, e.g., Newton’s method or bisection, to determine
the real number which makes an equality, and then take k to be the smallest
integer larger than this root. To give an idea of standard values of p and k, if a = 0.50
and b = 1.48 (these are actual values from a one dimensional finite element mass matrix
corresponding to cubic Lagrange polynomials on a uniform mesh after the diagonal
scaling has been performed), then p = 3.78. In this case, choosing the tolerance

7 as small as 10716 results in k = 28, a very manageable request.

4.4 Joint Density of States

Let A, A’ € R™ " be the symmetric matrices with eigenpairs as in (4.1)). In this section

we discuss approximating the joint density of states, J()\), defined as

J(A) = % f: S(A— (A + X)), (4.30)
ij—=1

The joint density of states is a joint spectral quantity with uniform coefficients 1/n?,
and is the density of states corresponding to a matrix which has n? eigenvalues \; + )\;,
i,7 = 1,...,n. We describe this matrix momentarily. The joint density of states has

many uses in solid state physics and semiconductor design [57, 68, 37, [38].



85
As a first step towards approximating (4.30)), we relate the joint density of states to

2 2

the density of states of an n* x n® matrix. In order to accomplish this, we recall the

definition of the Kronecker product.

Definition 1. For C € R™*" and D € RP*?, the Kronecker product, C ® D, is the
mp X ng block matriz
cuuD - canD
C®D=
1D 0 cpnD

In this chapter we use many properties of Kronecker products, which we record now.
We do not state these results in their full generality, but rather in the manner in which
we intend to use them. These properties can be found in linear algebra textbooks, see,

for example, [1§].

Lemma 12 (Properties of Kronecker Products). Let C, D, € R"*" and U,V € R"*™,
Then,

1. (Ce®D)T =CcTe DT,
2. (CeD)(UV)=(CU)& (DV).

It is straightforward to show that the eigenvalues of the Kronecker product of two
n x n matrices are the n? products of the eigenvalues of the two matrices. For the joint
density of states, we want a similar result involving sums of eigenvalues, rather than

products. The following linear operator accomplishes exactly this.

Definition 2. For C € R™*™ and D € R™ ", the Kronecker sum, C & D, is the
mn X mn block matrix
CeD=C®I,+1,®D, (4.31)

where Iy, is the k x k identity matriz. When m = n, we drop the subscript on the identity
matriz and write C @ D = C® I +1® D, the dimension of the identity matriz being

clear from context.

In some references, the Kronecker sum is defined in the opposite manner as I, ® C'+

D®1I,,, e.g., [22]. This is not equivalent to our definition since, in general, C®D # D®C.
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The alternate definition is due to the structure of the Sylvester equation, a standard
application of the Kronecker sum. However, the properties of the Kronecker sum we
wish to exploit do not change with the definition , and, for our purposes,
is more satisfactory.

We now state a useful result about the eigenpairs of a Kronecker sum of two matrices,
which can be found in [22].

Theorem 15. For A and A’ be as in (4.1), the eigenvalues of A® A" are \; + N}, with

corresponding eigenvectors x; @ x;, i,j=1,...,n.

Proof. Let Ax = Ax and A’z’ = N2’ for A\, \ € R and nonzero x,z’ € R"™. Then,

(AeA)(zer)=AI+Ie A)(zea'),
= Az @2’ +2® A,
=2 +re N,
=+ Nz,
where in the second equality we used property (2) in Lemma ]

Theorem [15| tells us that the eigenvalues of A @ A’ are the sum of all combinations
of eigenvalues of A and A’. Hence, the joint density of states is equivalent to the
density of states of A @® A’. Therefore, we can think about the joint density of states in
two ways. On one hand, it is the joint spectral quantity corresponding to the matrices
A and A’ with uniform coefficients 1/n2. On the other hand, it is the spectral quantity
corresponding to the matrix A @ A’ with uniform coefficients 1/n?.

Next, we look at applying the techniques from Section[4.2]to approximate the density
of states for the matrix A®A’. We know that by choosing a standard normal random n?-
vector w, the spectral function 1/n%s(\; A®A’, w) is equal to the joint density of states in
expectation, as in . By stochastically averaging the results of the Lanczos process
applied to A ® A’, we can approximate the joint density of states using Algorithm
The main issue with this method is for n > 1, storing A ® A’, or performing matrix
operations with A® A’ is not feasible. Instead, we wish to approximate the joint density

of by performing matrix operations with A and A’ individually. Next, we discuss two
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different methods for approximating the joint density of states, both of which perform

the Lanczos process on A and A’ individually, rather than on the matrix A @ A’.

4.4.1 Method I

For the method I Lanczos approximation to the joint density of states, we implicitly
perform the Lanczos algorithm on A @ A’ by performing the Lanczos algorithm on the
individual matrices.

At first glance, one might hope that by performing the Lanczos algorithm on A
and A’ separately, we may then use the Kronecker sum to realize a Lanczos partial
tridiagonalization of A @ A’. To see why this fails, let v,v" € R" be the starting vectors

for an m-step Lanczos algorithm applied to A and A’ respectively, i.e., we have

Avm =V + ﬁmvarlez;;a

(4.32)

AV = VT + Bl g1 ems
where T,,, T/, € R™*™ are symmetric and tridiagonal, the columns of V,,,, V! € R™*™
are an orthonormal basis for K,,(A,v) and K,,(A’,v') respectively, and V. v, 1 =0 =
V! TU/

m m

41~ Let the entries of T}, and T}, be given by

a1 P
B1
T, =V>av, = ;
Am-1 Bm-1
Bm—l (6779
(4.33)

oy B
1o

T — V! TA/V/ _

m—1 m—1
! /
m—1
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Using the definition of the Kronecker sum and the Lanczos relations (4.32)), we see that

(A ANV ®V.)= AV @ V) + Vi @ AV
= (ViTm + BrnUms1el) @ Vi +
Vin ® (Vi T, + B 1€, (4.34)
= (ViTpm @V, + Vi @ V2 T0 ) + R,
= (Vn @ Vo) (T & T;,) + R,

where R = (V;, ® 8,0}, €L 4 Bmnvm+1€h, @V, ). The main takeaway is that does
NOT constitute a Lanczos algorithm applied to A@® A’ with starting vector v ®v’. This
follows because the matrix T, ® T, is not tridiagonal, but block tridiagonal. Therefore,
in order to perform the Lanczos process on A @ A’, we must look elsewhere.

While the naive first attempt to perform the Lanczos algorithm on A @ A’ failed,
the idea of performing the Lanczos algorithm on the operators A and A’ independently
in order to partially tridiagonalize A @ A’ is not without merit. Next, we show that the
spectral function corresponding to the matrix A @ A’ and a rank one starting vector

equals the joint density of states in expected value. Consider the following lemma.

Lemma 13. If w and w' are independent standard mnormal random n-vectors, then

E[(w®w)(w® )] =1.
Proof. Using property (1) and (2) in Lemma [12| we have

E[(w®w)(wew)'] =E[(wew)(w @ w'T)] =E[(ww’) ® (w'w’T)]
=Euww!|@Eww | =I®1=1.

O]

As mentioned in Section .2} we choose a trial vector w ~ N (0, 1) because E[w;w;] =
di;, or equivalently E[ww?] = I. This allows us to use Corollary [2/to equate the density
of states and the expectation of a spectral function. Lemma [13| tells us that the same
property, E[(w ® w')(w ® w')T] = I, is satisfied when both random vectors, w and w’,
have i.i.d. entries in A'(0, 1). Meaning, the joint density of states is equal in expectation

to the spectral function corresponding to the matrix A & A’ and vector w ® w’ (with a
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prefactor of 1/n?). That is,

1

JO) = —E[s(vA® A we w’)} , (4.35)

where w, w’ ~ N(0,1). Next, we show that for the special case of a rank one starting
vector, the Lanczos algorithm applied to A & A’, can be deduced from the Lanczos
algorithm applied to A and A’ individually.

The first crucial piece of the puzzle is to notice that the Krylov space K,,(A® A", v®
v') is spanned by the columns of Vy,, ® V;,, where V;, and V;, are as in (.32). This is

detailed in the following theorem.

Theorem 16 (Remark 3.3 in [27] for d = 2). Let A, A’ € R™*" and v,v' € R™*™. Then,
Kn(A® A vav') € K& (A, v; A, v") = span{u@u’ | u € K,,,(A4,v) and v’ € K, (A',0")}.

Proof. We proceed with induction. For m = 1 we have equality. Next, assume K,,(A ®
Allvev) C K2 (A, v; A v'). Any u € K1 (A® A’ v ®v') can be expressed as

u=c(AeA)" (v V) + up,

for some constant ¢ and u,, € K,,(A® A’,v ® v'). By the inductive hypothesis we only
need to focus on the (A @ A")™ (v ®v') term. Notice that by the binomial theorem and

property (2) in Lemma

NE

(A @ A/)m _ (ZZ‘) Am—k Q Alk,

b
Il

0

and therefore

(Ag A)"vev) =)
k=

(TZ) A" Ry @ A'kv’,
0

which is plainly an element of K3 (A, v; A, v'). O

Next, we show how Theorem (16| allows us to apply the Lanczos algorithm to A ® A’
with starting vector v ® v’ implicitly. Suppose we perform an m-step Lanczos iteration

on A@® A’ with starting vector u = v ® v'. Assuming m is less than the grade of v ® v’
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with respect to A & A’, we have

(A® AU, = UpTE + 80, 1€l (4.36)

where the columns of U, = [y, . . . , tm] € R"*™ form an orthonormal basis for K, (A®

A’ v ® '), and the entries of the symmetric tridiagonal matrix T2 € R™*™ are

af Y
voay
T =UL(A® AU, = : (4.37)
ag—l 52—1
57672—1 o

We now use Theorem [16| to relate the Lanczos vectors of A® A’, U,,, to the Kronecker
product V;,, @ V,!,, where V;;, and V), are as in . In so doing, we determine a
method to compute T/¥, which is the main ingredient for the Lanczos process. We then
are able to use the Lanczos process to approximate 1/n?s(\; A @ A’,w ® w') (which
equals the joint density of states in expected value, see ), where w and w’ are
standard normal random n-vectors. All this without ever needing to form the matrix
Ag Al

Theorem [16] tells us the columns of V;,, ® V;,, span K,,(A & A,v ® v'). Hence, the

columns of Up,, an orthonormal basis of K, (A @® A’,v ®v'), can be expressed as

k
Uy = Z’yfjvi(@v; for k=1,...,m, (4.38)
ij=1

for some coefficient matrix v* € RF*F

, where v; and v’ are the j-th columns of V,, and
V,, respectively. We refer to the basis, {v;®v}}, 4,7 =1,...,m, of K2 (A,v; A, v'") as the
tensorial basis (here we assume the grades of the vectors v and v are such that the term
basis is justified). We assume the tensorial basis vectors are orthonormal, which follows

automatically if the columns of V;, and V!, are orthonormal, i.e., VIV, = I = Vn’ITVT’n.

Given that we know u; = v1 ® v}, i.e., v, = 1, we now proceed to use (4.36]) and (4.38))

to determine the elements of the tridiagonal matrix 7, from 7, and T,.
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The first step in the Lanczos algorithm involves forming the matrix vector product
(A® A" uy. Meaning, given uy in the tensorial basis as in , i.e., given the coefficient
matrix v¥ € R¥** we must determine (A @ A’)uy in the tensorial basis. This can easily
be done using the three-term recurrence formulas for the Lanczos algorithms on A and
A’. Define nft1 € REHDX(E+D) t6 be the coefficients of (A@® A')uy in the tensorial basis,

ie.,
k+1
(A Ay = Z nkﬂvl ® V). (4.39)
1,j=1

Inserting the expansion (4.38)) into (4.39), and using the three-term Lanczos recurrence

gives

k+1 k
Yo=Y Ao A)(ve),
7] 1 'L,]:].
k
= Z ij(Avi ® v} +u;® A'v}),
=t (4.40)
k
= Z %kj [(&-1%-1 + v + Bivit1) ® v;,
ig=1

+ 0 @ (B} 10}y + vl + Bivj, )]

Re-indexing individual terms in the final summation of (4.40) and adopting the con-
vention that Sy = 5 = 0 and 'yfj =0 for i,j ¢ {1,...,k}, we find that the entries of

the matrix 7**1 are

775]“ = %kj(ai + a;-) + ’szJrljﬁi + ’szjJrlfB;' + 'Yz[ilj/Bi—l + ’ijqﬂ;;la (4.41)
fori,j=1,....k+1.

The next step in the Lanczos algorithm creates the coefficient af = (u, (A® A" )uy).

Due to the orthonormality of the tensorial basis vectors v; ® v;, we can now easily

compute a,? as

i,j=1
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where (-, -)p is the Frobenius inner product, and again, we have made use of the
convention that %kj =0for,j5¢{1,... Kk}

Define 11 as
g1 = (A D Ay, — oz,?uk — 51?_11%—17 (4.43)

and let the coefficients of @iy, in the tensorial basis be 3571 € RE+Dx(k+1)  From ([.43)),

~k+1

the entries of & satisfy

Vit =gt = ol - BT i=1 kL (4.44)

Using again the convention that yfj =0 for i,5 ¢ {1,...,k}, we can rewrite (4.44]) in

matrix form as

FAHL =l _ @k _ g0 k-l
0 0
0
k+1 3 @ yETL D (4.45)
= T SR el e -
0
0 ... 0

Finally,

— ~ . 1 .
B = /i1, drpr) = |7 and A*H = ;@v’“*% (4.46)
k

where ||-||p denotes the Frobenius norm.

A concise overview of the partial tridiagonalization of (A®A’), with rank one starting
vector v ® v’ is given in Algorithm Full orthogonalization is used in the Lanczos
algorithm on A and A’ to ensure the tensorial basis is orthonormal to working precision.
Using Algorithm we are now able to perform the partial tridiagonalization of A@ A’,
without explicitly forming the matrix A @ A’ € R xn?, This, along with Lemma
allows us to use the methods in Section to approximate the density of states for
A @ A’, which is equivalent to the joint density of states.

Before utilizing Algorithm [I3]to approximate the joint density of states, we comment
on the algorithmic complexity. For this discussion we assume the matrices A and A" are
sparse, and matrix vector products require O(n) floating point operations (flops). More

generally, for a matrix with at most n, nonzeros per row, matrix vector multiplication



Algorithm 13 Lanczos Algorithm of Kronecker Sum (full orthogonalization)

1: Initialize v1 = v/||v||, v} = v'/||V'||, Bo = B4 = 0, vo = v) = 0, v1; = 1.
2: for k=1,...,m do

3: 0= Avg — Br_1vk—1
4: v =Av, — B v,
5: ap = (@,Uk)

6: ap = (v, v})

7 fori=1,...,k do
8: V4— 0 — (ﬁ,vi)vi
9: V0 — (U, 0]
10: end for

1 B =9

2 =7

13: if B, =0 or 5}, = 0 then stop
14: else

15: Vg1 = &

16: Vpoyy = g—;;

17: end if
18: fori,j=1,...,k+1do

E+1
19: 7]1']'+ = %kj(ai + O‘;') + %ﬂuﬂi + 'ijJrlﬁ;' + 'Yf;ljﬁifl =+ '}’fj71ﬁ§;1
20: end for
21: al,i? = (ka’ e ) )
220 A=t —ayh - g 4
2. By = H’V'“l“HF
o ARl = @Vkﬂ

k

25: end for




94
is O(n,n). The standard m-step Lanczos algorithm in exact arithmetic for the matrix
A and vector v has O(mn) complexity. This follows from all steps, in each of the m
iterations, requiring O(n) flops. Therefore, due to the Kronecker sum of A and A’

2 matrix, applying the standard m-step Lanczos algorithm to A & A’

being an order n
with starting vector v ® v’ is O(mn?) complexity. On the other hand, Algorithm
performs the Lanczos algorithm on A® A’ with rank one starting vector in O(mn +m?)
operations. Assuming m < n, Algorithm (13| has complexity O(mn) which is no more
than the standard m-step Lanczos algorithm for an n x n matrix!

Before approximating the joint density of states with several trial vectors, we review
Hutchinson’s method for the density of states of A® A’ with one trial vector. Specifically,
letting w, w’ ~ N(0,1), Lemma (13| tells us that E[(w ® w')(w ® w’)T] = I, and so we
may apply Lemma [10| with trial vector w ® w’. The spectral function corresponding to
A @ A" and vector w @ W', s(\;A® A, w ® w'), is proportional to the joint density of
states in expectation, i.e., (J, f) = 1/n?E[(s(\; A® A", w@w’), f)] for all test functions f
(see (4.35)). With the aid of Algorithm[13] we can approximate s(\; A& A’, w®@w') using
the Lanczos process. By forming the Lanczos partial tridiagonalization T € R™*™
from , and denoting the eigenvalues of T/ as ;, with corresponding normalized

eigenvector y;, j = 1,...,m, an approximation to the spectral function for A @ A’ and

w @ w is given by

m
s A@ A ww) & [[wl*llw > [(y;, e1) PS(A - 6;). (4.47)
j=1
The right hand side of is an approximation of the spectral function in the sense
that the first 2m — 1 moments of |lw]|?|jw’[|? Z;n:l\(yj,el)Pé()\ — 6;) match those of
sNAD A wew).

As in the case of the density of states, we approximate the joint density of states
by averaging the results of many Lanczos processes with independent starting vectors.
Using Algorithm with trial vectors, w® @ w’(k), k=1,...,ny, results in n, order
m Lanczos partial tridiagonalizations of A @ A’. Denoting, respectively, the eigenvalues
and corresponding normalized eigenvectors of the partial tridiagonalizations as 6§k) and

y](-k), j=1,...,m,and k =1,...,n,, the method I approximation to the joint density
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of states is

1n2 ZU:ZHw(k)HQHMI(MHQI(Z/J(-k)a61)|25(>\ _ 9](_/@))' (4.48)

J(N) =
(L

The full algorithm for the method I Lanczos approximation to the joint density of states
is given in Algorithm

We remark that the procedure given in this section for performing the Lanczos
algorithm on a Kronecker sum has not, to the best of the authors knowledge, appeared in
the literature. In this thesis, we use the Lanczos algorithm for its relation to the spectral
function and Gauss quadrature. However, the Lanczos algorithm has many uses, and
this new method of performing the Lanczos algorithm on a Kronecker sum with a rank
one starting vector, may be useful in other areas. For example, when approximating
the solution of the Poisson equation in two dimensions with the finite element or finite
difference methods, if the source term is separable, then in many cases the linear system
is of the form (A; @ Ag)x = by ® ba. When using Krylov methods, such as the Lanczos
algorithm, if xy is the initial guess, the residual vector r = by ® ba — (A1 @ Ag)xy is
typically chosen as the starting vector. Choosing a zero initial guess gives b; ® by as the
starting vector, and hence Algorithm [13] can be used to perform the Lanczos algorithm

on A @ A without needing to explicitly form the Kronecker sum.

Algorithm 14 Lanczos Approximation of the Joint Density of States (method I)

Initialize m, n,, and set k = 0 and J(\) = 0.
while k£ < n, do

Draw trial vectors w,w’ ~ N(0,1).

Partially tridiagonalize A ® A’ with starting vector w ® w’ (Algorithm to get
TP e RMx™,

5: Compute eigenpairs T y; = 0;y;, yiTyj = 0;5, 4,5 = 1,...,m.
~ ~ 201,112 I
6O T+ TR 3 (5 e) PO - 6)).
]:
k+—k+1.

8: end while
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4.4.2 Method II

In this section we give a second method to approximate the joint density of states. If T},
and T}, are the Lanczos partial tridiagonalizations of A and A’ respectively, we showed in
the previous section that the Kronecker sum, T,,, &7}, , is not a partial tridiagonalization
of A@® A’. This follows because the Kronecker sum of two tridiagonal matrices is not
tridiagonal, but block tridiagonal. Therefore, T;,, ® T}, can not be used for the Lanczos
process, with its desired moment matching property. However, we show in this section
that we can indeed use the eigenpairs of T,,, & T, to determine the nodes and weights
for a quadrature rule approximating a spectral function corresponding to the matrix
A @ A, albeit not Gaussian quadrature.

Before introducing method II, we define the convolution of measures on the real line.
Let p and p/ be measures with compact support (meaning du and dy’ are zero outside

of some finite interval). Then, the measure p * p’ is defined as

+00 +oo  p+too
[t = [ O Np)d (), (4.49)
—00 -0 J—o0o
for any test function f, where the integrals in are Riemann—Stieltjes integrals [47].
We call p* p’ the convolution of the measures p and p’. Recall, to each measure there
corresponds an element of the dual space of continuous functions, i.e., to the measure
p there exists n such that (n, f) = [ fdu for all test function f. This correspondence is
unique assuming some normalization conventions are satisfied. For the action of 1 on
a test function f, we write (n, f) = [n(X)f(A)dX. Let n and 7’ be the elements of the
dual space of continuous functions corresponding to p and ' respectively. Then, u * p’
corresponds to an element of the dual space of continuous functions, denoted n * 7/,

which satisfies
o0 400 p+oo
| ehovran= [ FO+ Ndu(Nd (V). (450)
It is straightforward to show that condition (4.50|) is satisfied by
+o0

(1) (A) = / n(O)7 (A — 0)db. (4.51)

—0o0
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With the convolution of measures defined, we now represent the joint density of
states as a convolution. If we write ¢()\) as the density of state of A, and ¢'(\) as the

density of states of A’, the joint density of states is the convolution of ¢ and ¢’, i.e
TO) = (9% ) /¢ —6)ds, (452)

see, e.g., [37,138]. We can write as J(A) =1/n>"" ¢ (A—N\;). Similarly, because
convolution is commutative, it holds that J(A) = 1/n ) " | ¢(A — X)).

The relation gives a direct method to approximate the joint density of states.
By replacing both densities of states in with approximations from the Lanczos
process, we derive a new Lanczos approximation to the joint density of states, distinct
from that created by Method I. As outlined in Section the densities of states ¢ and
¢’ are constructed using several trial vectors with entries in A/(0,1). For simplicity, we
begin by constructing an approximation to the joint density of states when the densities
of states of A and A’ have been approximated using one trial vector.

Let w,w' ~ N(0,1) be trial vectors. Then, as in (4.11]), we know that 1/ns(\; A, w)
and 1/ns(A\; A, w') are equal in expectation to the densities of states ¢ and ¢’ respec-
tively. Let T, € R™*™ be the Lanczos partial tridiagonalization of A with starting
vector w, and T, € R™*™ the Lanczos partial tridiagonalization of A" with starting
vector w’. Replacing the spectral functions by their corresponding Lanczos approxima-
tions gives the following (single trail vector) approximations to the densities of states

/||2 m

ZI Y en)6(A — 6,

ST LGl [ o YT OR
P(A) = - > (g, e)]?6(A = 0;), and (X
i=1

where ¢; and y;, j = 1,...,m, are the eigenvalues and normalized eigenvectors of T,
respectively, and 0;- and yg-, j=1,...,m, are the eigenvalues and normalized eigenvec-

tors of T}, respectively. The new Lanczos approximation to the joint density of states
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from (4.52)) is,

jo = It Zm
J( | Yi, €1 ‘ ¢ )\ 9)
4.53
wl? ||w'u2 S ) , (4.53)
- 2 | yuel ‘ ’ y],e1)\ 5(/\— (9,4—9]))
t,j=1

Notice that the Dirac distributions in are concentrated at the m? eigenvalues
of the matrix T,, & T,,, and the coefficients, |(y;, 61)|2|(y;, e1)|?, are the square of the
first component of the normalized eigenvectors, y; ® y;-. So, while we rejected T}, &
T! in the previous section because it is not a Lanczos partial tridiagonalization of
A® A, what shows is that the eigenpairs of T, @ T, may be used to form an
approximation to the joint density of states. Next, we show in what sense J defined

in (4.53)) approximates the joint density of states. First, we state a simple lemma.

Lemma 14. Let \;, N, w;, and w,, i = 1,...,n, be given real numbers, and for an
integer, d > 0, suppose 0;, 9;-, 7j, and 7' ,j=1,...,m, are real numbers which satisfy

the moment matching criterion
n m
Y= Yottt Youipi! =3
i=1 j=1 Jj=1
for£=0,1,...,d. Then,

Zwl (A + X)) Zﬂ (6; + 0))°

7.7 1 ,]1
for£=0,1,...,d.

Proof. By the Binomial Theorem (\; + )\' Zk. o (& ))\f_k/\;-k, and so for any integer
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0<¢<d,
n n l )
> wiwj(hi+ X)) = > (k> wii AR
i,j=1 i,j=1 k=0
l ) n n
E () (),
k=0 i=1 j=1
4 ) m m N
_ nl—k
2 () (B ) ()
k=0 =1 7=1
n l
l 0k
= Z Z <k>7'i7'j/-9i 9; ,
1,7=1 k=0
= Z 7'i7']'-(¢9Z + 0;)Z
i,j=1

O]

Next, we show how Lemma a simple consequence of the binomial theorem,

explains the utility of the joint density of states approximation (4.53)).

Theorem 17. Let A, A’ € R™" be symmetric and v,v' € R™. Additionally, let
T, Ty, € R™™ with normalized eigenpairs Try; = 6;y; and Ty, = 05y, j =
1,...,m, be the order m Lanczos partial tridiagonalizations of A with starting vec-
tor v and A" with starting vector v' respectively. Then, the first 2m — 1 moments of

[l 107112 32551 (i ) PI(yj, e1) PO (A — (0 + 65)) match those of s(\; A& A", v ®v').

t,j=1

Proof. Let A and A’ have eigenpairs as in ({.1). The measure ||v||? > (s, e1)26(\ —
6;) is the result of the Lanczos process with the matrix A and vector v, and hence an
approximation to the spectral function, s(A; A,v) = Y1 | (x4, v)[25(A— i), in the sense
that the first 2m — 1 moments match (see (4.6)), i.e.,

n m
Sl @n )P = Y g e) P04, €=0,1,..2m — 1.
i=1 j=1
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The same holds true for all primed quantities,

m
14 )4
E |(z IPAL = ||| E |(y§-,61)\292~, (=0,1,...,2m— 1.
j=1

A straightforward application of Lemma with d = 2m — 1, w; = |(z,v)|?, W} =

)

(@}, "), 75 = [[v]?|(ys, €1) |, and 77 = [[o/[|*](y}, e1)]* shows
m
Z! i, 0) 712, o) P+ M) = [0l D (i en) P, e0) P (8 + 6))", (4.54)
i,j=1 i,j=1

for £ = 0,1,...,2m — 1. The result follows by noticing the left hand side of (4.54) is
the ¢th moment of s(\; A @® A’,v ® v’) and the right hand side is the ¢th moment of

w1112 32751 (i e1) 21y, en) [P0 (A — (0 + 65)). O

Theorem (17| shows us that J from matches the first 2m — 1 moments of the
spectral function 1/n%s(A\; A ® A,w ® w'). In turn, the spectral function 1/n?s(\; A @
A, w®w') is equal in expectation to the joint density of states when w,w’ ~ N(0,1).
In other words, by using the Lanczos process to approximate the densities of states for
A and A’, we can form an accurate approximation to the density of states of A @ A’.

We remark that while Theorem [17]is stated for two order m Lanczos approximations
to the spectral functions s(\; A,v) and s(\; A’,v'), the user may also choose different
order approximations for each. In this case, if one produces an order m Lanczos approx-
imation to s(\; 4,v), an order m’ Lanczos approximation to s(\; A’,v’), and convolve
them (as in ), the result matches the first 2 min{m, m’'} —1 moments of the spectral
function s(\; A @ A, v @ ).

As in the case of the density of states, for the method II Lanczos approximation
to the joint density of states we stochastically average results over many trial vectors.
To this end, let w® w'®) ~ N(0,1), k = 1,...,n,, denote trial vectors. For each
trial vector we partially tridiagonalize A and A’ by performing the m-step Lanczos

1(k) respectively, obtaining Téf )7T1fn(k) €

R™*™_ Denote the eigenpairs of each partial tridiagonalization as, Téf )yi(k) = ng)ygk),

) = 1, and 7, Py ® = g2yt ® @) =1 for 4,7 = 1,...,m. Then, the

algorithm with starting vectors w®) and w
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Lanczos approximation to the joint density of states is

)= ez 20 S P P f0e) Pl %) 3~ 6 +)

kl=11,j=1
(4.55)

The method II approximation to the joint density of states is summarized in Algo-
rithm [I5]

Algorithm 15 Lanczos Approximation of the Joint Density of States (method II)

1: Initialize m, n,.

2: fork=1,...,n, do

3. Draw trial vectors w®, w'® ~ N(0,1).

4: Partially tridiagonalize A and A’ with starting vectors w*) and w’ (k) respectively
to get Tr(f), T’Sﬁ) e Rmxm,

5: Compute eigenpairs T,Elk)ygk) = ng)yl(k), Hyz(k)H =1, and T’gs)yl( ) = H’Ek)y’gk),
) =1,i=1,...,m

6: end for

7 IO = g e S ™ 2w O 1210 e Pl e PS (- 0 +077)).

Finally, we make a few comments on the differences in method I and method II for
producing a Lanczos approximation to the joint density of states. First, we notice that
method I, with one trial vector w ® w’, is an m-point Gauss quadrature approximation
to the spectral function s(\; A@® A’, w ®w'), while method II is an m2-point quadrature
approximation to the same spectral function. Both methods match the first 2m — 1
moments of s(\; A® A’ w®w’), and both methods have positive weights. Hence, both
quadrature rules are convergent of class C(£2), as Steklov’s Theorem (mentioned in the
previous chapter) stipulates. Both methods post-process Lanczos partial tridiagonal-
izations of A and A’ to create an approximation to the joint density of states. In short,
for both methods we get three spectral quantities for the price of two (the eigenpairs
of Lanczos partial tridiagonalizations giving approximations to the density of states of
A and A’ by Algorithm and by post-processing we get an approximation to the
joint density of states). Method I is optimal in the sense that it recreates the maximal
number of moments for a given number of quadrature nodes (due to its relation to
Gauss quadrature). Method II is ideal because for n, partial tridiagonalizations of A

and A’, we average n2 approximations to the joint density of states. This is in contrast
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to method I, where n, partial tridiagonalizations of A and A’ results in averaging n,

approximations to the joint density of states.

4.5 Joint Density of States for Generalized Eigenvalue Prob-

lems

In this section we approximate the joint density of states, J(\) = 1/n? D=1 0(A =
(Ai + A})), where the eigenvalues stem from the generalized eigenvalue problems 2.
As for the density of states for a generalized eigensystem, the main difference is the
choice of starting vector for the Lanczos algorithm. Instead of using a random vector
with entries in AV (0, 1), we need to perform a linear operation on this vector first. Most
of the heavy lifting for this section has already been performed in Section and [£.4]
and so we give a simple overview of approximating the joint density of states by method
I and II. As we saw in Section by scaling using the diagonal of the mass matrix
(see ), the new mass matrix D~/2BD~1/2 is better conditioned. Moving forward,
we assume this scaling has already been performed.

As seen previously, the first step is to factor the mass matrix in order to reformulate

the generalized eigenvalue problem as a standard eigenvalue problem. Letting B =

LLT be the Cholesky or square root factorization of the mass matrix, the generalized

eigensystems in (4.2)) become

T
CZZ‘ = )\izi, Zi %5 = 6ij
I, 1t 1Ty

fori,j = 1,...,n, where C = L AL™T C' = LYA'LT, z; = LT2;, and 2, = LT2!.
Note that when transitioning from the generalized eigenvalue problem , to the
standard eigenvalue problem , the eigenvalues remain unaltered (in contrast with
the eigenvectors). This tells us the joint density of states corresponding to the pair
of generalized eigenvalue problems is the joint density of states for the standard
eigenvalue problems (4.56|).

Using the definition of the Kronecker sum, Theorem [L5] tells us the joint density of

states for the systems (4.56) is the density of states for C&C’. We are now in position to
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use the results of Section to approximate the density of states for C' @ C’. Choosing
trial vectors w,w’ ~ N(0,1), we know that the spectral function corresponding to the

matrix C @ C’ and vector w ® w' satisfies
1 ! /
JZEE[S()\;C@C,U)@w)]. (4.57)

Therefore, in order to approximate the joint density of states for the generalized eigen-
value problems , we use the Lanczos process to approximate the spectral function
sCalCiweuw).

In order to relate s(A\;C @ C',w ® w') to the B-Lanczos method we use the same

device deployed in (4.18]). Namely, for any vectors u,u’ € R™, the eigenvectors of C' and
(" defined in (4.56]) satisfy

(Zi’u) = ($i,U)B and (Z£7u/) = (1";)”/)37 (458)

where v = L™Tu and v = L~Tu/. This shows that the spectral function s(\; C,u) is
equivalent to the spectral function s(\; A, B,v) with v = L=Tu. Similarly, s(\;C",u’) =
s(\; A, B,v') with v/ = L™T4'. We next show how to use B-Lanczos algorithms to

approximate the joint density of states using method I and II of the previous section.

4.5.1 Method 1

Method I relies on implicitly forming the Lanczos partial tridiagonalization of C' & C’.
This is accomplished (see Algorithm by performing the partial tridiagonalization of
C and C’ individually, and then combining the results to get the partial tridiagonaliza-
tion of C'@® C’. Recall from Chapter 2 that the Lanczos partial tridiagonalization of C,
with starting vector wu, is the same as the symmetric tridiagonal matrix resulting from
the B-Lanczos algorithm with the matrices A and B, and starting vector v = L™ w.
Similarly, the Lanczos partial tridiagonalization of C’, with starting vector v’, is the
symmetric tridiagonal matrix resulting from the B-Lanczos algorithm with matrices A’
and B, and starting vector v/ = L~T4/. Therefore, we can alter Algorithm to use

the B-Lanczos algorithm, with the proper starting vector, and in this way create the

Lanczos partial tridiagonalization of C @ C’ with starting vector v ® u’ for arbitrary
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vectors u,u’ € R™. This is shown in Algorithm Note that while Algorithm
involves the matrix vector products L~ 7w and L~7v/, these are to be approximated
using the Chebyshev expansion of the inverse square root of B, discussed at length in
Section Also, as in Section .4 we use the full orthogonalization variant of the

B-Lanczos algorithm for robustness.

Algorithm 16 B-Lanczos Algorithm on Kronecker Sum (full orthogonalization)

1: Initialize m, vo = L™ Tu, v} “Tu', wy = Bug, wh = Bvjy, vi = v/ v wo,

T
w1 = wO/ UO wo, ’U1 - UO/ \/ ’U6 w0> wl = wO/ UO wOa /30 = /B(l) = 07 ’Ylll =1

2: for k=1,...,mdo

3: w = Avk — Br—1wWi—1

4 0= Al — B _qwy

5: ap = (71), vk)

6: ap = (0, v})

7 fori=1,...,k do

8: W 4— W — (u?,vi)wi

9: W' ' — (0, v))w,

10: end for

11: Solve Bv = w for v

12: Solve Bt = @' for '

13: Br = (0, W)

14: /Bk = ( ! N/)

15: if B8, = O or 3. = 0 then stop
16: else

17: Up+1 = 7 and w1 = 5
18: v;+1:g—éandw;+l—%
19: end if

20: fori,j=1,....,k+1do

21: 77,’3“ = (e + ) + b 1B+ 85+ B 1B
22: end for

23: ay = (¥*, g

o4 AR = 77k+1 of Ok 5;?,1’7]671
25 B = I3 Ir

2%6: O ﬁ%:},kﬂ

27: end for ’

Using Algorithm we can produce the partial tridiagonalization of C @ C’ with

starting vector w ® w', where w,w’ ~ N(0,1) in order to approximate the joint density
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of states. Using the partial tridiagonalization, say TY € R™*™ we are able to use
the Lanczos process to approximate s(\;C @& C',w ® w'), with the spectral function
s(A;C ", w@w') being equal in expectation to the joint density of states (see (4.57)).
Let the eigenvalues and normalized eigenvectors of 7)Y be 0; and y;, j = 1,...,m,
respectively. The method I approximation to the joint density of states (for one trial

vector) is
/||2 m

Z\ yire1)[26(h — 0;). (4.59)

~ wl|*||w
oy = I
Obviously, by performing the Lanczos process for several trial vectors, and averaging

the result, we produce a more accurate approximation to the joint density of states. This

is included in Algorithm [17] for n, trial vectors.

Algorithm 17 B-Lanczos Approximation of the Joint Density of States (method I)

Initialize m, n,, and set k = 0 and J(\) = 0.
while k£ < n, do

Draw trial vectors w, w’ ~ N(0,1).

Partially tridiagonalize C' & C” with starting vector w ® w’ (Algorithm to get
TP e RMx™,

5: Compute eigenpairs TEByjm: iYj, yZTyj =05, %, =1,...,m.
6 T T+ BTREE 3( e)P00 = 0)).
k+—k+1.

8: end while

4.5.2 Method I1

For the method II approximation to the joint density of states for generalized eigen-
systems, we convolve the Lanczos approximations to the density of states for the indi-
vidual generalized eigensystems. To make concepts concrete, we start by constructing
the density of states approximations for each eigensystem using one trial vector, before
generalizing to many trial vectors. Let B = LL” be a factorization of the symmetric
positive definite mass matrix, and let w,w’ ~ A(0,1) be trial vectors. By performing
the B-Lanczos algorithm on A and B with starting vector v = L~ 7w, we obtain the
order m partial tridiagonalization T,, € R™*™. Similarly, using the B-Lanczos algo-

rithm with starting vector v/ = L~Tw’, we obtain T/, € R™*™  the order m partial
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tridiagonalization of A’ and B. Let the eigenvalues and normalized eigenvectors of the
partial tridiagonalizations be given by T,y = 6;y;, myj =0, yj, for j=1,...,m. The
Lanczos approximation to the density of states (with one trial vector) for the matrix

pair A and B is

~ w 2 m
30 = S e0)200 - ),
j=1

and for the matrix pair A’ and B,

/HQ m

Z’y]a€1|6)‘ 9)

7 Hw

With approximations to the densities of states, we now convolve ¢ and ¢’ to construct

an approximation to the joint density of states given by

= |W||2 S
J( Z| y17€1‘¢()‘ 6)
4.60
_ ] \|w’H2 S 2 / o
= Z| Yi, €1 | | yj7€1)| 6(>‘_ (9’+9J))
i,j=1

As in method II for the standard eigenvalue problems, the above approximation simply
amounts to multiplying all coefficients from the approximate densities of states, and
adding all combinations of Ritz values. Because the densities of states, ¢ and ¢', match
the first 2m — 1 moments of s(A; C,w) = s(\; A, B,v) and s(\; C",w') = s(\; A, B,v')
respectively, the approximate joint density of states will match the first 2m — 1
moments of s(\; CHC’, w@w') as shown in Theorem In turn, as illustrated in ,
1/n25(\;C @ C',w ® w') equals the joint spectral function in expectation. Therefore,
by approximating the densities of states for both systems, we gain an approximation to
the joint density of states at no (significant) additional expense.

By performing the same approximation using additional trial vectors, we gain a
better approximation to the joint density of states. This is summarized in Algorithm [18]
Note that while the Cholesky factor L is used (B = LT L) in Algorithm in practice
we utilize a Chebyshev approximation L7 in order to form the starting vectors, as
outlined in Section
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Algorithm 18 B-Lanczos Approximation of the Joint Density of States (method II)

Initialize m, n,.
fork=1,...,n, do
Draw trlal vectors w®) w'® ~ A(0,1).
Form starting vectors v( ) = L7 Tu® and v'® = L-Ty/®).
Perform B-Lanczos with A and A’ and starting vectors w®) and w’ *) ¢ get
T, %) ¢ Rmxm,
6: Compute eigenpairs Tr(nk)ygk) = 0§k)y§k), Hyz(k)H =1, and T’g,’f)y Z(k) = 9’(k) ’( ),
ly® ) i=1,...,m
7. end for
8 TN = i Ty Yo lo® 2w @RI e) Pl en) 28 (a - 0 +077)).

4.6 Joint Spectral Function

In this section we introduce one final joint spectral quantity. Namely, that of a joint
spectral function for a pair of eigenvalue problems. Let A, A’ € R" " be symmetric

matrices with eigenpairs as in (4.1). We define the joint spectral function as

n

a(A) =) (@i, )P0 (A = (A + N))). (4.61)
ij=1

To produce the joint spectral function exactly, a complete accounting of all eigenpairs
of A and A’ is required. This is in contrast to the joint density of states where only the
eigenvalues are present. We will show that the joint spectral function is the spectral
function for the matrix A @ A’ and vector 2?:1 e; ® e;. It is used in semiconductor
physics, and is important in the determination of optical properties of light emitting
diodes. We will see specific applications of the joint spectral function in the next chapter.
Recall the outline for approximating spectral quantities. We first relate the spectral
quantity to a spectral function, and then use the Lanczos process to approximate the
spectral function. Following this roadmap, we look at spectral functions for the matrix
A @ A'. Using results of Theorem we see that the spectral function of A & A’ with

starting vector u € R"™ is given by

n

s\ AD A u) = Z (2 ® 2, u) ‘ (A= (X +X)). (4.62)
ij=1
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Equation shows that if we choose u such that (x® ', u) = (x,2’) for arbitrary

z,x’ € R"™, then the spectral function corresponding to A @ A’ and u is equal to the

joint spectral function. This would allow us to perform the Lanczos process on A @ A’

(potentially utilizing Algorithm in order to approximate the joint spectral function.
It is easily verified that the desired u is given by

n
u= Z e @ e;, (4.63)
i=1

where e; is the ith column of the identity matrix of order n.
The starting vector (4.63)) poses several issues. First, we see that u is a sum of
rank one vectors. This is problematic because the spectral function is not linear in the

starting vector, i.e., for vectors v, w € R",
s\ A v+ w) # s(A A v) + s(A Ay w). (4.64)

Another way of saying is, (v+w)T f(A)(v+w) # T f(A)v+w! f(A)w for smooth
f in general. Hence, we are unable to perform n Lanczos processes on the matrix A@® A’
with rank one vectors, e;®e;, 1 = 1,...,n, in order to approximate the spectral function
s(A\; A A’ Ju). In fact, we can show that for any test function f and w given by

we have
n

(sA@ A u), £y =) (e@e) f(Ad A)(e; @ ¢;). (4.65)
ij=1
While it is possible to approximate bilinear forms v” f(A)w, v # w, the standard method

is to use the identity
VI f(Aw = 1/4((0 +w)T f(A) (v +w) = (v —w)T f(A)(v = w)),

see, e.g., [17]. This is again problematic because e; ® e; + ej ®ej and e; ® e; — e @ e
are rank two for ¢ # j, and so do not fit within the framework of Algorithm [I3] which
requires a rank one starting vector. Second, even if were true, because n > 1
for problems of interest, it would be too costly to approximate s(\; A & A’ u) using n
Lanczos processes on the spectral functions s(\; A A’ e; ®e;), i =1,...,n. Thus, we

must devise a new strategy to approximate the joint spectral function, rather than rely
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on old tools.
Next, consider the following scenario. Suppose we know the eigenpairs of A’, i.e., we
have exactly computed eigenvalues )\;» € R and corresponding orthonormal eigenvectors

:c; € R™ for j =1,...,n. The spectral function corresponding to A and $3 is given by
si(A) = s(\; A, 2 Z| i, )| 26X — \i). (4.66)

Other than shifting by a factor )\;, 4.66]) is the marginal obtained by fixing the index
j in (4.61). In other words,

n

a(d) =) si(A= X)) (4.67)

=1
Similarly, if we know the eigenvalues A; € R and corresponding orthonormal eigenvectors

z; ER" of A, i =1,...,n, then the spectral function corresponding to A’ and z; is
SN = s(\; A, x) Zy i, 7)) 26(A = \)),

and the joint spectral function is given by

n

a(d) =) A=)
i=1
Equation tells us that if we know the eigenpairs of A’, then we can obtain
the joint spectral function using the spectral functions corresponding to A and the
eigenvectors of A’. So, by approximating the eigenpairs of A’, and performing n Lanczos
processes on A with the approximate eigenvectors of A’, we can approximate the joint
spectral function. Continuing with our assumption that we know the eigenpairs of A’, let
Tg) € R™*™ be the partial tridiagonalization of A with starting vector 339, 7=1,...,n,
and denote the eigenpairs of the partial tridiagonalization as Tr(r{ )y,gj ) = 9,(5 )y,(j ), k=

1,...,m. Then, the Lanczos approximation to the joint spectral function is given by

n

a(n) =" 5=\, (4.68)

Jj=1
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where,
m

500 =Yl e Ps(r — o). (4.69)
k=1

While this may seem like an exercise in futility, given that we need to fully diagonalize
a matrix in order to approximate the joint spectral function, our examples in the next
chapter prove otherwise. The reasoning is simple. First, note that we have reduced the
workload by half. Instead of approximating eigenpairs of both matrices A and A’, we
now only need to approximate the eigenpairs of one or the other to estimate the joint
spectral function. Second, in certain situations, we are only interested in approximating
the joint spectral function in an interval [\, A]. This means that we are only required
to approximate the eigenpairs of A’ (or of A) for eigenvalues in a certain range. We
discuss specifically which eigenpairs of A’ are required next.

Assume we want to approximate the joint spectral function in the interval [, A]
where A < A\; + A, i.e., we are interested in the “bottom” portion of the joint spectral
function (recall the eigenvalues of both A and A’ are in ascending order). Next, we show
that we only need to compute a portion of the spectrum of A’ for the Lanczos process,
dependent on the magnitude of . This greatly reduces the complexity of the problem,
and makes the method suitable for two and three dimensional computations.

We begin with a simple observation. Assume for the moment we know the first 4
eigenpairs of A and j eigenpairs of A’ i.e., we have eigenvalues )\; and corresponding
eigenvectors z;, for i = 1,...,4 and )\; and x; for j =1,...,7, with i, j < n. Using only

these eigenpairs we may approximate the joint spectral function as

a(A) ~ Y (@ PN = (N + X))). (4.70)

i=1 j=1

Notice, however, that we can only rely on approximation (4.70) for A\ between
A< A <min(A\ + A%., Az + AD). (4.71)

The maximum value for which we trust the approximation (4.70)) is determined by (4.71))
by the following reasoning: if more eigenvalues of A and A’ are computed, then the new

terms added to the right hand side of (4.70|) involve Dirac masses concentrated at
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Ny T A; and A; + )\%ﬂ. for 4,5 > 1, which are all greater than min(\; + )\%, A+ A)).
Hence, we know that for all values A satisfying , the joint spectral function is
unchanged with the addition of these new terms. The conclusion being, if we want to
use to approximate the joint spectral function for A € [A, A], we need to compute
enough eigenpairs of A and A’ such that A\ < min()\; + )\%, Az + A1), where A; and )\% are
the largest eigenvalues computed of A and A’ respectively.

Now, we translate the above reasoning to the approximation of the joint spectral
function using the Lanczos process on A with starting vectors equal to the eigenvectors of
A, as in (4.67)). The above reasoning suggests that if we are interested in approximating
the joint spectral function for values of A < X, we need to compute all eigenpairs of A’
with eigenvalues less than or equal to A — A\;. Similarly, if we approximate the joint
spectral function using the Lanczos process on A’ with starting vectors equal to the
eigenvectors of A, then we need to compute all eigenpairs of A with eigenvalues less
than or equal to A — \}. Note that, assuming eigenvalues of A and A’ are positive, \;
and \| are easy to approximate using a few iterations of the inverse power method, or
other more sophisticated methods. Note also that, in practice, all that is needed are
lower bounds for A or A;. However, a poor lower bound will require the computation
of additional eigenpairs to ensure is satisfied. Hence, it may be worthwhile to
compute A\; to reasonable accuracy.

Using the above reasoning, the Lanczos approximation to the joint spectral function
in the interval [\, A], with A < A\; + )}, is summarized in Algorithm

Algorithm 19 Lanczos Approximation to the Joint Spectral Function

1: Initialize m, X, and set &()\) = 0.
2: Compute lower bound \; such that A\; < A\; = Amin(A4).
3. Compute eigenpairs of A’ with eigenvalues less than X — Ay, A’ x = Nl |2k = 1,
j=1....5.
4: for j=1,...,7 do
Partially tridiagonalize A with starting vector a:;., obtaining T, € R"™*™,
6: Compute eigenpairs Ty, yr = Orys, ygyg =0y, for K, €=1,...,m.

a0 —al) + kily(yk, e )25(A — (65 + X))

8: end for
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4.7 Joint Spectral Function for Generalized Eigenvalue

Problems

In this section we present the Lanczos approximation to the joint spectral function
corresponding to a pair of generalized eigenvalue problems. We use the same notation
as in last section, with the only difference being the use of the B-inner product, e.g.,

the joint spectral function becomes

a(\) = Z [(25,25) B[P (A — (A + X)), (4.72)
i,5=1

where the eigenpairs are as in (4.2]). Similarly, the marginal (4.66|) becomes

n

sj () = s(A A, B,af) = (i, 25) 76 (A — \i). (4.73)

=1

The joint spectral function (4.72)) and marginal (4.73) are related by

n

a(d) =) si(A=N). (4.74)

j=1
We can use the B-Lanczos process to approximate s;(A) in (4.73), and by replacing
sj(A — )\;) in (4.74) with the corresponding Lanczos approximation, we create an ap-
proximation to the joint spectral function. If we write 5;(\) as the Lanczos approxima-
tion to the spectral function s(\; A, B, x;), then the approximation to the joint spectral

function is given by
n

a(d) =Y (- N). (4.75)

1

<

Note that, as in the previous section, if we are only interested in approximating the
joint spectral function for values A € [\, \], we only need to approximate some of the
eigenpairs of the matrix pencil involving A’ and B. The specific number determined by
the value A — \; (here we again assume A < A\; + \}).

In the case of the density of states and joint density of states, it was necessary to

change the starting vector when transitioning from the standard eigenvalue problem
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to the generalized eigenvalue problem, in addition to using the B-Lanczos method.
However, the situation is simpler in the case of the joint spectral function. The only
modification needed is the use of the B-Lanczos method instead of the standard Lanczos
algorithm. The Lanczos approximation to the joint spectral function corresponding to

a pair of generalized eigenvalue systems is given in Algorithm

Algorithm 20 B-Lanczos Approximation of the Joint Spectral Function

1: Initialize m, X, and set &()\) = 0.
2: Compute lower bound :\1 such that 5\1 < ).
3: Compute eigenpairs of matrix pair A’ and B with eigenvalues less than A — 5\1,
Azl = )\;-Bx;-,in;-HB =1,j=1,...,].
4: for j=1,...,7do
Perform m-steps of B-Lanczos with A, B, and 27, to get T}, € R™*™.
6: Compute eigenpairs Ty, yr = Oryk, y,{yg =0y, for k,€=1,...,m.

T A« ah) + éy(yk, en)26(A — (B + N))).

8: end for




Chapter 5

Joint Spectral Quantities and

Semiconductor Applications

5.1 Modeling Random Alloys

The opto-electronic properties of semiconductors are governed by electric charge car-
rier distributions and their energy levels. Charge carriers in a semiconductor include
electrons in the conductance band and holes in the valence band. In order to under-
stand the quantum effects governing semiconductor behavior, we model carriers using
the time-independent Schrodinger equation. Solving the Schrodinger eigenvalue prob-
lem for the electron and hole systems is a computationally intense exercise, and for
many practical problems is outside of the capability of even the largest supercomputing
clusters. Therefore, numerical devices which obviate the need for a full diagonalization
of the electron and hole Hamiltonian are necessary. In this chapter we use the Lanczos
process as just such a device.

In this chapter we focus on applying the Lanczos process to approximate joint spec-
tral quantities corresponding to the ternary alloy indium gallium nitride (InGaN or
InxGa;_xN when specifying the indium fraction X). InGaN is a promising semicon-
ductor material with many beneficial properties. Most important is the ability to tailor
the bandgap to a wide range of energies based on the indium composition. InGaN alloys

are used in many industrial applications, including green and blue light emitting diodes

114
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and lasers. When modeling InGaN, the random indium content of the material is crit-
ical [66], and accounts for a phenomena called localization wherein the charge carriers
become concentrated in small regions of the domain. We follow the modeling paradigms
of [30], which are outlined in the upcoming sections.

The fundamental equation we work with when modeling quantum mechanical effects

of random alloys is the Schrédinger equation

h2V 1V Vi =FE 5.1
Y '(m 1/1>+ Y = Ev, (5.1)

where 1 is the wavefunction, E the discrete energy level, V the potential, m the particle
mass, and A the reduced Planck constant. The elliptic operator, —h?/2V - (1 / mV) +V,
is referred to as the Hamiltonian, and the Schrédinger equation is an eigenvalue prob-
lem for the Hamiltonian. The eigenfunctions are referred to as wavefunctions, and the
eigenvalues of the Hamiltonian represent discrete energy levels of the quantum system.
Accordingly, in this chapter we use the term eigenvalue and energy interchangeably and
similarly for the terms eigenfunction and wavefunction. Oftentimes, when a single par-
ticle is under consideration, the Hamiltonian is simplified to —h2/(2m)A + V. However,
in this Chapter we consider a generalization of the Schrodinger equation, referred to as
the effective mass Schrodinger equation, in which the mass term is spatially varying.

Therefore, keeping the reciprocal of the mass inside the divergence term is necessary.

5.1.1 Indium Fraction

When modeling InGaN alloys, we use a periodic cubic lattice in d dimensions (d = 1,2,
or 3) with lattice spacing a = 2.833 A. At each lattice point, an InN or GaN cation
is randomly placed using a random Bernoulli trial with probability of success (success
meaning an InN cation is located at the lattice position) equal to X. The value 0 < X <
1 is the “bulk” indium content of the random alloy. Pure GaN corresponds to X = 0
and pure InN corresponds to X = 1. Once the InN and GaN are randomly distributed
in the lattice, the spatially varying indium fraction, X (z), is determined by a Gaussian
averaging process. If we let the values {r;};*; represent the n, lattice coordinates and
Xis @ = 1,...,ng, boolean indicators of an InN cation in lattice position r; (y; = 1 if

InN is located at lattice position r; and 0 otherwise), the indium fraction at any point
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Figure 5.1: Depiction of two dimensional InGaN lattice with lattice spacing a = 2.833 A
(left) and corresponding periodic Gaussian averaged indium fraction X (x) (right).

z in the domain is defined as

X(z)="5F— (5.2)

where w(z,y) = exp(—|r—y|?/2(2a)?) and |z —y| denote the Euclidean distance between
points x and y. Note that periodicity must be taken into account when computing
distances |z — y|. The value of twice the lattice spacing, i.e., 2a, as the standard
deviation in the Gaussian averaging is a modeling choice taken from [30].

An example of a small two dimensional InGaN lattice is shown in Figure [5.1] InN,
shown in red, is useful for producing the infrared portion of the spectrum and GaN,
shown in blue, is commonly used in blue light emitting diodes. When combined, InGaN
alloys are capable of producing an array of colors, depending on the indium concentra-
tion. In Figure a 6 x 6 lattice is shown with the bottom left position being (0,0)
and the top right position as (5a,5a). The lattice then repeats periodically. In other
words, the lattice positions (ka,0) are identical to (ka,6a) for k = 0,...,5. Similarly,
the lattice positions (0, ka) are identically (6a, ka) for k = 0,...,5. The periodic nature
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Figure 5.2: Bandgap of InGaN alloy.

of the lattice is apparent in the spatially varying indium fraction shown in Figure [5.1

and is a consequence of taking periodicity into account when computing the indium

fraction using (5.2]).

5.1.2 Bandgap, Conductance Band, and Valence Band

The distinctive feature of semiconductors is the bandgap energy, E,, which is the differ-
ence in the discrete energy level between the conduction band, F., and the valence band,
FE,. The valence band is the highest energy fully occupied orbital and the conductance
band the lowest energy partially filled orbital. By alloying InN and GaN, engineers are
able to modulate the bandgap for a desired purpose. Figure [5.2]illustrates the bandgap
of InxGaj;_xN in reference to that of InN and GaN.

A simple method to estimate the bandgap of InxGa;_xN alloys is to use Vegard’s
law which takes the convex combination of the bandgap of InN, E;HN = 0.61 eV, and
that of GaN, EG?N = 3.437 eV, i.e., to use XE™N 4 (1 — X)EG*N. A better method is

to use a quadratic correction to Vegard’s law
_ InN GaN
Ey(w) = X(2)BM™ + (1 - X (2)) ES™ — 1X (@) (1 - X (), (5.3)

where v = 1.4 eV, is referred to as the bowing parameter [60)].
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Using the definition of the bandgap as the difference in energy level between the con-
ductance band, E., and valence band, E,, we write Ey(X(z)) = E.(X (2)) — Ey(X(2)).
In order to determine the potentials influencing the electrons in the conductance band
and holes in the valence band, we must determine expressions for E. and FE,. Let
AFE.(1) and AE,(1) denote the change in energy levels from the conductance and valence
band, respectively, of GaN and InN. Experimentally, one may determine that AE.(1) ~
2/ 3(EgGaN - E}]’“N) and AE,(1) = 1 /?)(Egc"'&‘N - E;“N). Interpolating linearly to values
of the indium fraction between zero and one, we use AE.(X) = 2/ 3(EgGaN — E4(X))
and AE,(X) =1/ 3(E§;aN — Ey(X)), which gives the conductance and valence band

potentials for any value x in the domain
2 1
E(x) = E§™N = Z(EG™N — Ey(x))  and  Ey(0) = 5 (BN - By(@).  (5.4)

5.1.3 Effective Mass

The last ingredient necessary to write the Schrédinger equations is the mass term.
Because we are dealing with an alloy, we are unable to use the mass of InN carriers or
GaN carriers. Intuitively, it makes sense to use the carrier mass of InN in regions of
dense InN, and similarly for regions of dense GaN. The question is how to “interpolate”
between the two masses in regions mixed with InN and GaN. In order to accomplish
this, we investigate a model one dimensional problem.

For the sake of simplicity, suppose we are interested in determining the energy of a
particle with constant mass m(®) under the influence of a constant potential Vj in one
dimension on the domain (0,7). Solving the time-independent Schrodinger equation

with zero Dirichlet boundary conditions gives energy levels

2

0
A@):%+2m@

k%, keN. (5.5)

Note that the energies in (5.5) are just the eigenvalues of the Laplacian (scaled by
12 /(2m(9))) plus the value of the constant potential. Similarly, considering the energy

level of a different particle of mass m™), under the influence of the same constant
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potential energy, results in energy levels

2

h
EM = + Sk ke, (5.6)

Taking the convex combination of the energies (5.5)) and (5.6 we find

2

© ._ (0) 1 _ = s
EY =01 -0)E +0E, _Vo+mk:, k €N, (5.7)

where,

o (1-60 0\
m® — (m«n r) (5.8)

for some 0 < 6 < 1. Results and indicate that when determining energy levels

by interpolating between two species, the resulting energy is determined by a particle

which has mass equal to the harmonic mean of the two masses m(® and m(®).
Applying the above reasoning to the case of an InGaN alloy, we use as masses for

the electrons and holes

me(z) = (1 —Xl@) | X(x)>1 and  mp(z) = (1 —X@) | X(x)>1, (5.9)

GaN InN GaN InN
mgd me my my'
where mSaN and m™N are the electron masses for GaN and InN respectively and m$aN

and m}LnN are the hole masses of GaN and InN respectively. We refer to m, and my, as

the effective electron and hole mass respectively. The carrier masses for GaN and InN

are all expressible in terms of the electron rest mass, m2,
m&N = 0.21m?, m™N = 0.07m?, m§N = 1.87m?, mi™N = 1.61m?, (5.10)

where the electron rest mass is approximately 511 keV/c? with ¢ being the speed of
light.

Finally, we remark that should be considered as a first order approximation
to the carrier masses in an InGaN alloy. Higher order approximations to the effective

mass are discussed in [20].
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5.1.4 Effective Mass Schrodinger Equation

With the potentials defined in and the effective masses defined in , we have all
terms necessary to write the Schrodinger equation satisfied by the electrons and holes
in a random alloy:
A2 1

—EV ' <mev¢e> + Ecy® = EY°,

2 ) (5.11)
5V (mhvw") + Bt = Bl
where the electron energies and wavefunctions are ¢ and ¢ respectively, and the hole
energies and wavefunctions are E" and 1" respectively. Note the change in sign in
front of the second order term in the equation satisfied by the holes. The second order
term represents the kinetic energy of the carriers and the zeroth order term represents
the potential energy. With the potentials and sign conventions of , the electron
energies are positive (the second order term is positive definite and the conductance
potential is positive) and larger eigenvalues correspond to higher energy quantum states.
On the other hand, the hole energies can be positive and negative. More energetic states
for the holes correspond to negative eigenvalues of increasing magnitude.

Note that the electron and hole energies are measured with respect to the valence
band energy of GaN. As shown in Figure [5.2] we made an arbitrary modeling choice
and defined the reference energy, or the zero on the energy scale, to be the valence
band energy of GaN. We could just as easily defined the valence band energy of InN
to be zero. Independent of the arbitrary reference energy, of fundamental importance
are the energy differences £ — Ejh, 1,7 = 1,2, ..., which represents the energy required
to excite an electron to the conductance band and create an electron-hole pair. Next,
we discuss a different normalization convention which is more in line with the theory of

joint spectral functions outlined in the previous Chapter.

5.1.5 Normalization Convention

As mentioned in Section the fundamental quantity of interest is the energy dif-
ference of the electrons in the conductance band and the holes in the valence band.
In this section we reformulate the effective mass Schrodinger equations (5.11) in a way

that leaves the wavefunctions unaltered, but modifies the energies. As we will see, this
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change still allows us to compute the energy differences of interest.

Define a new conductance and valence band potentials as
2 1
Ve(z) = gEg(a:) and V,(z) = gEg(as). (5.12)

Note that relative to the potentials E. and E, defined in (5.4)), the new potentials satisfy

1 1

V.=E, — gEfaN and V, = gEgGaN — E,,.
In other words, V. is simply a shift down of the potential E. by 1/ 3E§'aN, while V,, is a
sign reversal of E,, followed by a shift up by 1/ 3E§3“N. Using the potentials V. and V,,,

we are interested in solutions to the Schrodinger equation
h2 1 e e e, /e
*?V' m—V¢ + Vep® = A",
. ¢ (5.13)
-=V- <v¢h> + Vol = Al

2 mp

Note that our notational use of ¢ and " in both (5.11]) and (5.13)) is justified, as
they are equivalent. Both second order terms in (5.13|) are positive definite, as opposed
to ((b.11)), where the second order term in the hole equation was negative definite. Also,

because both potentials V. and V, are positive, the energies A\® and \* are positive.

Furthermore, it is straightforward to see that the energies of systems (5.11)) and (5.13))

are related by

1 1 .
Ef = gEgGaN +A{ and E]h = gngaN - /\?, 1,5 € N. (5.14)
Therefore, the fundamental quantity of interest, namely the energy required to excite

an electron to the conductance band, is given by
Ef —El=X+)\, dijeN (5.15)

Moving forward, we will work with numerical discretizations of ((5.13)). Obviously, if one
is interested in the energies corresponding to the system (b.11f), a simple application
of (5.14) transitions from one convention to the other.
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5.1.6 Nondimensionalization

When discretizing the system , it is convenient to first nondimensionalize the sys-
tem. Nondimensionalization involves choosing a standard length and mass to measure
all others in relation to. To illustrate, we nondimensionalize the system , with
application to the systems straightforward.

First, we choose the InGaN lattice spacing constant, a = 2.833A, as a characteristic
length and define a new dimensionless length scale as # = x/a. The InGaN lattice, aZ,
becomes Z%, and the new eigenfunctions we are interested in computing are 1/3(:?:) =
¥ (x). This change of variables modifies the spatial derivatives according to 9/0%; =
ad/0z;, i =1,...,d, and so the gradient becomes V = a 1v.

Next, we choose the electron rest mass, m? ~ 511 keV/c?, as the characteristic mass.
This is a natural choice since all relevant masses are already expressed in terms
of the electron rest mass.

With the characteristic length and mass decided, we choose the characteristic (ref-
erence) energy as "

e

Using the characteristic length, mass, and energy we can nondimensionalize the remain-

ing variables in (5.1 as

-~ FE
E=—. 1
, = (5.17)

With all terms nondimensionalized, we can rewrite (5.1]) in terms of dimensionless quan-

tities as
3. <;w> LV = B (5.18)
When performing computations, the discretization of is used. Then, when
reporting the results, the energies are converted back to physical units using F = EE,,
with the reference energy, E,, given by . On the other hand, when referencing
spatial variables, e.g., plotting potentials or wavefunctions, we report results with re-

spect to the transformed variable, Z, rather than transitioning to physical units. For

example, when performing one dimensional computations on a lattice with 5001 cation
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sites, we report results using the domain Q = [0,5000], rather than transitioning to
physical units on the domain [0, L], where L = 5000a =~ 1.4 ym. Obviously, we can

easily transition between one convention and the other using the lattice spacing a.

5.1.7 Spectral and Joint Spectral Quantities

The fundamental optoelectronic properties of InGaN semiconductors are determined by
spectral quantities defined in terms of the eigenpairs of the effective mass Schrodinger
equations ([5.13]). These are the densities of states,

=> 6(A=X) and ¢u(\) =D s(A—), (5.19)
i=1 7j=1

in addition to the joint densities of states and absorption curve (sometimes called the

absorption coefficient),

Z A= (X4 M) and  a(A) = D@ EMPI(A— (A + A1), (5.20)

1,j=1 1,5=1

where (-, -) represents the L?(Q) inner product. Note the resemblance of the absorption
curve and the joint spectral function defined in the previous chapter.

The quantities in and involve the solution of infinite dimensional prob-
lems, and so are out of reach except in the simplest situations (we describe such a
contrivance in Section [5.3)). Hence, in order to understand the properties of an InGaN
alloy, we must first use a robust discretization in order to apply the Lanczos process. We

use the standard finite element method, and discuss the discretization in Section

5.1.8 Regularizing the Dirac Delta

In many instances, we would like to visualize spectral quantities (if known), and the
Lanczos approximation of the spectral quantities, both of which involve linear combi-
nations of Dirac distributions. Oftentimes, the Dirac distribution, concentrated at a
value FEjy, is thought of as a function with unit integral which is zero everywhere, except
at the value Ej, where it is infinite. This is illustrated in Figure (left). Although

this is not technically correct, since the Dirac distribution is not defined in a pointwise
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Eo Eo

Figure 5.3: Visualization of the Dirac distribution concentrated at the value Ey (left)
and a Gaussian with standard deviation o and mean Ey (right).

sense, we can use a smooth approximation which, in an appropriate limit, also has these
properties. Let o be a small positive parameter. We “regularize” the Dirac distribution

by replacing it with a Gaussian of standard deviation o

1 B2

T 202
Tt (5.21)

The regularized Dirac distribution, 0,(E — Ejy), seen in Figure (right), is an
approximation to §(E — Ep) in the sense that the following hold:

0 (E) =

+oo
(i) [ 6,(E)dE =1 for all ¢ > 0.

0, E+0,
(i) Tim 6, () =
70 oo, E=0.

(i) lim o (E)f(E)AE = [ 8(E)f(E)dE for all f € C*(R),

The first fact is easily established using polar coordinates. For the second, the case
E = 0 follows directly from the definition (5.21)). For the case F # 0, applying the
Squeeze Theorem to 0 < §,(E) < V27w0?/(210? + 7E?) (follows from e® > 1 + x)

as 0 — 0 gives the desired result. For the third fact, using the change of variables,
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Figure 5.4: Visualization of the density of states, .7_, §(E — Ej), using “exact” Dirac

mass (left) and the regularization using Gaussians, ) ., ; 6,(£ — E;), for some regular-
ization parameter o > 0 (right).

y = E/o, we have

+o0
[ bomrsEraE = —— / e /2 f(oy)dy, (5.22)

where f € C§°(R) is arbitrary. Noticing that the integrand in the right-hand side
of (5.22) is dominated by e /2| f||s and fj;o e V2| f|laedy < oo, we can use the

Lebesgue Dominated Convergence Theorem to get

—+00

]. 2
i —y*/2 y?/2
glr% TS / e f(oy)dy \ﬁ / ;nrbe f(oy)dy,

—00

- —?12/2 0)dy,
\/ﬂ_é Oy (5.23)
= f(0),

+o0

= / 3(E)f(E)dE.

—00

Together, and give (iii)
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In order to understand how regularization through the use of Gaussians influences
spectral quantities, we use the density of states as an example. Let E;, fori=1,...,7,
denote seven positive energy levels, and suppose we want to visualize ZZ:1 I(E — E;).
Without regularization, the density of states can be visualized as seven spikes, each of
which has unit area, infinite height, and infinitesimally small width. This is shown in
Figure (left). Replacing the Dirac distributions with the Gaussian of some
finite width results in Figure (right). We see that the regularized density of states is
largest where there is a cluster of eigenvalues (the region around Es, E3, and Ej), and
smallest where there is a large gap between the eigenvalues (between E4 and Ej).

An important property of the Dirac mass is its unit area

Eo+e
5(E — Eo)dE = 1, (5.24)

Eo—e¢

for any € > 0. By replacing the Dirac distribution with a Gaussian, §,(E — Ep),
the equality becomes and approximation. How well the approximation holds obviously
depends on the ratio € /0. If ¢/0 < 1, then we expect to fail catastrophically, while
if ¢/o > 1, then should hold closely. Depending on the precision with which we
require to hold will dictate the choice of o. Figure shows the density of states
for four different values of o. We see that as o increases, the Gaussian distributions
blur together, while for smaller values of ¢ we can see each individual Gaussian. In
other words, larger o corresponds to less detail, while smaller ¢ corresponds to more
specificity. The correct choice of o depends on the level of precision with which we want
to emulate the Dirac distribution.

There are many ways to approximate the Dirac distribution, and we have made an
arbitrary choice in using . Other commonly used choices include

1 c o2
- =, |Fl <o - ;exp(i_ ), El<o
0s(F) = 200 |l , or 0,(F)= |B[* =0 B ,

0, otherwise 0, otherwise

where the constant C' is a normalization factor. Note that both approximations, b5, have

finite support, as opposed to using a Gaussian, ., with infinite support. More generally,



127

hy

Eqp E>E3Es EsEg E; Eqp E>E3Ey EsEg E;

o1 02
hy

U I

Eqp E>E3Es EsEg E; Eqp E;E3Es EsEg E7

o3 04

Figure 5.5: Regularized density of states corresponding to different levels of regulariza-
tion o1 > 09 > 03 > 04. The maximum height of the graphs satisfies h; < ho < hs < hy.

finite width approximations of the Dirac distribution are known as approximations of
unity (the Dirac distribution being the identity with respect to convolution) [63]. The
specific choice of approximation will alter how the spectral quantities appear graphically.

Note that thus far, we have been discussing visualization of the ezact density of
states, and not an approximation. When discussing the approximation, there are other
factors to consider. Namely, smaller values of o will require us to perform more Lanczos
iterations since we are, in a sense, trying to recreate the exact position of each energy.
On the other hand, larger values of o allow for easier approximation, since we are only

trying to emulate the bulk properties of the spectral quantity.
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Lastly we remark that if £ has units of energy, then §(F) has units of reciprocal
energy. This follows because multiplying §(FE) by an infinitesimal energy dE and sum-
ming (integrating), gives a dimensionless constant. Also, the parameter o will also have
units of energy since it measures a standard deviation, i.e., width, in energy space. The
units of energy we use in this chapter are electron volts, or eV, and so a value o = 0.01

corresponds to 10 meV.

5.1.9 On the Choice of ¢ and m

Previously, we discussed the choice of regularization parameter, o, with respect to the
exact spectral quantity. Here we discuss the impact of ¢ with respect to the Lanczos
approximation and the choice of the Krylov parameter m, which represents the number
of Gram—Schmidt orthogonalization steps. This is an important and nuanced issue. In
order to understand the relationship between o and m we examine a simple example
illustrating the finer points.

We start with a matrix related to the discretization of the one dimensional Laplace

operator using central differences (or finite elements with mass lumping)

2 -1
-1 2 -
A= e R™", (5.25)
-1 2
The matrix A has eigenvalues
. i .
)\i:4Sln2 (2(/]1-}-1))7 ZZl,...,n, (526)

and (unnormalized) eigenvectors which are the columns of the matrix with entries

. <ij7r> o
sin , L,7=1,...,n.
n+1

Denote the normalized eigenvectors of A as x;, i = 1,...,n. Choosing a vector v with

entries drawn from the standard normal distribution which has been normalized, the
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Figure 5.6: Spectral function for the matrix defined in (5.25) and a vector with entries
drawn from A(0,1) which has been normalized.

spectral function
n

so(A) = D _I(@i 0) P85 (A = Xa),

i=1
is shown in Figure for values of o ranging from 0.01 to 0.20 and n = 2000.
We focus on the regularization parameter ¢ = 0.05, and investigate the Lanczos

approximation of s, for different values of the Krylov space parameter m. Denote the
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regularized approximation to s, from the Lanczos process by

m

5o(N) =Y _I(yj,e1) P (A = 6)),

J=1

where the 6; € R (Ritz values) and y; € R™ (||y;|| = 1) are the eigenpairs of the Lanczos
partial tridiagonalization of A with starting vector v. First, we purposely choose a
value of m which is insufficient, i.e., too small. Figure (left) shows the Lanczos
approximation of the spectral function depicted in Figure for Krylov dimension
m = 25 and ¢ = 0.05. The Ritz values, 0;, j = 1,...,m are shown on the z-axis with
dotted vertical lines up to the Lanczos approximation 3,. Also shown in Figure
(right) is the error in the Lanczos approximation, §, — s,, along with the Ritz values.
Two important details about the Lanczos process are illustrated in Figure First,
the spectral function is approximated well at the extremities, and poorly in the interior.
This is related to the fact that Gaussian quadrature nodes cluster at the endpoints
of the interval of integration. Because the quadrature nodes are more dense at the
endpoints of the interval, the Lanczos process matches the spectral function closely
there. The second detail to be noted is the Lanczos approximation oscillates around
the exact spectral function in the interior where the gap between Ritz values is largest.

This is easily explained by the moment matching property, which requires
n m
S @i v)PA =) Iy en)?0;,  £=0,1,...,2m —1. (5.27)
i=1 j=1

When m/n < 1, the weights, |(y;,e1)|?, must be relatively large in order for (5.27) to
be satisfied. Due to this overcompensation, the Lanczos approximation is larger than
the spectral function at the Ritz values. This is clearly be seen in Figure (right),
where the oscillations in the error have large positive amplitudes at the Ritz values, and
large negative amplitudes midway between Ritz values.

With these two details, one, that the Lanczos approximation oscillates around the
exact solution, and two, that the Lanczos approximation converges from the extremities,
it is straightforward to devise a strategy to approximate any one spectral function

accurately for a given value of o. Namely, by continuing with the Lanczos process
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Figure 5.7: Lanczos approximation to a spectral function for Krylov dimension m = 25
and regularization parameter o = 0.05.
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until the difference in Ritz values is small enough, to be made precise momentarily, we
can determine how accurately we have approximated a given spectral function. How
small the gap in Ritz values needs to be depends on the value o. For smaller values of
o, we need Ritz values (quadrature nodes) to be closer together in order to avoid the
oscillations seen in Figure Therefore, it makes sense to choose 7 € R, a multiple of
o, and continue with the Lanczos process until the gap between Ritz values is smaller
than 7.

Using this methodology, Table shows the results for 7 = 2.50 = 0.125. The
value T is chosen to be the largest integer for which maxj<;<m—1|0; — 0i+1| < 7, and
then 6 is set equal to f. In other words, because the Ritz values 6; < ... < 05 =0
are clustered sufficiently close together, we can trust the Lanczos approximation to the
spectral function for A < . The error, ||s, — §0||L00(0,é) = SUPA€(07@)|SJ()\) = Se(N)],
shown in the final column of Table is seen to be stable for this fixed value of 7.

20 3 0.15 3.23x1072
30 7 045 3.55x 1072

40 11 0.64 1.01 x 1072
50 16 0.86 2.91 x 1073
60 60 4.00 3.70x 1073
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Table 5.1: Uniform norm of error in Lanczos approximation to spectral function for
7= 2.50 and o = 0.05.

Similar results occur for smaller values of 7, and can bee seen in Table for
7 = 1.bo = 0.075. We see that the error, [|sy — 5000 g), for tolerance 7 = 1.50
is a few orders of magnitude smaller than for 7 = 2.5¢. Again, the uniform error
in the interval (0,0) is quite stable. Clearly, larger values 7 require few iterations of
the Lanczos process (smaller values of Krylov parameter m), while smaller 7 (tighter

tolerances) requires larger values of m, and hence is more computationally intensive.

60 15 054 1.76x 1074
70 22 085 1.97x1074
80 26 092 3.28x107°
90 37 141 268x107°
100 100 4.00 7.09 x 1076

Table 5.2: Uniform norm of error in Lanczos approximation to spectral function for
7= 1.50 and o = 0.05.

By considering the gap between Ritz values in relation to the regularization parame-
ter o, we are able able to accurately determine when to stop the Lanczos process. When
there are large gaps, relative to o, the Lanczos approximation will oscillate about the
exact spectral function as in Figure Because solving for the eigenvalues of small
symmetric tridiagonal matrices is efficient, we can inexpensively ensure the Lanczos
process produces an accurate approximation to the spectral function by terminating
the Lanczos algorithm when the gap between Ritz values is smaller than 7 for a prop-
erly chosen 7 € R. Smaller values of 7 correspond to tighter tolerances, more Lanczos
iterations, and a more accurate approximation. Conversely, larger values of 7 require

fewer iterations and produce a less accurate approximation.

5.2 Finite Element Discretization

In this section we use the standard H'-conforming Lagrange finite elements to discretize
the effective mass Schrédinger equation [9] 12 [11]. We first write Equation ([5.18) in
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weak form, which is the natural place to begin the finite element method. Multiply-
ing (5.1) by a smooth function ¢, and integrating by parts over a domain Q C R?, we

/(;vww+vw> /12%0— /Wﬁa (5.28)
Q oN

where v is the outward unit normal vector on 92 and 9v/0v = Vi) - v. Assuming

have

periodic boundary conditions, the boundary term vanishes. Let ngr(Q) denote the
subset of HY(Q) = {u € L*(Q) | 8u/8wi € L*(Q) for i = 1,...d} satisfying periodic
boundary conditions. Writing (5 in terms of bilinear operators, we are solving for

the energies A € R and wavefunctions ¢ € H_,.(2), such that

per

a(, ) = Nip, @) forall e H. (), (5.29)

where a : H'(Q) x H'(Q) — R is given by

_ [ (Lyy. _ .
) = ! (70 Ve + Vo) (5.30)

Let T denote a shape regular conforming triangulation of the domain 2, and for a

fixed natural number p, define the finite element space
X, ={feC’Q) | flr € Pp(T) for all T € T} N Hp, (). (5.31)

Posing the infinite dimensional problem (5.29) over the finite dimensional space X,
using the standard Galerkin method, the problem becomes: find 1; € X, and A € R
such that

a(P, ) = A1p, @) forall ¢ e X, (5.32)

Choosing a basis for the function space X,, {¢x}}_; say, the finite dimensional prob-

lem ([5.32) becomes

Az = \Buz, (5.33)

where A;; = a(gj, i) is the stiffness matrix and B;; = (¢}, ;) is the mass matrix. The
mass matrix is symmetric positive definite, and assuming the potential is positive, the

stiffness matrix is as well. Therefore, the eigenvalues, or energies, of the system ([5.33)) are
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positive. The eigenvectors of the system ([5.33)) are the coefficients of the eigenfunctions
1 in terms of the basis {¢r}}_;.

When performing the finite element discretization for the systems (5.13|), we arrive

at two generalized eigensystems, one for the electrons and another for the holes,
h, h k. h
A%x{ = \{Bzf and A'z; = \jBuzj. (5.34)

Note that we use the same notation in (5.34)) for the energies of the discretized system,
X and A, as we did for the exact energies in (5.13)). This is done to avoid a deluge of

extra tildes throughout this chapter. Both electron and hole eigenvectors are assumed

to be B-orthonormalized, i.e., (zf,2$)p = d;; and (w?,m?)g = 0;; where (-, -)p is the

B inner product.
Next, we overview the spectral and joint spectral quantities (5.19)) and ([5.20) in light
of the finite element discretization (5.34). The density of states for the systems ([5.34)

are
n

Pe(N) = % Y s(A=X)  and  gp(N) = % D (A=A, (5.35)
=1

=1

Similarly, the joint density of states is given by

JO) = % f: S(A— (A + A1), (5.36)
ij—1

For the absorption curve, notice that the approximations to the wavefunctions of the
systems (5.13)) are given by

n n

U R =) (@ker  and Y &P = (2])eer. (5.37)
k=1 k=1
Therefore, using the relation <1/~Jf,1/~1?> = (azf,x?) B, the approximate absorptions curve
is
n

a(N) = > I, 26 (A — (A + A1), (5.38)

ij=1
which is exactly the joint spectral function for the generalized eigensystems in (5.34)).

In the rest of this chapter we approximate the spectral quantities ([5.35)) and the joint
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spectral quantities ([5.36]) and (5.38|) using the Lanczos process.

For all of the following problems we use the FEniCS finite element software [35] to
assemble the stiffness and mass matrices and use the PETSc and SLEPc libraries [8, 21]
for the solution of linear systems and eigenvalue problems respectively. When computing
the absorption curve, we first need to approximate several eigenpairs of the electron (or
hole) eigensystem. In SLEPc, a Krylov-Schur method is employed for the solution of all
eigensystems, which for a symmetric matrix, is the thick-restart Lanczos algorithm [65].
The generalized eigenvalue problem uses the same method, with the only difference in

the use of operator and inner product.

5.3 Homogeneous Alloys

Before modeling random alloys, we first look at the simple case of homogeneous alloys.
For homogeneous alloys, we assume the indium fraction is constant throughout the
domain. That is, we replace the spatially varying indium fraction, X (z), with the bulk
indium fraction X. This removes the spatial dependence of the conductance and valence
band potentials, making them constant. The effective masses for the electrons and holes
are similarly constant. Because the potentials and effective masses are constant, the
effective mass Schrodinger equation becomes the Laplace eigenvalue problem, which we
can solve analytically. By understanding homogeneous alloys, which model so called
“bulk” properties, we are able to understand and explain different phenomena that
occur with random alloys.

For the homogeneous alloy, we choose the domain to be Q = [0, L], in dimension
d, where the domain length L depends on the number of lattice sites and the lattice
spacing. Specifically, for N lattice sites with lattice spacing a, the domain length is
given by L = (N — 1)a. We choose to impose zero Dirichlet boundary conditions for
simplicity.

In what follows we fix the indium fraction to be X = 0.2. Vergard’s Law with
bowing parameter gives a bandgap energy of £, = 2.65 eV, from which we can
determine the conductance and valence potential, V. = 2/3E, and V,, = 1/3E,. The
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effective masses are

1 4\
— ~ 0
Me = (5 N + 5 gaN) ~ 0.15m,,

_ 1 4 - ~ 0
mp, = Sm}lnN + SmEaN ~ 1.81m,,
where m is the electron rest mass 5.11 x 10° eV/c?.

With all values in the Schrodinger equation specified, we are prepared to write
the electron and hole wavefunctions , and corresponding energies. Using multi-index

notation, the L?(Q) normalized solutions at z = (z1,...,24) € Q are given by

2 2 L TX h2m?
B . iTX4 _ 2
Y (r) = (L) 1:[15”1( 7 )7 E; —Vc‘i'WM )
= (5.39)
d h2m?

/2
2 ViTX;
h . 7 (2 h 2
et EY =v, 4+ ——
V(@) (L) Pl St ( L )’ v vt 2my, L2 VI

for pu,v € N, In (5.39) we use the notation |u|? = Zle 2 for p € Ne.
By the orthogonality of sinusoids,

L, p=v,
( Zv’(bl}/b) = 6#1/ =
0, otherwise,

which means that most terms in the absorption curve are zero. Only those terms where
the electron and hole multi-index are identical survive. Defining E,,, as the sum of the
electron and hole energies, from ([5.39)) we have

h27T2 2 v 2
By = B+ B} = By + 473 (kﬁe n ’m’h) (5.40)

The densities of state, joint density of state, and absorption curve for a homogeneous
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alloy are then given by

¢°(E) =Y 46(E - E), ¢"(E) =) 6(E-E}),

Iz
HE) = Y 6(E - ). (5.1
jT8%

a(E) =) 6(E - Ey),

where all energies are given as in or , and the summations are taken over
all multi-indexes in N¢,

When defining the density of states for a matrix, or joint density of states for a pair
of matrices, we add a normalization factor, 1/n for the density of states or 1/n? for
the joint density of states, in front of the summation, where n is the matrix size. In
the case of infinite dimensional solutions like , this normalization is nonsensical.
Instead, we plot the spectral densities for energy values less than or equal to 4 eV, and
normalize each by the number of summands with energy values less than 4.5 eV (we
extend beyond 4 eV because when using the Gaussian in place of the Dirac mass, terms
with energy beyond 4 eV contribute to the value of the spectral quantity for energy
values less than or equal to 4 eV). We denote the number of summands in the electron
density of states, hole density of states, joint density of states, and absorption curve as
Ne, Nk, Neh, and ng respectively. These values, along with the domain length used for
each dimension, are given below in Table The spectral and joint spectral quantities
for homogeneous alloys in one, two, and three dimensions can be seen in Figures
and [5.10] respectively. All plots are shown with regularization parameter o = 100 meV.

d N Ne np, Neh, Na

1 5001 1479 5913 4,043,948 1170
201 2693 43,699 20,032,672 1671
51 1445 104,176 7,870,992 681

w N

Table 5.3: Homogeneous InGaN spectral quantity data.
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Figure 5.8: Electron DOS (top left), hole DOS(top right), JDOS (bottom left), and
absorption curve (bottom right) for a one dimensional uniform InGaN alloy with twenty
percent indium. Plotted using o = 100 meV.
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Figure 5.9: Electron DOS (top left), hole DOS(top right), JDOS (bottom left), and
absorption curve (bottom right) for a two dimensional uniform InGaN alloy with twenty
percent indium. Plotted using o = 100 meV.
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Figure 5.10: Electron DOS (top left), hole DOS(top right), JDOS (bottom left), and
absorption curve (bottom right) for a three dimensional uniform InGaN alloy with
twenty percent indium. Plotted using ¢ = 100 meV.

5.4 Joint Spectral Approximation Workflow

In this section we describe the workflow used to approximate the absorption curve for

a random InGaN alloy in d-dimensions. The outline is listed below:

1. Create random InGaN lattice, compute fundamental energy of electron and hole

eigensystems, and minimal and maximal eigenvalue of scaled stiffness matrix.

2. Use the Lanczos process to approximate the electron and hole density of states.

3. Using the densities of states, determine how many and which eigenpairs need to

be computed.

4. Compute eigenpairs.
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5. Approximate absorption curve by performing the Lanczos process with each com-

puted eigenvector as starting vector.

The first step, creating the random lattice, is where we compute the spatially de-
pendent indium fraction X (z). With the indium fraction, we are able to compute the
conductance and valence potentials V.. and V,,, as well as the effective masses m. and
my,. These terms give us all the ingredients to form the stiffness matrices for the elec-
trons and holes A° and A". Note that the mass matrix is independent of the specific
random realization for the InGaN lattice, and only depends on the choice of tessella-
tion and piecewise polynomial basis. Once the matrices have been assembled, we begin
approximating spectral quantities.

Before beginning with any Lanczos type methods, we first compute several pre-
liminary eigenvalues. The first are the fundamental energies of the electron and hole
eigensystems. These allow us to use the density of states (discussed shortly) to deter-
mine how many eigenpairs to compute. Recall, if we were computing the absorption
curve exactly, need to compute n, electron and ny hole eigenpairs so that

E <min(\{ + N X8+ D), (5.42)

np?

is satisfied, where E is the maximal energy we are interested in viewing the absorption
curves. This way, we know that computing more eigenpairs does not change the ab-
sorption curve for energies less than E. We choose E = 4 eV throughout this chapter
because this is slightly above the bandgap of GaN, and, as we will see, all of the interest-
ing phenomena occur between the bandgap of InN and GaN. Condition similarly
applies to using the Lanczos process, except that we only need to compute one set of
eigenpairs or the other. By knowing the fundamental electron and hole eigenvalues to
very high accuracy, we can then determine the number of electron and hole eigenpairs

necessary using

E-)\b E—X¢
Ne = / n¢(Nd\ and ny, = / n@™(\)d. (5.43)
0 0

In practice, we replace the spectral densities in (5.43) with the regularized approxima-

tions (replace Dirac delta with a Gaussian of variance o as in (5.21])) from the Lanczos
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process, and use a simple composite trapezoidal rule to approximate the integrals. More
details on the choice of ¢ are given in Section [5.5

In addition to the fundamental electron and hole energies, we compute the largest
and smallest eigenvalues of the mass matrix. The mass matrix does not change from one
random realization to the next, and so the extremal eigenvalues can be stored and reused
if many computations are performed using the same mesh and polynomial basis. We
compute these values for use in the density of states computation. Using the minimal
and maximal eigenvalues of the stiffness matrix, we are able to determine the degree
Chebyshev expansion with which to approximate S~ where S is the square root of the
stiffness matrix B. This was discussed at length in the previous chapter, and so here we
highlight the computations performed without explanation. If a and b are the smallest

and largest eigenvalues of B, then we define ¢ =1/2(b+a), d =1/2(b — a), and set

_E+ 52_1
=1 d '

We choose a Chebyshev expansion of degree k, where k is the smallest integer satisfying

2pk

(p—Dve—d

< 10716,

where 7 = 1/2(p + p~'). The value k is determined using a bisection algorithm. The
values of k, a, and b, along with the domain, €2, and degree finite elements p, used in
this chapter for each dimension are shown in Table

d P a b k
1 [0,5000] 3 0.50 1.48 28
2 [0,200]> 3 0.29 2.01 48
3 [0,50]> 2 0.25 4.35 81

Table 5.4: Degree Chebyshev expansion to use for approximating inverse square root of
B.

Next, we perform Step (2), which is to use the Lanczos process to approximate the

densities of states for the electron and hole systems. For each system, we perform n,



142
trials with starting vectors with entries drawn independently from the standard normal
distribution as in Algorithm 2. Using the approximations to the densities of states qzze
and th for the electrons and holes respectively, we can approximate the required number
of electron and hole eigenpairs necessary according to (5.43). Call these approximations
ne and ny,.

Assuming 1. < nyp, we compute 7 electron eigenpairs in Step (3). Note that for
InGaN alloys, it is always the case that n. < ny, by a considerable factor. This is due
to the higher mass of the holes in comparison to that of the electrons. The density
of hole eigenpairs at lower energies can be seen explicitly in the densities of states for
the homogeneous alloys in Figures We include the computation of 7, in
this thesis for completeness. Also, we need the hole density of states approximation in
order to form the joint density of states approximation using method II described in
the previous chapter. So, the only “unnecessary” work performed is the computation
of the fundamental electron eigenvalue, and the approximation of nj by . The
timing of these two steps is negligible when compared to the total timing of computing
the approximate absorption curve.

Once the 7, electron energies, AY, and eigenvectors, x¢, ¢ = 1,..., ., are computed,
we then perform the Lanczos process with the matrices A", B, and starting vector x5,

to approximate the marginals

n

sPN) = s(\; AR B, 2¢) = Z|(:L‘f, x?)|25()\ — )\;L) for i=1,... 7. (5.44)

K3
j=1
If the Lanczos approximation to the marginal s()\) is denoted 37()), then the approx-

imation to the absorption curve is

a(A) =>_§A=X). (5.45)

i=1

Similarly, if it were the case that nj, < n., we would compute 7 hole eigenvalues )\?

and corresponding eigenvectors l’? for j =1,...,n. Then, we use the eigenvectors :L'?



143

as the starting vectors for the Lanczos process to approximate the marginals

sS(N) = s(\; A%, B, 2h) Z\ f, 226N — XS). (5.46)
Denoting by, 59, the Lanczos approximation to , the Lanczos approximation to

the absorptlon curve is then

a\) = =AM, (5.47)

5.5 1D Random Alloys

We begin with the simple one dimensional case. For all computations we use a lattice
with 5001 lattice spaces (the first lattice space being equal to the last due to the choice
of periodic boundary conditions), meaning our computational domain is £ = [0, 5000].
In terms of physical units this is a domain of length 5000 x 2.833 A ~ 1.4 um. For all
computations we use unit length intervals to discretize the domain, and use degree three
polynomials on each interval for the finite element method. The resulting matrices have
dimension 15,000 x 15,000, which is small enough so that we can compute the exact
absorption curve.

The absorption curves for varying levels of indium concentration can be seen in
Figure [5.11] These are computed using the number of electron and hole eigenpairs
displayed in Table For each of the four indium concentrations, n. x nj overlap
integrals are computed, and the absorption curve with as many summands is evaluated

at an array of points.

X ne X (eV) np  M(eV)

0.05 1133 1.41 3867 0.58
0.10 1164 1.27 4096 0.52
0.15 1202 1.10 4353 0.42
0.20 1233 0.93 4582  0.32

Table 5.5: One dimensional absorption curve data.
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Figure 5.11: 1D absorption curves using o = 10 meV for indium concentrations between
5% and 20% (left). Zoom into energy levels around 3 eV (right).

We begin by explaining the discrepancy in the absorption curve for a random alloy
(shown in Figure [5.11)) and that of a homogeneous alloy (shown in Figure in one

dimension.

5.5.1 Spike near 3 eV

Here we discuss numerically the spike in the 1D absorption curve, which does not
appear in the case of homogeneous alloys. In order to verify that the spike is indeed
physical, and not a numerical artifact, we give results pertaining to quantum wells
in 1D which justify the presence of the spike. All computations done in this section
are performed by discretizing the effective mass Schrodinger equation, and solving the
resulting generalized algebraic eigenvalue problem directly. No Lanczos approximations
are used in this section, and the numerical discretization is done with enough precision
so that we can consider the computed eigenpairs to be exact.

First we look at the densities of states for the four random realizations which give
the results displayed in Figure These densities of states can be seen in Figure[5.12
In both the electron spectral density (top figures) and hole spectral densities (bottom
figures) we see an additional spike which is not present in the densities of state for
homogeneous alloys. The electron densities for the four bulk indium concentrations
plotted, exhibit a concentration of energies near 2.05 eV, while the hole densities exhibit
one near 0.96 eV. Adding these energies together gives 3.01 eV, which corresponds to

the location of the spike in the absorption curve.
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Figure 5.12: Electron and hole densities of states for varying bulk indium concentration
X. The electron density of states (top left) and zoom into the region around 2.05 eV
(top right). The hole density of states (bottom left) and zoom into the region around
0.96 eV (bottom right).

To investigate what is special about the electron and hole energies 2.06 and 0.95, we
perform an experiment. We simplify the problem to have 101 lattice points where the
arrangement is 50 GaN cations, 1 InN cation, and another 50 GaN cations. The indium
fraction for this specific arrangement is shown in Figure (left). The black dashed
lines indicate three standard deviations (six lattice spaces) from the InN position at
x = 50. Here the standard deviation is in reference to the Gaussian averaged indium
fraction. From basic properties of the normal distribution, 99.73% of the area under the
indium fraction is accounted for within the region enclosed by the black dashed lines.

With the indium fraction determined for this special arrangement of GaN and InN,
we next determine the bandgap Ey(x) according to (5.3). This is the blue line shown
in Figure (right). The dashed black lines again show six lattice positions to the
left and right of the InN cation at position x = 50. Outside of region enclosed by the
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Figure 5.13: Indium fraction for a one dimensional lattice with fifty GaN cations, one
InN cation, and another fifty GaN cations (left). Black lines indicating three standard
deviations, or six lattice spaces, for the Gaussian averaged indium fraction to the left
and right of the InN cation. Spatially dependent bandgap (see ) and fundamental
electron and hole eigenfunction superimposed.

dashed black lines, the bandgap is essentially that of GaN, EfaN = 3.437 eV. Close to
the InN cation, the bandgap drops to a minimum of 2.65 eV, which is the bandgap for
a twenty percent indium fraction. With the conductance and valence potentials being
proportional to the bandgap, both exhibit a minima at x = 50. This situation is similar
to the classical finite square well potential studied in most quantum physics texts. The
main difference being the conductance and valence energies are smooth, as opposed to
the discontinuous finite square well. The L? normalized fundamental electron and hole
eigenfunctions are plotted along with the bandgap in Figure (right). The height of
the electron and hole wavefunctions is their respective energy level.

We see that, indeed, both are localized in the region of low potential induced by the
presence of the InN cation. We also see that the fundamental electron wavefunction
“leaks” out of the region of low potential. Physically, this represents a probability of
the electron being outside the region of low energy. This phenomena is referred to as
quantum tunneling, see, e.g., [46]. Most importantly, the fundamental electron and hole
energies are approximately 2.05 eV and 0.96 eV respectively, which matches the peaks
in the electron and hole spectral densities.

When moving to the more complicated situation of 5001 lattice positions, the same
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Figure 5.14: Four instances of electron and hole pairs with large overlap where the
electron eigenfunctions have energy approximately 2.05 eV and the hole eigenfunctions
have energy approximately 0.96 eV.

situation of one InN cation surrounded by many GaN cations occurs many times, result-
ing in a spike in the absorption curve around 3.01 eV. We look at the case of X = 0.05,
and show four occurrences in Figure which are similar to the case of one InN cation
surrounded by fifty GaN cations on either side. In all four instances, while the bandgap
is more complicated, the end result is the same. The electron and hole wavefunctions
localize in a local minima of the bandgap, and have energies of 2.05 eV and 0.96 eV
respectively.

Additionally, due to the numerous random configurations of InN and GaN, there
are additional eigenmodes contributing to the spike in the absorption curve. A few

instances of these are shown in Figure [5.15
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Figure 5.15: Additional examples of electron and hole eigenmodes adding to the spike
in absorption curve at 3.01 eV.

5.5.2 One Dimensional Walk-through

Now that we have explained the discrepancy in the one dimensional absorption curve
for homogeneous alloys and random alloys, we step through through the workflow out-
lined in Section for the Lanczos approximation of the absorption curve and joint
density of states. For these problems, the matrix sizes are sufficiently small so that the
exact solution is computable. Therefore, we are able to compute errors in the Lanczos
approximation to the absorption curve and joint density of states. Using techniques
and parameter values given in this section, we will be able to approximate absorption
curves in two and three dimensions, where the exact solutions are too computationally
expensive to compute.

The example we use is an InxGaj_xN alloy with twenty percent indium concen-
tration. We again use a lattice containing 5001 sites (the first being equal to the last)
and the standard finite element method with cubic polynomials, which results in stiff-
ness and mass matrices of order n = 15,000. For the random lattice realization in this
example, the spatially varying indium fraction is displayed in Figure m (top left). A
zoom in of the region [10, 30] is also shown in Figure (top right). By superimposing
the lattice, we are able to see how the Gaussian averaging process is effected by indi-
vidual InN cations in the lattice. With the indium fraction determined, we are able to
construct the spatially varying bandgap, and hence the potentials and effective masses

required for construction of the stiffness and mass matrices. The bandgap, shown in
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Figure 5.16: Indium fraction for example with 5001 lattice positions and X = 0.20 (top
left). Zoom into the region [10, 30] with arrangement of InN and GaN cations on lattice
(top right). Bandgap (bottom left) and zoom into the region [10,30] (bottom right).

Figure (bottom left), oscillates between the bandgap of GaN and InN, varying
with the indium composition. A zoom of the bandgap in the region [10, 30] is shown in
Figure (bottom right).

The next step in the workflow is the approximation of the electron and hole densities
of states. These are shown in Figure [5.17] for two different values of o. Ten trials were
performed and a Krylov parameter of m = 150 (m = n/100) was used. Note that we
used a constant Krylov parameter, rather than increasing m until the gap between Ritz
values is small enough, as discussed at the end of Section We do this because a
coarse approximation to the density of states is more than sufficient for our purposes.
We next show that for this value of Krylov parameter, while the Lanczos approximation

to the density of states (especially in the electron case) is not accurate, the integral of
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Figure 5.17: Lanczos approximation to the electron and hole densities of state using 10
trials and m = 150.

the density of states, i.e., the counting function, is accurate enough for our purposes.
The next step is to approximate the number of electron eigenpairs needed to ap-
proximate the absorption curve using the Lanczos process. The number of electron and
hole eigenpairs necessary, n. and nj respectively, is defined by . For this exam-
ple, the fundamental electron and hole energies are 0.93 eV and 0.32 eV respectively.
Using the fundamental energies and criterion , we need to compute all electron
eigenpairs up to energy level 4 — 0.32 = 3.68 eV, or all hole eigenpairs up to energy
level 4 — 0.93 = 3.07 eV. The exact values of electron and hole eigenpairs necessary are
ne = 1233 and nj = 4582 respectively. The approximation of these numbers is com-
puted by replacing the exact density of states in with the Lanczos approximation
using several values of regularization parameter o. The integrals in are approxi-
mated using a composite trapezoidal rule. Once the electron eigenpairs are computed,

we can easily check that we have computed enough using (5.42)).
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o (meV) ne [e] np [T, |
10 1117 4485
130 1142 4557
260 1233 1189 4582 4549
380 1205 4522
500 1202 4463

Table 5.6: Approximation of the values n, and ny, defined in (5.43)) using the Lanczos
approximation to the densities of states for several values of o.

The approximations to n, and ny, n. and ny respectively, are shown in Table
From Table we see that using a larger value of o allows us to approximate the
number of electron eigenpairs necessary. For visualization of the density of states, a
larger value of o blurs out details. Yet, for approximating the value n., larger values of
o, produce more accurate approximations. In order to ensure enough electron eigenpairs
are computed we implement a five percent fudge factor, and request [1.057.] = 1263
electron eigenpairs from SLEPc. A five percent fudge factor and a value of ¢ = 500
meV is used in all subsequent computations in the approximation of n..

Because the number of electron eigenpairs necessary to compute the absorption curve
is much smaller than the number of hole eigenpairs, we use the electron eigenpairs for
the Lanczos process. Once the electron eigenpairs have been computed using SLEPc,
we are ready to approximate the spectral functions, s?(F), defined in for each of
the computed eigenvectors, with the absorption curve a sum of such approximations (as
in ) Before approximating these spectral functions, we view the exact first term
in the absorption curve expansion, s?(E — ), seen in Figure in linear and log
scale. We see an interesting discrepancy between the spectral function on a linear scale,
and on a log scale. On the linear scale we see three spikes of decreasing amplitude, while
on the log scale, several more spikes are present which are indiscernible on the linear
scale. Also to be noted, is the trailing edge in the spectral function in the log scale
after approximately 2.1 eV. Next, we investigate the qualitative aspects of the spectral
function corresponding to the fundamental electron wavefunction, and its approximation
using the Lanczos process.

We approximate the spectral functions, 5}1‘(E — A{), using the Lanczos process in
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Figure 5.18: Exact spectral function corresponding to the fundamental electron eigen-
function and hole eigensystem, s (E — \¢), on linear scale (left) and log scale (right) for
o =10 meV.

Figure for 0 = 10 meV and Krylov parameters m = 25 and m = 200. There are
two items to note in Figure [5.19| with regard to the Lanczos approximation. First, that
the small value of m = 25 does an exceptional job of capturing the details of the exact
spectral function. Second, there does not appear to be much of a discrepancy between
using m = 25 and m = 200. We investigate the difference in using m = 25 and m = 200
in more detail momentarily. We describe the “spikey” nature of the spectral function
next.

As seen in Figure for the simple case of fifty GaN cations, one InN cation, and
another fifty GaN cations, the fundamental electron and hole eigenfunctions “localize” in
the region of the domain where the bandgap, E,(z), is minimal. In the case of a random
alloy, these finite wells occur many times and eigenfunctions localize at the local minima
of the bandgap (local maxima of the indium fraction). The lowest energy eigenfunctions
occurring where a large cluster of InN cations occur in the lattice. The L? normalized
eigenfunctions responsible for the qualitative structure of the spectral function, sf(E —
A7), are plotted in Figure Because lower energy hole eigenfunctions each localize
to their own respective well, the overlaps with the fundamental electron eigenfunction,
[(¥5, 1/1?) |2, are essentially zero except for those hole wavefunctions localizing in the same
well as 9]. The overlaps responsible for the first two spikes in the spectral function are
|(§, )2 = .83 and |(v§,%l)|? = .14 and occur at energies A{ + A} = 1.25 eV and
A§ + A = 1.58 eV respectively. Interestingly, we can see that ¥} and ¥l are the first
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Figure 5.19: Lanczos approximation to spectral function corresponding to the funda-
mental electron eigenfunction and hole eigensystem for m = 25 (left) and m = 200
(right) on linear scale (o = 10 meV).
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Figure 5.20: Eigenfunctions responsible for the qualitative aspects of the spectral func-
tion s?(E — X$) (left) and the exact spectral function on a log scale (right).

and third mode corresponding to the well where 1§ localizes. Therefore, the overlap
corresponding to the second mode is relatively insignificant, and cannot even be seen in
Figure We can check that the second mode for this well, 111{”1, produces an overlap
of |(1$, )2 = 6.85 x 107* at energy A + A}y = 1.42 eV,

Next, we investigate the trailing edge in the spectral function corresponding to the
fundamental electron eigenfunction. As seen in Figure the overlaps determining
the first five or so spikes are caused by hole eigenfunctions localized in the same region
as the electron eigenfunction. Once we move to higher energies, we see a trailing edge in

the log plot of s?(E — X§) beginning around 2.1 eV, as can be seen in Figures (right)
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Figure 5.21: Participation ratio of for hole eigenfunctions, 1/1? (ordinate) corresponding
to energies A{ +/\§L (abscissa) showing contribution of delocalized eigenfunctions to trail-

ing edge (left). Barcode plot of spectral function s?(E — \¢) and Lanczos approximation
for m = 25 (right).

and (right). We show this is due to higher energy delocalized hole eigenfunctions.
One measure of localization of a function ¢ :  — R is the participation ratio given
by
5\ 2
1 (fQ ¢ )
Q] Joo*

where [Q] is the volume of the domain. This may also be considered a relative participa-

(5.48)

tion ratio due to the factor of |2|~!. Notice that the participation ratio of a constant is
unity, while the participation ratio of the characteristic function of a subdomain Qg C §2
is |Q0|/|€2]. In other words, the smaller the support of ¢, the closer to zero the partici-
pation ratio. In Figure (left), the participation ratio of the hole eigenfunctions,w?,
is plotted on the y-axis, with energies \{ + )\? shown on the x-axis. We can see that
the hole eigenfunctions delocalize, i.e., begin to be supported on the entire domain,
around 2.1 eV, which is exactly where the trailing edge begins in the spectral function
s"(E - X$). We remark that the participation ratio of sinusoids in one dimension is 2/3,
which is close to where the participation ratio of the hole eigenfunctions asymptotes.
Another way to visualize the spectral function (and Lanczos approximation) is shown
in Figure [5.21| (right). At each energy \{ + )\?, j = 1,...,np, a thin black line is

shown with height equal to the overlap |(¢f, ¢?)|2~ Also shown in red is the Lanczos
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approximation to the spectral function for m = 25. The red stripes are located at
energies \{ + 0;, for j = 1,...,m, where the 6;’s are the Ritz values for the Lanczos
process, and have heights equal to |(y;, e1)|?, where y; is the eigenvector corresponding
to ;. With this “barcode” plot, we are able to again see the trailing edge near 2.1 eV.
Furthermore, we see that the Lanczos approximation is able to match the first and third
spike (almost) exactly, while the weights, |(y;,e1)|?, for energies higher than 2 eV are
larger than the exact overlaps in order to satisfy the moment matching criterion.

In order to further investigate the effectiveness of the Lanczos process in approxi-
mating the absorption curve, we look at the Lanczos approximation to the first spectral
function, s?(E — X¢), on a log scale for various values of the Krylov parameter m. This
is shown in Figure and for regularization values o = 10 meV and o = 50 meV
respectively. Figure shows how truly remarkable the Lanczos process is. Even
for the small value m = 25, the Lanczos approximation captures the first overlap to
high accuracy. Then, as m is increased, more and more of the character of the spectral
function is captured. Figures and also show how the Lanczos approximation
is influenced by the magnitude of the regularization parameter o. The more blurring
present, i.e., the larger o is, the easier the absorption curve is to approximate.

Finally, we are ready to approximate the absorption curve for a one dimensional
InGaN alloy. The Lanczos approximation to the absorption curve works by approxi-
mating several spectral functions, each corresponding to one of the computed electron
eigenfunctions (see ) We have gone into great detail of the spectral function cor-
responding to the fundamental electron eigenfunction, the others being similar. The
Lanczos approximations to the absorption curve are shown in Figure for several
values of Krylov dimension m. The figures on the left are the absorption curve on a
standard (linear) scale, while the figures on the right correspond to a log scale. As in
the case of the Lanczos approximation to the spectral function corresponding to the
fundamental electron eigenmode (Figure , the Lanczos process captures the initial
take off from zero very well, even for small values of m. That is, the convergence is
from low energy to higher energy. The more precisely we want to capture higher energy
phenomena, the larger we need to take the Krylov dimension m.

The last part of the computation is that of the joint density of states. We review

the two methods for approximating the joint density of states next.
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Figure 5.22: Lanczos approximation to the spectral function corresponding to the fun-
damental electron eigenfunction on a log scale for ¢ = 10 meV and various values of
Krylov dimension m.
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Figure 5.23: Lanczos approximation to the spectral function corresponding to the fun-
damental electron eigenfunction on a log scale for ¢ = 50 meV and various values of
Krylov dimension m.
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Figure 5.24: Lanczos approximation to the absorption curve for a one dimensional
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meV.
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5.5.3 Joint Density of States Comparison

In this section we compare and contrast method I and method II for approximating
the joint density of states. Recall, method I is based on Gaussian quadrature, and so
recreates a maximal number of moments for a given Krylov parameter m. Method II is
based on the convolution of the Lanczos approximations to the densities of state for the
electrons and holes, and matches the same number of moments as method I. As discussed
in the previous section (and visualized in Figure we need approximations to the
electron density of states in order to know how many electron eigenpairs to compute
in order to approximate the absorption curve, i.e., we need to approximate n. defined
in . Therefore, we are able to reuse the electron density of states computation for
the method II approximation to the joint density of states.

For the first test, we again consider the same twenty percent indium content alloy
on domain © = [0,5000] used in the previous section. For the Monte Carlo method,
we use ten trial vectors, and compute approximations to the joint density of states
using Krylov parameter m = 800. Note that this value is significantly higher than that
used in the approximation of the electron density of states for use in approximating the
number of electron eigenpairs less than or equal to a certain energy (m = 800 versus
m = 150). This is due to the fact that the exact joint density of states has 15,0002
energies, as opposed to the exact density of states, which has 15,000 energies. The
method I and method II Lanczos approximations to the joint density of states can be
seen in Figure along with the exact joint density of states.

From Figure [5.25] we see that both methods approximate the exact joint density
of states for large values of o, e.g., 0 = 100 meV. However, when we decrease o, in
order to gain more resolution, we see the standard Lanczos phenomena occur in the
method I approximation. Namely, that of oscillating about the exact solution due to
an insufficiently small Krylov parameter. This is easy to explain when we consider
how method I is approximating the joint density of states. Because method I relies on
performing the Lanczos process on a matrix which is a Kronecker sum of two matrices
of size 15,000 x 15,000, we are performing the Lanczos process on a matrix of order
15,0002 = 225,000,000. This is a large matrix indeed! Therefore, taking a Krylov
parameter of m = 800, or approximately 3.56 x 107*% of 225,000,000, is woefully

inadequate for a high resolution approximation to the joint density of states. Because
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Figure 5.25: Comparison of method I and method II for approximating the joint density
of states with 10 trials and m = 800.

of this weakness in the method I approximation, we choose to use method II in the rest
of this Chapter when approximating joint densities of state.

Next, we consider how small we can take the Krlov parameter m, and still obtain
an acceptable approximation to the joint density of states. Figure [5.26| shows the ap-
proximations of the joint density of states by method II for several values of m with the
regularization parameter fixed at ¢ = 50 meV. From Figure[5.26] we see that decreasing
the value of m quickly compromises the method II joint density of states approximation.
Note that this is not unique to the Lanczos approximation to the joint density of states,
and also occurs in the Lanczos approximation to the density of states [33] 67].

Note that, while the approximation to the joint density of states is (visually) of
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Figure 5.26: Method II of approximating the joint density of states for fixed regulariza-
tion parameter o = 50 meV, 10 random trials, and various values of the dimension of

the Krylov space m.

poor quality, the integrated joint density of states is still quite accurate. This is similar

to approximating the number of electron eigenpairs needed for the Lanczos process.

Figure [5.17) shows that the while the Lanczos approximation to the density of states

may be inaccurate, Table[5.6|shows the integrated density of states can be quite accurate.

We look at the similar case for the joint density of states. We denote the integrated

joint density of states as

Ny (E)

/E n2J(\)dA = i U(E = (A;+ A1),
0

ij=1

(5.49)
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Figure 5.27: Integrated joint density of states and Lanczos approximation using ¢ = 50
meV with m = 400 and ten trials on linear scale (top left) and log scale (top right).
Zoom into the region of initial take off (bottom left) and middle region (bottom right).

where U(FE) is the Heaviside step function. For a given energy E, N;(E) tells us
how many terms in the absorption curve have energy less than FE. In Figure the
exact integrated joint density of states is shown in blue. Also, shown in Figure [5.27
is Lanczos approximation to N;(E), computed by replacing the exact joint density of
states in the integral with the method II Lanczos approximation using m = 400,
o =50 meV, and ten trials (same as Figure (bottom left)). The integral in
is approximated using a composite trapezoidal rule. We see from Figures [5.26] and [5.27]
that while the joint density of states may be inaccurate, in that it oscillates about the
exact joint density of states, the integrated joint density of states approximation can be

quite accurate.
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5.6 2D Random Alloys

Now that we have given an overview of the Lanczos approximation of absorption curves
and joint densities of states in one dimension, where we are able to compute the spectral
quantities exactly, we move to the two dimensional case, where the exact solution is too
costly to compute. Two dimensional random alloys are of practical interest, and are
often used as one part of a larger three dimensional computation, or to simulate layered
materials.

For each of the following computations, we use a 201 x 201 lattice, making the
computational domain €2 = [0,200]?. The mesh is obtained by uniformly discretizing the
domain into unit squares, with each unit square further subdivided into two triangles.
On each triangle, we use cubic Lagrange finite elements. Hence, the stiffness and mass
matrices are of order 360,000 (360,000 being equal to (3 x 200)?). For matrices of this
size, the first step is to determine the number of electron eigenpairs needed for accurate
representation of the absorption curve. For the Lanczos approximation of the densities
of states, sixty-four trial vectors and a Krylov dimension of m = 400 are used. Again,
we use a large regularization parameter o = 500 meV when replacing the exact densities
of states in with the corresponding Lanczos approximation. Using the Lanczos
approximations to the densities of state, Table shows the approximate number of
electron eigenpairs necessary, as well as the exact number required. We again use a
five percent fudge factor, and request [1.057.] electron eigenpairs from SLEPc. This
ensures we compute more than enough electron eigenpairs, and allows us to report the
exact number of electron eigenpairs, n., necessary for the satisfaction of criterion (5.42)).
Table shows the value of the fundamental electron and hole energies, the exact
number of electron eigenpairs needed, and the approximate number of electron and hole
eigenpairs needed using the Lanczos approximation to the density of states (no five
percent fudge factor present). Again, we see a pronounced difference in the number of
electron and hole eigenpairs necessary for absorption computations. Indeed, for the four
cases displayed in Table on average, we need 10.3 times as many hole eigenpairs as
electron eigenpairs, i.e., 15, /fie =~ 10.3. Hence, there is significant advantage in using the
Lanczos process to approximate the absorption curve, which requires either the electron

or hole eigenpairs, but not both.
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Figure 5.28: Two dimensional absorption curves for InxGa;_xN on a lattice of size
201 x 201 with adaptively chosen Krylov dimension using tolerance 7 = 25 meV.

X A§ (eV) )\? (eV) ne [ne] 7]

0.05 2.07 0.94 1162 1176 10706
0.10 1.93 0.87 1306 1312 12980
0.15 1.78 0.79 1434 1428 15425
0.20 1.60 0.66 1581 1577 18258

Table 5.7: Two dimensional Inx Gaj_x N absorption curve computation data.

Once the electron eigenpairs are determined, we are prepared to use the Lanczos pro-

cess to approximate the absorption curves. This is done for bulk indium concentrations

of five, ten, fifteen, and twenty percent. The results are shown in Figure [5.28] For the

two dimensional case, we adaptively determine the correct Krylov dimension m using
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Figure 5.29: Lanczos approximation of two dimensional absorption curve for InGaN
alloy (X = 0.20) with an adaptively chosen Krylov dimension (using tolerance 7 = 25
meV) and fixed Krylov dimension m = 200.

the tolerance 7 = 2.50 with ¢ = 10 meV, as discussed in Section [5.1.9] This is accom-
plished by starting the Lanczos algorithm with an electron eigenvector, z¢, and every
ten iterations we compute the Ritz values, and check if the gap between Ritz values less
than 4 — \¢ is smaller than 7 = 25 meV where A° is the eigenvalue corresponding to z°.
If so, the computation is terminated, if not, the computation is continued for another
ten iterations before another check is performed. Because of our choice of 7 = 25 meV,
we have confidence in our absorption curves for regularization parameter as small as
o =10 meV.

A natural question one might raise: is it necessary to use a variable Krylov dimen-
sion? The answer depends on the level of specificity in which we wish to approximate
the absorption curve. Figure [5.29] shows two absorption curves for an example with
a twenty percent indium fraction (same as that seen in Figure for X = 0.20 and
o = 10 meV). The absorption curve in blue adaptively chooses the Krylov dimension
using 7 = 25 meV, and the dashed curved in red uses a small fixed value m = 200. For
the variable case, the maximum Krylov dimension is m = 1510 (for the fifth electron
eigenfunction) and decreases down to m = 130. The exact value of the Krylov dimension
for each energy level can be seen in Figure m (right). From Figure we see that
the absorption curve computed using m = 200 matches the absorption curve computed

using variable m at the take off of the curve, and oscillates around it for the remainder
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Figure 5.30: Relative error of two curves seen in Figure (left). Krylov dimension
for two dimensional absorption curves (see Figure [5.28) using tolerance 7 = 25 meV
(right).

of the curve. But, when using a slightly larger regularization factor o, these oscillations
are eliminated, and we see how well using a small value of m performs, for much less
work. The relative error in the absorption curve using a variable Krylov dimension and
a small fixed value is seen in Figure (left). We see that even for ¢ = 10 meV,
the relative error in the two curves stays below seven percent. When considering the
relative error when using regularization factor of ¢ = 20 meV, the error stays below
one percent. Based on this example, it seems unnecessary to perform the extra work of
using a variable Krylov dimension. Oftentimes, one is interested in averaging absorp-
tion curves over many different random realizations of the InGaN lattice. If this is the
purpose, rather than computing one realization with high fidelity, then using a small
fixed value of the Krylov parameter may be a better use of resources.

Lastly, we investigate the joint density of states computation using method II in
two spatial dimensions. The joint density of states for several values of regularization
parameter ¢ are shown in Figure [5.31] These are computed using 64 trial vectors and
a Krylov dimension of m = 400. One thing to note is the small values on the y-axis in
Figure m This is due to the prefactor of 1/n? in the definition of J(E). For these
two dimensional problems n = 360,000, and so the factor of 1/n? is of order 10~ '2.
In Figure [5.31] we see that for small values of o, e.g., 0 = 10 meV or ¢ = 20 meV,
the Lanczos approximation to the joint density of states is highly oscillatory. This is

especially prevalent for the regularization parameter ¢ = 10 meV. This is due to the
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Figure 5.31: Two dimensional Lanczos method II approximation to the joint density of
states for Inx Gaj_ x N lattice of size 201 x 201 using Krylov dimension m = 400 and 64
trial vectors.

smaller value of the Krylov parameter m = 400. Recall for the one dimensional case,
we needed a Krylov dimension of m = 800 to match the exact joint density of states for
the regularization parameter o = 50 meV (see Figure . Here the matrix sizes are
much larger, and so if we require a high accuracy approximation to the joint density of

states, then we need to compensate for this fact with a larger value of m.

5.7 3D Random Alloys

Finally we are ready for a full three dimensional realization of InxGa;_xN lattices.

In this section we use a 51 x 51 x 51 lattice for bulk indium fractions between five
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Figure 5.32: Three dimensional absorption curves for InxyGa;_xN on a lattice of size
51 x 51 x 51 using Krylov dimension m = 2000.

and twenty percent. For the spatial discretization, each unit cube is subdivided into six
tetrahedron, and quadratic Lagrange finite elements are used on each tetrahedron. This
results in matrices of order n = 1,000,000 = (2 x 50)3. The Lanczos approximation to
the absorption curve for Krylov parameter m = 2000 are shown in Figure [5.32] The
statistics for the four computations are shown in Table For the four cases listed
in Table on average, np/Ne = 29.7. In other words, we need thirty times as many
hole eigenpairs as we do electron eigenpairs to satisfy the criterion (5.42f). Therefore,
the Lanczos approximation becomes more economical as the spatial dimension increases

due to the increasing number of hole eigenpairs required.
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X X (eV) M (eV) ne ] [nn]

0.05 2.15 0.94 462 518 12453
0.10 2.01 0.90 516 572 16282
0.15 1.89 0.83 620 648 20155
0.20 1.76 0.79 624 687 24212

Table 5.8: Three dimensional InxGa;_xN absorption curve data.

One thing to note from the absorption curves in Figure[5.8]is the larger regularization
parameter used compared to one and two dimensional computations. The reason for
using a larger regularization parameter is simple. If we consider the twenty percent bulk
indium fraction case, for the first n, = 624 electron eigenvalues computed, the largest
spectral gap is given by

m?xl)\f+1 — A{| =0.088 eV. (5.50)

We take a closer look at the eigenvalues responsible for this spectral gap in Table
We see that there is a cluster of energies near 2.87 eV and another near 2.96 eV, but a
relatively large gap between the two. Individual clusters of energies can be seen in the
absorption curve in Figure for ¢ = 50 meV. These clusters of energies with gaps
in between are due to the small size of the lattice, i.e., the gaps are due to the small
number of possible random configurations of InN and GaN. With a larger lattice more
configurations are possible, e.g., regions dense with InN or GaN, and as a consequence of
additional configurations, there will be no gaps in the energies of the system. Therefore,
while we are attempting to model a physical system using the effective mass Schrodinger

equation, due to the small lattice size, we are seeing results which are nonphysical.

Aoy 28707 N 2.9611
Niss  2.8711 X3  2.9616
Nosg 28716 N, 2.9624
Ngo 28718 A5  2.9628
Nog 28726 Mg 2.9632

Table 5.9: Gap in electron energies.
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Figure 5.33: Participation ratio of first 757 electron wavefunctions and 77 hole wave-
functions for X = 0.20 on a 51 x 51 x 51 lattice.

The participation ratio, see , for the first 757 electron wavefunctions and 77
hole wavefunctions for the X = 0.20 case is shown in Figure The first thing to
notice in Figure [5.33] is the magnitude of the participation ratio for the fundamental
electron wavefunction. Recall the participation ratio of a constant is unity. Figure [5.33
tells us the fundamental electron wavefunction is nearly constant, or rather, a small
perturbation of a constant. The remaining electron eigenfunctions, have an average
participation ratio of 0.34, which is close to, (2/3)% ~ 0.30, the participation ratio of
sinusoids in three dimensions. Essentially, the electron wavefunctions are the solutions
of the Laplace eigenvalue problem on a cube with periodic boundary conditions. We also
see that the hole wavefunctions, while initially localized, begin to delocalize immediately.
However, on a larger lattice, there would be more local minima in the valence band
energy, and hence more localized hole wavefunctions.

The behavior of the electron wavefunctions is a consequence of two factors. The first
being the small lattice size, the second being the lack of variation in the indium fraction.
As mentioned regarding the gap in electron energies, the small lattice allows relatively
few InN and GalN configurations, and in particular, there is no region dense with InN

in the lattice, which would create a region of low potential surrounded by high barriers
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for the electron wavefunctions to localize inside. Secondly, due to the chosen modeling
paradigms, the indium fraction is averaged over cations within two lattice spaces. As the
spatial dimension increases, the averaging is performed over more lattice sites. Recall
the one dimensional example of one InN cation surrounded by fifty GaN cations on
both sides. The indium fraction for this example, seen in Figure [5.13] reached twenty
percent. For a similar three dimensional example on an 11 x 11 x 11 lattice with one
InN cation in the center, and all remaining lattice sites occupied by GaN, the indium
fraction reaches a maximum of approximately 0.83%. Because there are more nearest
neighbors in a three dimensional lattice, as opposed to a one dimensional lattice, there
will be decreased fluctuation in indium fraction. This will in turn cause less fluctuation
in the conductance and valence band energies, and less localization will occur.

Lastly, the joint density of states for the four bulk indium fractions can be seen
in Figure For these computations, a Krylov dimension of m = 500 was used for
twenty trial vectors. Notice the difference in the two dimensional joint density of states
approximations seen in Figure and the three dimensional ones seen in Figure
For larger values of the regularization parameter o, the two and three dimensional
curves look qualitatively similar. On the other hand, for smaller values of o, e.g.,
o = 10 meV, there is significantly less oscillations. This is due to a smaller gap in the
nodes for the Lanczos approximation to the joint density of states in three dimensions.
To investigate, we consider one of the electron density of states approximations and
one of the hole density of states approximations. Recall, to create the joint density of
states approximation by method II, we add all possible combinations of the nodes and
multiply all possible combinations of the weights. This results in 25,000 = 5002 nodes
and weights. For one specific realization, of the 25,000 nodes, 483 of them are less
than E = 4 eV, and the largest gap between these 483 nodes is approximately 14 meV.
Assuming the other trials have similar results, this is why we see some small oscillation
in Figure for o = 10 meV, and none for ¢ = 20 meV and larger.
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Figure 5.34: Three dimensional joint densities of state for InxGa;_xN on a lattice of
size 51 x 51 x 51 using twenty trials and Krylov dimension m = 500.



Chapter 6

Conclusion

In this thesis we analyzed the Lanczos process for approximating spectral functions,
and proposed methods for extending the Lanczos process for the computation of joint
spectral quantities. The joint spectral quantities examined were the joint density of
states and the joint spectral function, both of which have practical applications in semi-
conductor modeling. Two methods for approximating the joint density of states were
proposed and applied to a random alloy modeled using the effective mass Schrodinger
equation. The first method relies on realizing the joint density of states as the density
of states for a larger matrix, while the second relies on the notion of convolution of mea-
sures. The other joint spectral quantity considered is the joint spectral function, which,
if computed exactly, requires complete knowledge of the spectrum of two operators. The
Lanczos approximation of the joint spectral function, is realized by rewriting the joint
spectral function as a sum of spectral functions, each of which can be approximated by
the Lanczos process. At the heart of both methods is a deep connection between the
Lanczos algorithm for partially tridiagonalizing a matrix and Gauss quadrature.

The Lanczos type methods devised were seen to be accurate and efficient for ap-
proximating joint spectral quantities pertaining to a random InGalN alloy. This was
determined by comparing the Lanczos methods with the exact solution in one (spatial)
dimension. Using the knowledge gained from one dimension, we were able to approxi-
mate joint spectral quantities in two and three dimensions. For these cases, little work
has been done due to the high cost of diagonalizing Schrodinger operators.

With the advantages of the Lanczos process, there remain a few drawbacks which
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must be mentioned. First and foremost, is the loss of orthogonality in the Lanczos
vectors when performing Lanczos partial tridiagonalizations. The beauty of the sim-
ple three-term Lanczos recurrence is lost when moving from theory to finite precision
computations. In order to avoid the loss of orthogonality, full Gram—Schmidt orthogo-
nalization was used in this thesis. While not the most economical, essentially dismissing
the advantages of symmetry (using the Arnoldi algorithm on a symmetric operator), it
is the most robust. However, this use of full orthogonalization requires storage of all
Lanczos vectors, and each iteration more orthogonalization steps are necessary.

One feature lacking in the Lanczos process is a posteriori error estimates. When
working with semiconductor applications to spectral and joint spectral quantities, ex-
perience was necessary to determine the correct Krylov dimension and number of trial
vectors to use. While we developed a heuristic for determining when the Lanczos ap-
proximation to a spectral function is adequate, namely that of continuing with the
Lanczos process until the gap between Ritz values fell below a certain tolerance, this
heuristic requires a priori knowledge of the operator spectrum. More beneficial would
be computable error bounds determined by a Lanczos partial tridiagonalization of some
order and a regularization parameter determining how closely we wish to approximate
the Dirac measure.

For the computation of joint spectral function, one set of eigenpairs or the other
is required. This essentially halves the work, with the joint spectral function requiring
eigenvalues and eigenvectors of two distinct operators. However, for large problems,
solving for the eigenpairs of any operator is a challenging task. It would be nice to
determine a Monte Carlo type method for approximating the joint spectral function,
similar to how densities of state and joint densities of state are approximated.

There are many avenues for continuing work described in this thesis in the areas
of numerical analysis and engineering applications. One such application is in the
computation of local densities of states. For a Hamiltonian with energies, F;, and
corresponding wavefunctions, ¥;, ¢ = 1,2,..., the local density of states is given by
LDOS(z, E) = Y, |i(2)[?0(E — E;). With the wavefunctions L? normalized, it is easy
to see that the density of states is the integral of the local density of states over the
domain. The local density of states is a quantity of great interest to physicists and

engineers, and a Lanczos process type method seems natural for approximation.
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Another area of work includes comparing the Lanczos type methods described in
this thesis with the Kernel Polynomial Method (KPM). This thesis focused exclusively
on using the Lanczos process to approximate joint spectral quantities. However, several
methods devised in this thesis naturally lend themselves, without modification, to ap-
proximation by the KPM. Naturally, it makes sense to compare these two methods in
terms of computational timing and accuracy of approximation. The KPM method may
be advantageous in that it does not require costly Gram—Schmidt orthogonalization,
the main weakness of the Lanczos process.

In conclusion, the Lanczos type methods for approximating joint spectral quantities
are reliable and economical. The main purpose of the Lanczos process is to avoid costly
eigenvalue solves, which the approximation methods derived in this thesis accomplish
for the joint density of states. For the joint spectral function, we reduce the problem
in half, and only require the spectrum of one operator. When only interested in the
joint spectral function for a small range of values, only a portion of the spectrum of one
operator is required. This was seen to be extremely beneficial in random InGaN alloy
applications, where far fewer eigenpairs for the electron Hamiltonian were required than

for the hole Hamiltonian.
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