MODELS OF Q-ALGEBRA REPRESENTATIONS:

THE GROUP OF PLANE MOTIONS

E.G. KALNINS†, WILLARD MILLER, Jr.‡ AND SANCHITA MUKHERJEE*

1. Introduction. This paper continues the study of function space models of irreducible representations of q-algebras. These algebras and models are motivated by recurrence relations satisfied by q-hypergeometric functions. Here, we consider the irreducible representations of the Lie algebra m(2) of the group M(2) of plane motions. We replace the usual exponential function mapping from the Lie algebra to the Lie group by the q-exponential mappings E_q and e_q . In place of the usual matrix elements on the group (arising from an irreducible representation) which are expressible in terms of Bessel functions of integer order, we find four types of matrix elements expressible in terms of the Jackson and the Hahn-Exton q-Bessel functions. These q-matrix elements do not satisfy group homomorphism properties, so they do not lead to addition theorems in the usual sense. However, they do satisfy orthogonality relations. (This was shown earlier by Koornwinder and Swarttouw [15].) Furthermore, in analogy with true group representation theory we can show that each of the four families of matrix elements determines a two-variable model for irreducible representations of m(2). By q-exponentiating these models we get q-analogs of addition theorems for Bessel functions.

In §3 we use the definition of m(2) as a true quantum algebra and take the tensor product of two infinite dimensional unitary irreducible representations of this quantum algebra. The tensor product decomposes into a direct sum of irreducible representations (rather than a direct integral as in the q = 1 case) and the decomposition is nonunique. Focussing our attention on the two simplest decompositions of the infinite-parameter family of choices, we compute the corresponding Clebsch- Gordan coefficients. Special cases of the unitarity relations for the CG coefficients are the q-Hankel orthogonality relations. Moreover, expressing the matrix elements of the “group” operators in the tensor product basis as a linear combination of the matrix elements in the basis adapted to the direct sum decomposition, via the CG coefficients, we obtain a generalization of Koelink’s addition theorem for Hahn-Exton q-Bessel functions.

Our approach to the derivation and understanding of q-series identities is based on the study of q-algebras as q-analogs of Lie algebras, [7]. Essentially, we are

†Department of Mathematics and Statistics, University of Waikato, Hamilton, New Zealand ‡School of Mathematics and Institute for Mathematics and its Applications, University of Minnesota, Minneapolis, Minnesota 55455. Work supported in part by the National Science Foundation under grant DMS 91–100324 *Institute for Mathematics and its Applications, University of Minnesota, Minneapolis, Minnesota 55455. Work supported by the Study Abroad fellowship of the Government of India.

Typeset by AMS-TEX 1

attempting to find q-analogs of the theory relating Lie algebra and local Lie transformation groups. A similar approach has been adopted by Floreanini and Vinet [3-5]. This is an alternative to the elegant papers [10-17] which are based primarily on the theory of quantum groups. The main justification of the “local” approach is that it is more general; it applies to more general families of special functions than does the quantum group approach.

The notation used for q-series in this paper follows that of Gasper and Rahman [6]. We wish to thank the referee for suggestions that considerably improved the exposition and accuracy of §2.

One of the authors (W. M.) has worked with Dick Askey and Frank Olver, in an editorial capacity and as a friend and colleague, for some 25 years and respectfully dedicates this paper to the two of them.

2. Matrix elements of m(2) representations. The three dimensional Lie algebra m(2) is determined by its generators H, E_+, E_− which obey the commutation relations

[H, E_+] = E_+, [H, E_−] = −E_−, [E_+, E_−] = 0.

(2.1)

The irreducible representations Q(ω, m_0) are characterized by the complex numbers ω and m_0 with ω ≠ 0 and 0 ≤ ℜ m_0 < 1. The spectrum of H corresponding to Q(ω, m_0) is the set S = {m_0 + n : n ∈ Z} and the complex representation space has basis vectors f_m, m ∈ S, such that

(2.2) E_±f_m = ωf_{m±1}, Hf_m = mf_m, E_+E_−f_m = ω^2f_m,

where C ≡ E_+E_− is an invariant operator. Note that the representations Q(ω, m_0) and Q(−ω, m_0) are equivalent.

A simple realization of Q(ω, m_0) is given by the operators

(2.3) H = m_0 + z d dz , E_+ = ωz, E_− = ω z acting on the space of all linear combinations of the functions z^n, z a complex variable, n ∈ Z, with basis vectors f_m(z) = z^n, where m = m_0 + n.

The representations (ω) ∼= Q(ω, 0) with ω > 0 are of special interest. In this case we can introduce an inner product such that < f_n, f_n0 >= δ_{nn}0, n, n^′ ∈ Z. On the dense subspace K of all finite linear combinations of the basis vectors we have (2.4) < E_+f, f^′ > = < f, E_−f^′ >, < Hf, f^′ > = < f, Hf^′ >, for all f, f^′ ∈ K, so H = H^∗ and E^∗_+ = E_−. In terms of the operators (2.3) we can obtain a realization of (ω) and its Hilbert space structure by setting z = e^{iθ}: H = −i d dθ , E_+ = ωe^{iθ}, E_− = ωe^{−iθ}, (2.5) f_n(z) = e^{inθ}, < f, f^′ >= 1 2π ∫_{2π} 0 f(e^{iθ})f^′(e^{iθ}) dθ.

Matrix elements T_m0_m of the complex motion group in the representation Q(ω, m_o) are typically defined by the expansions

(2.6) e^{βE+} e^{αE}�e^{τ H} f_m = ∞∑ m0_{=−∞} T_m0_m(α, β, τ)f_m0

with m, m^′ ∈ S, [3, 5, 19]. The group multiplication property of the operators on the left-hand side of (2.6) leads to addition theorems for the matrix elements. For convenience in the computations to follow we shall limit ourselves to the case where τ = 0 and ω is real. For this case we have T_m0_m(α, β) ≡ T_m0_m(α, β, 0) ≡ T_n0_n(α, β) where m = m_0 + n, m^′ = m_0 + n^′, i.e., the representations Q(ω, m_0) and (ω) have exactly the same matrix elements. (The extension of the matrix elements to complex ω will usually be obvious.)

With the q-analogs of the exponential function

e_q(x) = ∞∑ k=0 x^k (q; q)_k = 1 (x; q)_∞ , |x| < 1,

E_q(x) = ∞∑ k=0 q^{k(k−1)/2}x^k (q; q)_k = (−x; q)_∞, (2.7)

we employ the model (2.3) to define the following q-analogs of matrix elements of (ω):

a) e_q(βE_+)e_q (αE_−)f_n = ∞∑ n0_{=−∞} T^{(e,e)}_n0_n (α, β)f_n0, |ωα|, |ωβ| < 1

b) e_q (βE_+)E_q (αE_−)f_n = ∞∑ n0_{=−∞} T^{(e,E)} n0_n (α, β)fn0 , |ωβ| < 1 c) E_q (βE_+)e_q (αE_−)f_n = ∞∑ n0_{=−∞} T^{(E,e)} n0_n (α, β)fn0 , |ωα| < 1 d) E_q (βE_+)E_q (αE_−)f_n = ∞∑ n0_{=−∞} T^{(E,E)} n0_n (α, β)fn0. (2.8)

Here, 0 < q < 1 and α, β ∈ /C. Since E^∗_+ = E_− we have

T^{(e,e)}_n0_n (α, β) = < e_q(βE_+)e_q (αE_−)f_n, f_n0 >

= < f_n, e_q (αE_+)e_q(βE_−)f_n0 > =T^{(e,e)}_{nn}0 (β, α), (2.9)

(2.10) T^{(e,E)}_n0_n (α, β) = T^{(E,e)}_{nn}0 (β, α),

(2.11) T^{(E,E)}_n0_n (α, β) = T^{(E,E)}_{nn}0 (β, α).

Furthermore, since e_q(x)E_q (−x) = 1, we have the identities

(2.12) ∞∑ ℓ=−∞ T^{(e,e)}_{nℓ} (α, β)T^{(E,E)}_{ℓn}0 (−α, −β) = δ_{nn}0, |ωα|, |ωβ| < 1

(2.13) ∞∑ ℓ=−∞ T^{(e,E)} nℓ (α, β)T^{(E,e)}_{ℓn}0 (−α, −β) = δ_{nn}0, |ωα|, |ωβ| < 1.

(Note that our operator derivations of these formulas and of many formulas to follow lead automatically to formal power series identities in the ‘group parameters’. These identities must then be examined case by case to determine when the series are convergent as analytic functions of the group parameters.) Using the model (2.3) to treat (2.8) as generating functions for the matrix elements and computing the coefficients of z^n 0 in the resulting expressions we obtain the explicit results:

(2.14) T^{(e,e)}_n0_n (α, β) = (q^{n−n} 0_{+1} ; q)_∞(αω)^{n−n} 0 (q; q)_∞^2 ϕ_1 ( 0, 0 q^{n−n} 0_{+1} ; q, αβω^2 )

= (q^{n−n} 0_{+1} ; q)_∞(αω)^{n−n} 0 (q; q)_∞(αβω^2; q)_∞^0 ϕ_1 ( − q^{n−n} 0_{+1} ; q, αβω^2q^{n−n} 0_{+1} ) , (2.15) T^{(e,E)} n0_n (α, β) = (q^{n−n} 0_{+1} ; q)_∞(αω)^{n−n} 0 (q; q)_∞ q^{(n−n} 0_{)(n−n}0_{−1)/21} ϕ_1 ( 0 q^{n−n} 0_{+1} ; q, −αβω^2q^{n−n}0 )

= (q^n 0_{−n+1}

; q)_∞(βω)^n 0_{−n} (q; q)_∞^1 ϕ_1 ( 0 q^n 0_{−n+1} ; q, −αβω^2 ) ,

(2.16) T^{(E,e)}_n0_n (α, β) = T^{(e,E)}_{nn}0 (β, α),

(2.17) T^{(E,E)} n0_n (α, β) = (q^{n−n} 0_{+1} ; q)_∞(αω)^{n−n} 0 (q; q)_∞ q^{(n−n} 0_{)(n−n}0_{−1)/20} ϕ_1 ( − q^{n−n} 0_{+1} ; q, αβω^2q^{n−n}0 ) . If αβ ≠ 0 we can express these results in terms of the Jackson q-Bessel functions [6, page 25]

J^{(1)}_ν (z; q) =

(q^{ν+1}; q)_∞ (q; q)_∞ ( z 2 )^ν_2ϕ_1 ( 0, 0 q^{ν+1} ; q, − z^2 4 ) ,

(2.18) J^{(2)}_ν (z; q) =

(q^{ν+1}; q)_∞ (q; q)_∞ ( z 2 )^ν_0ϕ_1 ( − q^{ν+1} ; q, − z^2q^{ν+1} 4 ) ,

J^{(2)}_ν (z; q) = (−z^2/4; q)_∞J^{(1)}_ν (z; q), and the Hahn-Exton q-Bessel function [15]

(2.19) J_ν (z; q) =

(q^{ν+1}; q)_∞ (q; q)_∞ z^ν_1ϕ_1 ( 0 q^{ν+1} ; q, qz^2 ) . Indeed, setting α = ire^{iψ} , β = ire^{−iψ} , we see that in terms of the new complex coordinates [r, e^{iψ} ] we have

T^{(e,e)}_n0_n (α, β) ≡ T^{(e,e)}_n0_n [r, e^{iψ}] = e^{i( π2 +ψ)(n−n} 0_)

(−r^2ω^2; q)_∞

J^{(2)}_{n−n}0(2rω; q) T^{(e,E)} n0_n [r, e^{iψ}] = e^{i( π2 −ψ)(n} 0_{−n)} q^{(n} 0_{−n)/2} J_n0_{−n}(rωq^{− 12} ; q)

(2.20) T^{(E,e)} n0_n [r, e^{iψ}] = e^{i( π2 +ψ)(n−n} 0_) q^{(n−n} 0_{)/2} J_{n−n}0(rωq^{− 12} ; q) T^{(E,E)} n0_n [r, e^{iψ}] = e^{i( π2 +ψ)(n−n} 0_) q^{(n−n} 0_)2_{/2}

J^{(2)}_{n−n}0(2rωq^{− 12} ; q).

(Note that J_{−n}(z; q) = (−1)^nq^{n/2}J_n(zq^{n/2}; q), J^{(2)}_{−n}(z; q) = (−1)^nJ^{(2)}n (z; q) for integer n.)

The matrix elements T_n0_n(α, β) themselves define models of the representations (ω). We can see this directly from the commutation relations (2.1). It is a simple consequence of these relations and e_q(x) = (x; q)^{−1}_∞ , E_q (x) = (−x; q)_∞ that

e_q (βE_+)e_q(αE_−)E_+ = 1 β (I − T_β)e_q (βE_+)e_q(αE_−)

(2.21)

e_q(βE_+)e_q(αE_−)E_− = 1 α (I − T_α)e_q(βE_+)e_q (αE_−)

where I is the identity operator and T_β g(α, β) = g(α, βq) for a function g(α, β). Thus

ωT^{(e,e)}_n0_{,n+1}(α, β) = < e_q (βE_+)e_q(αE_−)E_+f_n, f_n0 > = 1 β (I − T_β)T^{(e,e)}_n0_n (α, β), (2.22) ωT^{(e,e)}_n0_{,n−1}(α, β) = 1 α (I − T_α)T^{(e,e)}_n0_n (α, β). Similarly, the relations

e_q(βE_+)E_q (αE_−)E_+ = 1 β (I − T_β)e_q (βE_+)E_q (αE_−)

(2.23)

e_q (βE_+)E_q (αE_−)E_− = q α (T^{−1}_α − I)e_q (βE_+)E_q (αE_−)

yield ωT^{(e,E)}_n0_{,n+1}(α, β) = 1 β (I − T_β)T^{(e,E)}_n0_n (α, β), (2.24) ωT^{(e,E)}_n0_{,n−1}(α, β) = q α (T^{−1}_α − I)T^{(e,E)}_n0_n (α, β).

In the same way we find ωT^{(E,e)}_n0_{,n+1}(α, β) = q β (T^{−1}_β − I)T^{(E,e)}_n0_n (α, β), (2.25) ωT^{(E,e)}_n0_{,n−1}(α, β) = 1 α (I − T_α)T^{(E,e)}_n0_n (α, β), and ωT^{(E,E)} n0_{,n+1}(α, β) = q β (T^{−1}_β − I)T^{(E,E)}_n0_n (α, β), (2.26) ωT^{(E,E)} n0_{,n−1}(α, β) = q α (T^{−1}_α − I)T^{(E,E)}_n0_n (α, β). Furthermore, induction with respect to k+ℓ yields [H, α^ℓβ^kE^k_+E^ℓ_−] = (k−ℓ)α^ℓβ^kE^k_+E^ℓ_− and this implies [H, e_q(βE_+)e_q (αE_−)] = (β∂_β − α∂_α)e_q(βE_+)e_q (αE_−), so (n^′ − n)T^{(e,e)}_n0_n (α, β) =< e_q (βE_+)e_q(αE_−)f_n, Hf_n0 > − < e_q (βE_+)e_q(αE_−)Hf_n, f_n0 > =< [H, e_q (βE_+)e_q(αE_−)]f_n, f_n0 >= (β∂_β − α∂_α)T^{(e,e)}_n0_n (α, β). Similarly, (2.27) (n^′ − n)T_n0_n(α, β) = (β∂_β − α∂_α)T_n0_n(α, β) for all the remaining cases.

Thus, denoting operators

(2.28) Ẽ^x = 1 x (I − T_x), Ê^x = q x (T^{−1}_x − I), H̃ = α∂_α − β∂_β we see that the following sets of operators and basis functions each define a two variable realization of relations (2.2), hence a realization of the representation (ω): a) Ẽ^β_+, Ẽ^α_−, H̃, f_{−n}0_{+n} = T^{(e,e)}_n0_n (α, β) b) Ẽ^β_+, Ê^α_−, H̃, f_{−n}0_{+n} = T^{(e,E)}_n0_n (α, β)

(2.29) c) Ê^β_+, Ẽ^α_−, H̃, f_{−n}0_{+n} = T^{(E,e)}_n0_n (α, β) d) Ê^β_+, Ê^α_−, H̃, f_{−n}0_{+n} = T^{(E,E)}_n0_n (α, β).

Moreover, from the explicit expressions (2.14) for the matrix elements T_n0_n(α, β) it is easy to verify that relations (2.2) remain valid for −n^′ = m_0 a complex number with 0 ≤ ℜ m_0 < 1, ω a nonzero complex number and n an integer. Thus the four families (2.29) provide realizations of all the representations Q(ω, m_0), although for m_0 ≠ 0 the basis functions are no longer matrix elements. (Indeed, each of the families a) − d) defines two realizations of Q(ω, m_0) for m_0 ≠ 0, one where the q-Bessel functions are expressed in terms of the subscript n − n^′ and one where they are expressed in terms of n^′ − n. For m_0 = 0 these expressions coincide.)

Before passing on to a deeper consideration of these models we note that the identities (2.12) and (2.13) for αβ ≠ 0 are essentially the following identities for q-Bessel functions [15, (2.14),(2.10)]:

(2.30a) ∞∑ ℓ=−∞ J^{(2)}_{ℓ−n}(r; q)q^{ℓ2/2}J^{(2)}_ℓ (rq^{− 12} ; q) = δ_{n0}(−r^2/4; q)_∞,

(2.30b) ∞∑ ℓ=−∞ q^ℓJ_{ℓ+n}(r; q)J_{ℓ+n}0(r; q) = δ_{nn}0q^{−n}, |r| < q^{− 12} .

The identities (2.30a) can be further generalized by considering matrix element relations of the form

(2.12^′) S_n0_n(β, γ) = ∞∑ ℓ=−∞ T^{(e,e)}_n0_ℓ (α, β)T^{(E,E)}_{ℓn} (−α, γ)

where S_n0_n(β, γ) =< E_q (γE_+)e_q(βE_+)f_n, f_n0 > = { 0 if n^′ − n < 0

(ωβ)^n0�^n (q;q)_n0�_n (− γ β ; q)_n0_{−n} otherwise.

(There are relations of a similar type for the E_− operator.) These identities yield a q-analog of the Hansen-Lommel orthogonality relations [10, 11]. Indeed, if we set α = β = ir, γ = −irq^n 0_{−n−1} in (2.12^′) we see that the left-hand side of this equation vanishes unless n = n^′. Furthermore with the choice 2rω = zq^n

0_{/2} , m = −ℓ the expression becomes Koelink’s formula ∞∑ m=−∞ J^{(2)}_{m+n}0(zq^n

0_{/2} ; q)q^{(m+n} 0_{)(m+n}0_{−1)/4} J^{(2)}_{m+n}(zq^{n/2}; q)q^{(m+n)(m+n−1)/4} = δ_{nn}0(−z^2q^n/4; q)_∞.

As additional examples the identities

T^{(E,E)} n0_n (γ, α) = n0∑ ℓ=−∞ S_n0_ℓ(−β, α)T^{(E,E)}_{ℓn} (γ, β), T^{(e,E)}_n0_n (α, β) = n0∑ ℓ=−∞ S_n0_ℓ(β, γ)T^{(e,E)}_{ℓn} (α, −γ)

yield q-analogs of the Lommel relations:

x^{−m}J^{(2)}_m (xz; q) = ∞∑ j=0 ( q^mz 2 )^j q^{j(j+1)/2}

(x^2; q)_j (q; q)_j J^{(2)}_{m+j} (z; q),

x^mJ_m( z x q^{m/2}; q) = ∞∑ j=0 (− zq^{1/2} x^2

)^j

(x^2; q)_j (q; q)_j J_{m+j} (zq^{(m+j)/2}; q)

where m is an integer.

We can use the relations (2.22), (2.24)-(2.26) to derive addition theorems for the basis functions T_n0_n(α, β), including the cases where n^′ = −m_0 is a complex number. First of all, note that (for m, s complex numbers)

(2.31) e_q (γÊ^x)x^m = x^m (−q^{−m+1}γ/x; q)_∞ (−qγ/x; q)_∞ , E_q (ξẼ^x)x^s = x^s (−ξ/x; q)_∞ (−q^sξ/x; q)_∞ . Now consider the operator e_q(γÊ^β_+)E_q (ξẼ^α_−) applied to the basis function f_{m0} = T^{(E,e)} −m0,0(α, β) = T (e,E) 0,−m0 (β, α): (2.32) e_q(γÊ^β_+)E_q (ξẼ^α_−)T^{(E,e)}_{−m0,0}(α, β)

= (αω)^{m0}

(q^{m0+1}; q)_∞ (q; q)_∞ ∞∑ k=0 q^{k(k−1)/2}ω^{2k}α^k β^k(−q^{−k+1}γ/β; q)_∞(−ξ/α; q)_∞ (q^{m0+1}; q)_k(q; q)_k (−qγ/β; q)_∞(−q^{m0+k}ξ/α; q)_∞ = (αω)^{m0}

(q^{m0+1}; q)_∞(−ξ/α; q)_∞ (q; q)_∞(−q^{m0} ξ/α; q)_∞^2 ϕ_1 ( −q^{m0} ξ/α, −β/γ q^{m0+1} ; q, αγω^2 ) , convergent for |q^{m0} ξ/α| < 1, |αγω^2| < 1. Since

(2.33) e_q(γÊ^β_+)E_q (ξẼ^α_−)T^{(E,e)}_{−m0,0}(α, β) = ∞∑ n=−∞ T^{(e,E)} n0 (ξ, γ)T^{(E,e)}_{−m0,n}(α, β) from (2.8b), or

x^{m0} (q^{m0+1}; q)_∞(qz/xy; q)_∞ (q; q)_∞(q^{m0+1}z/xy; q)_∞^2 ϕ_1 ( q^{m0+1}z/xy, qx/yz q^{m0+1} ; q, xyz )

(2.33^′) = ∞∑ n=−∞ y^nJ_n(z; q)J_{m0+n}(x; q)

|q^{m0+1}z/xy| < 1, |xyz| < 1, this can be considered as an addition theorem for the T^{(E,e)}_{−m0,n} basis functions which generalizes the Lommel and Graf addition theorems for ordinary Bessel functions, [15 (4.5), 18, 20, 22]. In [15 (4.10)] (for integer m_0) and in [5] (for complex m_0) the addition theorem corresponding to

(2.34) E_q (γẼ^β_+)E_q (ξẼ^α_−)T^{(e,e)}_{−m0,0}(α, β) = ∞∑ n=−∞ T^{(E,E)} n0 (ξ, γ)T^{(e,e)}_{−m0,n}(α, β) is worked out. The result is ( x 2 )^{m0} (qz/xy; q)_∞(q^{m0+1}; q)_∞ (q^{m0+1}z/xy; q)_∞(q; q)_∞^2 ϕ_1 ( q^{m0+1}z/xy, yz/x q^{m0+1} ; q, − x^2 4 )

(2.34^′) = ∞∑ n=−∞ q^{n(n−1)/2}y^nJ^{(2)}_n (z; q)J^{(1)}_{m0+n}(x; q)

|q^{m0+1}z/xy| < 1, |x^2| < 4. To better understand, and to extend, identities (2.33) we note that, formally at least, the operators e_q (γÊ^β_+), E_q (ξẼ^α_−) and H are symmetry operators for the q-difference equation

(2.35) Ê^β_+Ẽ^α_−Ψ(α, β) = ℓ^2Ψ(α, β).

That is, these operators map solutions of the equations to new solutions. Thus if Ψ(α, β) is a solution then so are e_q(γÊ^β_+)E_q (ξẼ^α_−)Ψ(α, β) = Ψ^′(α, β) and HΨ(α, β) solutions. It is easy to check that the only solution Ψ_λ of (2.35) and HΨ_λ = λΨ_λ for complex (noninteger) λ, such that r^{−λ}Ψ_λ is analytic in r at r = 0, is Ψ_λ(α, β) ≡ Ψ_λ[r, t] = t^λJ_λ(rωq^{−1/2}; q), unique up to multiplication by a constant. Here, α = irt, β = ir/t. (For λ = n an integer, the only solution Ψ_λ analytic in r at r = 0 is Ψ_n = t^nJ_n(rωq^{−1/2}; q).) Thus if Ψ^′_λ(α, β) is analytic in the variables R = r, S = rt at R = 0 then it must have an expansion of the form, [9]

(2.36) Ψ^′ = ∑ λ c_λt^λJ_λ(rωq^{−1/2}; q) where the c_λ are complex constants. Expression (2.33) is a special case of this expansion.

It is easy to check from (2.31) that the operators e_q(γÊ^β_+), E_q (ξẼ^α_−) do commute with Ê^β_+ and Ẽ^α_− when acting on monomials β^mα^s so, modulo convergence problems, they are symmetry operators mapping analytic solutions of Ê^β_+Ẽ^α_−Ψ = ℓ^2Ψ to analytic solutions. Now, instead of the definition E_q (ξẼ^x)x^s = x^s(−ξ/x; q)_∞/(−q^sξ/x; q)_∞ let us adopt the definition (ξ ≠ 0)

(2.37) E_q (ξẼ^x_−)^′x^s = ξ^sq^{s(s−1)/2} (−q^{−s+1}x/ξ; q)_∞ (−qx/ξ; q)_∞ . For s an integer these definitions coincide, but they are distinct for s complex.

It is again easy to verify that

E_q(ξẼ^α_−)^′Ẽ^α_−α^s = Ẽ^α_−E_q (ξẼ^α_−)^′α^s

so E_q (ξẼ^α_−)^′ is also a symmetry operator. As an example of the use of this observation consider

Ψ^′ =E_q (ξẼ^α_−)^′T^{(E,e)}_{−m0,0}(α, β)

(2.38)

= (ξω)^{m0} (q^{m0+1}; q)_∞q^{m0(m0−1)/2}(−q^{−m0+1}α/ξ; q)_∞ (q; q)_∞(−qα/ξ; q)_∞^1 ϕ_1 ( −q^{m0} ξ/α q^{m0+1} ; q, −αβω 2 ) , |qα/ξ| < 1. Thus we have (2.39) (−q^{−m0+1}irt/ξ; q)_∞ (−qirt/ξ; q)_∞^1 ϕ_1 ( −q^{m0} ξ/irt q^{m0+1} ; q, r

2ω^2 ) = ∞∑ n=−∞ c_nt^nJ_n(rωq^{−1/2}; q).

Now set t=s/r and let r → 0 in (2.39). We obtain c_n = (−iq^{3/2}/ξω)^n(q^{−m0} ; q)_∞/(q^{−m0+n}; q)_∞ for n = 0, 1, · · · . Similarly, if we set t = sr and let r → 0 we find the same expression for c_n with −n = 0, 1, · · · . Thus (q^{−m0} x; q)_∞ (x; q)_∞^1 ϕ_1 ( q^{m0+1}/x q^{m0+1} ; q, qz 2 ) = ∞∑ n=−∞ ( qx z )^n

(q^{−m0} ; q)_∞ (q^{−m0+n}; q)_∞ J_n(z; q),

(2.40) 0 < |x| < 1.

Similarly, applying the symmetry operator E_q(ξẼ^α_−)^′ to the basis function T^{(e,e)}_{−m0,0} we obtain the identity (q^{−m0} ry; q)_∞ (ry; q)_∞^2 ϕ_1 ( q^{m0+1}/ry, 0 q^{m0+1} ; q, −r 2 ) = ∞∑ n=−∞ y^n (q^{−m0} ; q)_∞ (q^{−m0+n}; q)_∞ J^{(1)}_n (2r; q),

(2.41) 0 < |y|, |r^2| < 1, |ry| < 1. Also, we can apply the symmetry operator

e_q (γÊ^β_+)^′β^m = γ^mq^{−m(m−1)/2} (−β/γ; q)_∞ (−q^mβ/γ; q)_∞ ,

rather than e_q (γÊ^β_+), to obtain new identities.

3. Tensor products. In addition to the standard definition of the tensor product of two irreducible representations (ω_1) and (ω_2) of m(2) there is a definition given by the nontrivial Hopf algebra structure in which the coproduct is [1, 4, 11]

F_+ =Δ(E_+) = E_+ ⊗ q^{− 12 H} + q^{12 H} ⊗ E_+ F_− =Δ(E_−) = E_− ⊗ q^{− 12 H} + q^{12 H} ⊗ E_−

(3.1) L =Δ(H) = H ⊗ I + I ⊗ H. The operators F_±, L satisfy the same commutation relations as the operators E_±, H: (3.2) [L, F_±] = ±F_±, [F_+, F_−] = 0.

The standard definition is obtained by letting q → 1 in (3.1). Each irreducible representation (ω_1), (ω_2) is defined on L_2[0, 2π] by the prescription (2.5). To make sense of the operators (3.1) on a dense subspace of the tensor product space L[0, 2π] ⊗ L[0, 2π] we proceed as follows. The Hilbert space inner product is

< f, g >= 1 (2π)^2 ∫_{2π} 0 ∫_{2π} 0 f(θ_1, θ_2)g(θ_1, θ_2) dθ_1dθ_2.

MODELS OF Q-ALGEBRA REPRESENTATIONS: THE GROUP OF PLANE MOTIONS11

An orthonormal basis is {f_{n1n2} = e^{i(n1θ1+n2θ2)}, n_j = 0, ±1, ±2, · · · }. In terms of this basis a general element f of the Hilbert space can be expanded as

(3.3) f(θ_1, θ_2) ∼ ∞∑ n1,n2=−∞ a_{n1n2} e^{i(n1θ1+n2θ2)} = ∞∑ n,k=−∞ A_{nk} e^{i(nΘ+kΦ)},

where ∑ |a_{n1n2} |^2 < ∞, k = n_1 + n_2, n = n_1, Θ = θ_1 − θ_2, Φ = θ_2 and A_{nk} = a_{n1n2} .

Now set z = e^{iΘ}, t = e^{iΦ}. Since L = Δ(H) = −i∂_Φ = t^{−1}∂_t it is clear that the eigenvalues of L are k_0 = 0, ±1, ±2, · · · and that the corresponding eigenspace of L[0, 2π] ⊗ L[0, 2π] consists of those square integrable functions f for which A_{nk} = 0 if k ≠ k_0. The operators (3.2) make sense on the dense subspace K of the Hilbert space consisting of finite sums of functions f[z, t] = ∑ f_k[z]t^k, (z, t) ∈ /C_2, ( f[e^{iΘ}, e^{iΦ}] = f(θ_1, θ_2) belongs to the Hilbert space) such that each f_k[z] is analytic except possibly for an essential singularity at z = 0 and a countable number of poles in the complex plane (not on the unit circle |z| = 1). Then F_+f[z, t] =ω_1ztf[zq^{1/2}, tq^{−1/2}] + ω_2tf[zq^{1/2}, t] F_−f[z, t] = ω_1 zt f[zq^{1/2}, tq^{−1/2}] + ω_2 t f[zq^{1/2}, t] (3.4) Lf[z, t] = 1 t ∂_tf[z, t]. We further require that F_±f[e^{iΘ}, e^{iΦ}] and F_+F_−f[e^{iΘ}, e^{iΦ}] are square integrable. Formally, the invariant operator Δ(E_+E_−) = F_+F_− takes the form F_+F_−f[z, t] = ( ω^2_1 T^{−1}_t + ω_1ω_2(zq^{1/2} + 1 zq^{1/2} )T^{−1/2}_t + ω^2 I ) T_zf[z, t]. Thus, if f satisfies (3.5) F_+F_−f = λf, Lf = kf it should have the form f[z, t] = g_k[z]t^k where

(3.6) (ω_1q^{−k/2} + ω_2zq^{1/2})(ω_1q^{−k/2} + ω_2 zq^{1/2} )g_k[zq] = λg_k[z]. In order to decompose the tensor product representation into irreducible representations it is sensible to require that the domain of definition of the above operators should be adjusted so that on this domain F_+ is the adjoint of F_− and L, K = F_+F_− are symmetric. Then we extend the domain to make K self-adjoint. Let us consider the restriction K_k of K to the subspace of functions of the form f_k[z, t] = g_k[z]t^k, so that Lf_k = kf_k. Then

(3.7) K_k = (ω_1q^{−k/2} + ω_2zq^{1/2})(ω_1q^{−k/2} + ω_2 zq^{1/2} )T_z and the induced Hilbert space inner product is

(3.8) (g, g^′) = 1 2πi ∮ |z|=1 g[z]g^′[z^{−1}] dz z where g[z] = g[z]. It follows that

(3.9) (K_kg, g^′) = (g, K_kg^′) + R(g, g^′)

where R(g, g^′) is the sum of residues of the function z^{−1}(ω_1q^{−k/2}+ω_2zq^{−1/2})(ω_1q^{−k/2}+ ω_2q^{1/2}/z)g[z]g^′[q/z] in the annulus q < |z| < 1. Thus K_k will be symmetric on a domain D such that R(g, g^′) = 0 for all g, g^′ ∈ D. This shows that the role of boundary conditions for symmetric operators is played here by the placement of zeros and poles for the elements of D.

There is an infinite parameter family of self-adjoint operators associated with the symbol (3.7). We shall focus on those two of the self-adjoint operators (and their spectral resolutions) that are the simplest in structure. The first corresponds to the orthonormal basis of eigenvectors

(3.10) h^{(1)}_p [z] =

(−q^{(1+k)/2}ω_2z/ω_1; q)_∞ (−q^{(1+k)/2}ω_2/ω_1z; q)_∞ z^{p+k}, p = 0, ±1, · · ·

with eigenvalues λ^{(1)}_p = ω^2_1 q^p. The second has an orthonormal basis of eigenvectors

(3.11) h^{(2)}_p [z] =

(−q^{(1−k)/2}ω_1z/ω_2; q)_∞ (−q^{(1−k)/2}ω_1/ω_2z; q)_∞ z^p, p = 0, ±1, · · ·

with eigenvalues λ^{(2)}_p = ω^2 q^p. Setting f^{(j)}_{pk} [z, t] = h^{(j)}_p [z]t^k, j = 1, 2, we have F_±f^{(j)}_{pk} = ω_j q^{p/2}f^{(j)}_{p,k±1} (3.12)

Lf^{(j)}_{pk} = kf^{(j)}_{pk} , Kf^{(j)}_{pk} = ω^2_j q^pf^{(j)}_{pk} .

Thus

(3.13) (ω_1) ⊗^j_q (ω_2) ≡ ∞∑ p=−∞ ⊕(ω_j q^{p/2}),

i.e., in each case the tensor product decomposes into a direct sum of irreducible representations. (This is dramatically different from the case q = 1 where the tensor product representation is unique and the spectrum of K is continuous, [22, page 224].)

As an indication of the multiplicity of possible self-adjoint operators and resulting spectral decompositions, consider the function

(3.14) S_λ[z] = (−q^{1/2}λ/z; q)_∞(−q^{1/2}z/λ; q)_∞ (−q^{1/2}λz; q)_∞(−q^{1/2}/λz; q)_∞ for λ a nonzero real constant. Note that |S_λ[z]| = 1 for |z| = 1. Now S_λ[zq] = λ^2S_λ[z] so the sets {S_λ[z]f^{(j)}_{pk} }, j = 1, 2, are each orthonormal bases of L_2[0, 2π] ⊗ L_2[0, 2π] consisting of eigenvectors of K with eigenvalues λ^2ω^2_j q^p. Furthermore, the sets {f^{(j)}_{pk}^′ = S_λ[z^2]f^{(j)}_{pk} } satisfy relations (3.12) with ω_j replaced by ω_j λ^2.

MODELS OF Q-ALGEBRA REPRESENTATIONS: THE GROUP OF PLANE MOTIONS13

The Clebsch-Gordan coefficients for the tensor product corresponding to the spectral resolution (3.10) are defined by

(3.15) f^{(1)}_{pk} [z, t] = f^{(1)}_{pk} (θ_1, θ_2) = ∞∑ n1,n2=−∞ [ ω_1 ω_2 p n_1 n_2 k

]_{(1)}

f^{ω1}_{n1} (e^{iθ1} ) ⊗^1_q f^{ω2}_{n2} (e^{iθ2} ).

Clearly, these coefficients vanish unless k = n_1 + n_2. The orthogonality of the two bases implies the identities

(3.16) ∑ n1,n2 [ ω_1 ω_2 p n_1 n_2 k

]_{(1)} [ ω_1 ω_2 p^′ n_1 n_2 k

]_{(1)} = δ_{pp}0,

∑ p [ ω_1 ω_2 p n_1 n_2 k

]_{(1)} [ ω_1 ω_2 p n^′_1 n^′_2 k

]_{(1)} = δ_{n1n}0_1

where n_1 + n_2 = n^′_1 + n^′_2 = k. Explicitly, [ ω_1 ω_2 p n_1 n_2 k

]_{(1)}

= (−1)^{p+n2} q^{(p+n2)/2}J_{p+n2} (q^{−1/2}b_k; q)

(3.17) − s_k−1∑

ℓ=0 (q^ℓb^2_k; q)_∞q^{ℓ(ℓ+1)/2}(−q^ℓb_k)^{p+n2} (−1)^ℓ (q; q)_∞(q; q)_ℓ ,

where k = n_1 + n_2, b_k = q^{(1+k)/2}ω_2/ω_1 and s_k ≥ 0 is the smallest integer such that q^{sk} b_k < 1. (We assume that b_k ≠ q^n for any integer n.) Indeed the case s_k = 0 of (3.17) follows from (3.15) and this result can be written as a complex contour integral. The case s_k > 0 can be obtained from this result by shifting the contour.

Similarly the Clebsch-Gordan coefficients for the tensor product corresponding to the spectral resolution (3.11) are defined by

f^{(2)}_{pk} [z, t] = f^{(2)}_{pk} (θ_1, θ_2) = ∞∑ n1,n2=−∞ [ ω_1 ω_2 p n_1 n_2 k

]_{(2)} f^{ω1}_{n1} (e^{iθ1} ) ⊗^2_q f^{ω2}_{n2} (e^{iθ2} ).

They satisfy orthogonality relations analogous to (3.16) and are given explicitly by (3.17), where now b_k = q^{(1−k)/2}ω_1/ω_2 and n_2 is replaced by −n_1.

With respect to the tensor product basis {f^{ω1}_{n1} ⊗f^{ω2}_{n2} } the operator e_q(βF_+)E_q (αF_−) has matrix elements

T_{m1m2;n1n2} (α, β) = < e_q(βΔ(E_+))E_q (αΔ(E_−))f^{ω1}_{n1} ⊗ f^{ω2}_{n2} , f^{ω1}_{m1} ⊗ f^{ω2}_{m2} >

=(βω_1)^{m1−n1} (βω_2)^{m2−n2}

(q^{m1−n1+1}; q)_∞(q^{m2−n2+1}; q)_∞ (q; q)^2_∞q^{(m1m2+n1n2−2n1m2)/2} × 1ϕ_1 ( 0 q^{m1−n1+1} ; q, −αβω 2 1 q^{−m2} ) 1ϕ_1 ( 0 q^{m2−n2+1} ; q, −αβω 2 2 q^{n1} )

or, in coordinates [r, t]:

(3.18) T_{m1m2;n1n2} [r, t] =

(−q^{−1/2}it)^{n1+n2−m1−m2} J_{m1−n1} (rω_1q^{−(m2+1)/2}; q)J_{m2−n2} (rω_2q^{(n1−1)/2}; q). To see this most simply, recall that if X and Y are linear operators such that Y X = qXY then, [6, page 28],

(Y + X)^k = k∑ ℓ=0 (q; q)_k (q; q)_ℓ(q; q)_{k−ℓ} X^ℓY^{k−ℓ},

e_q (X + Y ) = e_q (X)e_q(Y ), E_q (X + Y ) = E_q(Y )E_q (X).

Thus, using the facts that E_+q^{12 H} = q^{− 12} q^{12 H} E_+, E_−q^{12 H} = q^{12} q^{12 H} E_− for these representations, we have

e_q(βF_+)E_q (αF_−) =

=e_q (βE_+ ⊗ q^{− 12 H} )E_q (αE_− ⊗ q^{− 12 H} )e_q (βq^{12 H} ⊗ E_+)E_q (αq^{12 H} ⊗ E_−),

so the matrix elements with respect to the tensor product basis are given by

T_{m1m2;n1n2} (α, β) =< e_q (βq^{−m2/2}E_+)E_q (αq^{−m2/2}E_−)f^{ω1}_{n1} , f^{ω1}_{m1} >

× < e_q (βq^{n1/2}E_+)E_q (αq^{n1/2}E_−)f^{ω2}_{n2} , f^{ω2}_{m2} > .

From the definition of the Clebsch-Gordan coefficients we see immediately that the identities

T_{m1m2;n1n2} (α, β) = ∞∑ p=−∞ [ ω_1 ω_2 p n_1 n_2 n_1 + n_2 ]_{(j)} T^{(e,E),ωj qp/2} m1+m2,n1+n2 (α, β) (3.19)

× [ ω_1 ω_2 p m_1 m_2 m_1 + m_2 ]_{(j)} , j = 1, 2

must hold. Choosing j = 1 and taking the special case where q^{(1+m1+m2)/2}ω_2/ω_1 < 1 and q^{(1+n1+n2)/2}ω_2/ω_1 < 1 we obtain the identity (3.20)

(−q)^nJ_{x−n}(Sq^{−y}; q^2)J_n(RSq^n; q^2) = ∞∑ k=−∞ q^{2k}J_{k−n}(Rq^y; q^2)J_x(Sq^{k−y} ; q^2)J_k(Rq^{y+x}; q^2),

valid for 0 < Rq^{y+x+1} < 1, 0 < Rq^{y+1} < 1, 0 ≤ S and n, x, y integers. The case S = q^z of this formula for z an integer is the addition theorem for Hahn-Exton q-Bessel functions derived by Koelink using the theory of quantum groups, [10, 21]. For an analytic proof of Koelink’s formula see [20].

References

1. E. Abe (1980), Hopf Algebras, Cambridge University Press, Cambridge. 2. A.K. Agarwal, E.G. Kalnins, and W. Miller (1987), Canonical equations and symmetry techniques for q-series, SIAM J. Math. Anal. 18, 1519-1538.

3. R. Floreanini and L. Vinet (1990), q-Orthogonal polynomials and the oscillator quantum group, INFN preprint, Trieste AE-90/23.

MODELS OF Q-ALGEBRA REPRESENTATIONS: THE GROUP OF PLANE MOTIONS15

4. R. Floreanini and L. Vinet (1991), Quantum algebras and q-special functions, Letters Math.

Physics 22, 45–54.

5. R. Floreanini and L. Vinet (1991), Addition formulas for q-Bessel functions, Université de Montréal preprint, Montréal UdeM-LPN-TH60.

6. G. Gasper and M. Rahman (1990), Basic Hypergeometric Series, Cambridge University Press, Cambridge.

7. M. Jimbo (1985), A q-difference analogue of U(g) and the Yang-Baxter equation, Letters in Mathematical Physics 10, 63–69.

8. E.G. Kalnins, H.L. Manocha and W. Miller (1991), Models of q-algebra representations I.

Tensor products of special unitary and oscillator algebras, IMA Preprint #837. 9. E.G. Kalnins and W. Miller (1989), Symmetry techniques for q-series: Askey-Wilson polynomials, Rocky Mtn. J. Math. 19, 223–230.

10. H.T. Koelink (1991), Hansen-Lommel orthogonality relations for Jackson’s q-Bessel functions, Report W-91-11 University of Leiden.

11. H.T. Koelink (1991), On quantum groups and q-special functions, thesis University of Leiden.

12. H.T. Koelink and T.H. Koornwinder (1989), The Clebsch-Gordan coefficients for the quantum group S¯U(2) and q-Hahn polynomials, Proc. Koninklijke Nederl. Akad. Wetenschappen, Series A 92, 443–456.

[13]T.H. Koornwinder (1989), Representations of the twisted SU(2) quantum group and some q-hypergeometric orthogonal polynomials, Nederl. Akad. Wetensch. Proc. Ser A92, 97–117.

[14]T.H. Koornwinder (1991), The addition formula for little q-Legendre polynomials and the SU(2) quantum group, SIAM J. Math. Anal. 22, 295–301.

[15]T.H. Koornwinder and R.F. Swarttouw (1991), On q-analogues of the Fourier and Hankel transforms group, (to appear in Trans. American Math. Soc.).

[16]T. Masuda, K. Mimachi, Y. Nakagami, M. Noumi, Y. Saburi and K. Ueno (1990), Unitary representations of the quantum groups SU_q(1, 1): Structure of the dual space of U_q (sl(2)), Lett. Math. Phys. 19, 187–194.

[17]T. Masuda, K. Mimachi, Y. Nakagami, M. Noumi, Y. Saburi and K. Ueno (1990), Unitary representations of the quantum groups SU_q(1, 1): II. Matrix elements of unitary representations and the basic hypergeometric functions, Lett. Math. Phys. 19, 194–204.

[18]W. Miller (1968), Lie Theory and Special Functions, Academic Press, New York. [19]W. Miller (1970), Lie theory and q-difference equations, SIAM J. Math. Anal.

1, 171–188.

[20]R.F. Swarttouw (1992), The Hahn-Exton q-Bessel function, thesis Delft University of Technology.

[21]L.L. Vaksman and L.I. Korogodskiĭ (1989), An algebra of bounded functions on the quantum group of the motions of the plane, and q-analogues of Bessel functions, Soviet Math. Dokl. 39, 173–177.

[22]N. Ja. Vilenkin (1968), Special Functions and the Theory of Group Representations, American Mathematical Society, Providence, Rhode Island.