MODELS OF q-ALGEBRA REPRESENTATIONS: MATRIX ELEMENTS OF THE q-OSCILLATOR ALGEBRA

E.G. KALNINS†, WILLARD MILLER, Jr.‡ AND SANCHITA MUKHERJEE*

Abstract. This paper continues a study of function space models of irreducible representations of q-analogs of Lie enveloping algebras, motivated by recurrence relations satisfied by q-hypergeometric functions. Here we consider a q-analog of the oscillator algebra (not a quantum algebra). We show that various q-analogs of the exponential function can be used to mimic the exponential mapping from a Lie algebra to its Lie group and we compute the corresponding matrix elements of the “group operators” on these representation spaces. This “local” approach applies to more general families of special functions, e.g., with complex arguments and parameters, than does the quantum group approach. We show that the matrix elements themselves transform irreducibly under the action of the algebra. We find q-analogs of a formula for the product of two hypergeometric functions 1F1 and the product of a 1F1 and a Bessel function. They are interpreted here as expansions of the matrix elements of a “group operator” (via the exponential mapping) in a tensor product basis (for the tensor product of two irreducible oscillator algebra representations) in terms of the matrix elements in a reduced basis. As a byproduct of this analysis we find an interesting new orthonormal basis for a q-analog of the Bargmann-Segal Hilbert space of entire functions.

PACS: 02.20.+b, 03.65.Fd

1. Introduction. This paper continues the study of function space models of irreducible representations of q-algebras [1, 2, 3]. These algebras and models are motivated by recurrence relations satisfied by q-hypergeometric functions [4] and our treatment is an alternative to the theory of quantum groups. Here, we consider the irreducible representations of a q-analog of the oscillator algebra (not a quantum algebra). We replace the usual exponential function mapping from the Lie algebra to the Lie group by the q-exponential mappings E_q and e_q. In place of the usual matrix elements on the group (arising from an irreducible representation) which are expressible in terms of Laguerre polynomials and functions, we find seven types of matrix elements expressible in terms of q-hypergeometric series. These q-matrix elements do not satisfy group homomorphism properties, so they do not lead to

†Department of Mathematics and Statistics, University of Waikato, Hamilton, New Zealand ‡School of Mathematics and Institute for Mathematics and its Applications, University of Minnesota, Minneapolis, Minnesota 55455. Work supported in part by the National Science Foundation under grant DMS 91–100324 *Institute for Mathematics and its Applications, University of Minnesota, Minneapolis, Minnesota 55455. Work supported by the Study Abroad fellowship of the Government of India.

Typeset by AMS-TEX 1

addition theorems in the usual sense. However, they do satisfy orthogonality relations. Furthermore, in analogy with true group representation theory we can show that each of the seven families of matrix elements determines a two-variable model for irreducible representations of the q-oscillator algebra. In §3 we show how this two-variable model leads to orthogonality relations for the matrix elements.

In §4 we find a q-analog of a formula for the product of two hypergeometric functions_1F_1. This is interpreted here as an expansion of the matrix elements of a “group operator” (via the exponential mapping) in a tensor product basis (for the tensor product of two irreducible oscillator algebra representations) in terms of the matrix elements in a reduced basis. In §5 we find a q-analog of a formula for the product of a_1F_1 and a Bessel function. This is interpreted here as an expansion of the matrix elements of the “group operator” in a tensor product basis (for the tensor product of an irreducible oscillator algebra representation and an irreducible representation of the quantum motion group) in terms of the matrix elements in a reduced basis. As a byproduct of this analysis we find an interesting new orthonormal basis for a q-analog of the Bargmann-Segal Hilbert space of entire functions.

Our approach to the derivation and understanding of q-series identities is based on the study of q-algebras as q-analogs of Lie algebras, [5, 6]. We are attempting to find q-analogs of the theory relating Lie algebra and local Lie transformation groups [7, 8]. A similar approach has been adopted by Floreanini and Vinet [9-12]. This is an alternative to the elegant papers [13-21] which are based primarily on the theory of quantum groups. The main justification of the “local” approach is that it is more general; it applies to more general families of special functions than does the quantum group approach.

The notation used for q-series in this paper follows that of Gasper and Rahman [22].

2. Models of oscillator algebra representations. In [1] a q-analog of the oscillator algebra was introduced. This is the associative algebra generated by the four elements H, E_+, E_−, E that obey the commutation relations

[H, E_+] = E_+, [H, E_−] = −E_−,

[E_+, E_−] = −q^{−H} E, [E, E_±] = [E, H] = 0.

(2.1)

It admits a class of algebraically irreducible representations ↑_{ℓ,λ} where ℓ, λ are complex numbers and ℓ ≠ 0. These are defined on a vector space with basis {e_n : n = 0, 1, 2, · · · }, such that

E_+e_n = ℓ √ q^{−n−1} − 1 1 − q e_{n+1}

E_−e_n = ℓ √ q^{−n} − 1 1 − q e_{n−1} (2.2)

He_n = (λ + n)e_n, Ee_n = ℓ^2q^{λ−1}e_n.

If λ and ℓ are real with ℓ > 0 (as we will assume in this paper) then ↑_{ℓ,λ} is defined on the Hilbert space K_0 with orthonormal basis {e_n} and on this space

MODELS OF q-ALGEBRA REPRESENTATIONS: MATRIX ELEMENTS OF THE q-OSCILLATOR ALGEBRA3

we have E_+ = (E_−)^∗, H^∗ = H and E^∗ = E. A second convenient basis for K_0 is {f_n : n = 0, 1, · · · } where

E_+f_n = ℓq^{−(n+1)/2}f_{n+1} E_−f_n = ℓq^{−n/2} 1 − q^n 1 − q f_{n−1} (2.3)

Hf_n = (λ + n)f_n Ef_n = ℓ^2q^{λ−1}f_n.

Here, f_n = √ (q; q)_n/(1 − q)^ne_n. The elements C = qq^{−H} E + (q − 1)E_+E_− and E lie in the center of this algebra, and corresponding to the irreducible representation ↑_{ℓ,λ} we have C = ℓ^2I, E = ℓ^2q^{λ−1}I where I is the identity operator on K_0.

A convenient one-variable model of ↑_{ℓ,λ} is given by the basis functions {f_n(z) = z^n : n = 0, 1, 2 · · · } in the complex variable z where the action of the oscillator algebra is

E_+ = ℓz q^12

T^{− 12}_z , E_− = ℓ (1 − q)z (T^{− 12}_z − T^{12}_z ) H = λ + z d dz , E = ℓ^2q^{λ−1}I

(2.4)

and T^α_z f(z) = f(q^αz).

The inner product on K_0 is (f, g) = 1 2π ∫_{2π} 0 ∫_{(1−q)}�1 0 f(re^{iθ})g(re^{iθ})(q(1 − q)r^2; q)_∞ d_qr^2 dθ where ∫_k 0 F (r^2) d_qr^2 = k(1 − q) ∞∑ n=0 F (kq^n)q^n The functions

e_n = √ (1 − q)^n (q; q)_n z^n, n = 0, 1, · · · form an orthonormal basis for the Hilbert space K_0 of all functions f(z) = ∞∑ n=0 c_nz^n such that_∞ ∑ n=0 |c_n|^2 (1 − q)^n < ∞. These functions are analytic in the disk |z| < (1 − q)^{− 12} .

A second model of ↑_{ℓ,λ}, [1], is determined by the orthonormal basis functions

e_n = q^{n(n+1)/4} √ (1 − q)^n (q; q)_n z^n, n = 0, 1, · · · and the operators E_+ = ℓzI, E_− = − ℓ (1 − q)z (1 − T^{−1}_z ) H = λ + z d dz , E = ℓ^2q^{λ−1}I.

(2.5)

The inner product is (f, g) = ∫ ∫_∞ −∞ f(z)g(z)ρ(z, z) dxdy where z = x + iy and ρ(z, z) = 1 − q (−(1 − q)zz; q)_∞π ln q^{−1} . The model Hilbert space K_0(z) consists of all functions

f^′(z) = ∞∑ n=0 c_nz^n such that_∞ ∑ n=0 |c_n|^2q^{−n(n+1)/2} (1 − q)^n < ∞. This is a space of entire functions; it has the kernel function

(2.6) S(z^′, z) = ∞∑ n=0 e^′_n(z^′)e^′_n(z) = (−(1 − q)qz^′z; q)_∞.

Using the relations (2.3) and the q-exponentials

e_q(z) = ∞∑ k=0 z^k (q; q)_k = 1 (z; q)_∞ for |z| < 1,

E_q(z) = ∞∑ k=0 q^{k(k−1)/2} (q; q)_k z^k = (−z; q)_∞,

(2.7)

we can define seven q-analogs of the matrix elements of ↑_{ℓ,λ}: (e+, e−) : e_q(βE_+)e_q(αE_−)f_n = ∑ n0 T^{(e+,e−)} n0_n (α, β)fn0, (e+, E−) : e_q(βE_+)E_q(αE_−)f_n = ∑ n0 T^{(e+,E−)} n0_n (α, β)fn0,

(2.8) (e−, E+) : e_q(βE_−)E_q(αE_+)f_n = ∑ n0 T^{(e−,E+)} n0_n (α, β)fn0,

MODELS OF q-ALGEBRA REPRESENTATIONS: MATRIX ELEMENTS OF THE q-OSCILLATOR ALGEBRA5

(E+, e−) : E_q(βE_+)e_q(αE_−)f_n = ∑ n0 T^{(E+,e−)} n0_n (α, β)fn0, (E−, e+) : E_q(βE_−)e_q(αE_+)f_n = ∑ n0 T^{(E−,e+)} n0_n (α, β)fn0, (E+, E−) : E_q(βE_+)E_q(αE_−)f_n = ∑ n0 T^{(E+,E−)} n0_n (α, β)fn0, (E−, E+) : E_q(βE_−)E_q(αE_+)f_n = ∑ n0 T^{(E−,E+)} n0_n (α, β)fn0. (The series for the matrix elements T^{(e−,e+)}_n0_n (α, β) does not converge.)

Since E^∗_+ = E_− the following relationships hold: T^{(e+,e−)} n0_n (α, β)An0n = T^{(e+,e−)}_{nn}0 (β̄, ᾱ), (2.9) T^{(e+,E−)} n0_n (α, β)An0n = T^{(E+,e−)}_{nn}0 (β̄, ᾱ), T^{(e−,E+)}_n0_n (α, β)An0n = T^{(E−,e+)}_{nn}0 (β̄, ᾱ), T^{(E+,E−)} n0_n (α, β)An0n = T^{(E+,E−)}_{nn}0 (β̄, ᾱ), T^{(E−,E+)}_n0_n (α, β)An0n = T^{(E−,E+)}_{nn}0 (β̄, ᾱ). Here A_n0_n =

(q; q)_n0 (q; q)_n (1 − q)^{n−n} 0 . Since e_q(z)E_q(−z) = 1, we have the identities a) ∑ h T^{(e+,e−)} n0_h (α, β)T^{(E−,E+)} hn (−β, −α) = δ_n0_n b) ∑ h T^{(E−,e+)} n0_h (α, β)T^{(E+,e−)} hn (−β, −α) = δ_n0_n. (2.10)

Using the model (2.4) to compute the matrix elements (which are model independent) we obtain the explicit results T^{(e+,e−)} n0_n (α, β) = (q^n 0_{−n+1}

; q)_∞(βℓ)^n 0_{−n} (q; q)_∞ q^{(n−n} 0_{)(n+n}0_{+1)/42} ϕ_1 ( q^{−n}, 0 q^n 0_{−n+1} ; q, −αβℓ^2 1 − q )

= (q^{n−n} 0_{+1}

; q)_∞(q^n

0_{+1} ; q)_∞(αℓ)^{n−n} 0 (q; q)_∞(q^{n+1}; q)_∞(1 − q)^{n−n}0 q^{(n} 0_{−n)(n}0_{+n+1)/42} ϕ_1 ( q^{−n} 0 , 0 q^{n−n} 0_{+1} ; q, −αβℓ^2 1 − q )

T^{(E+,e−)} n0_n (α, β) (2.11)

= (q^n 0_{+1} ; q)_∞(q^{n−n} 0_{+1} ; q)_∞(αℓ)^{n−n} 0 (q; q)_∞(q^{n+1}; q)_∞(1 − q)^{n−n}0 q^{(n} 0_{−n)(n}0_{+n+1)/41} ϕ_1 ( q^{−n} 0 q^{n−n} 0_{+1} ; q, αβℓ^2 1 − q )

= (q^n 0_{−n+1}

; q)_∞(βℓ)^n 0_{−n} (q; q)_∞ q^{(n} 0_{−n)(n}0_{−3n−3)/41} ϕ_1 ( q^{−n} q^n 0_{−n+1} ; q, αβℓ^2q^n 0_{−n} 1 − q )

T^{(E+,E−)} n0_n (α, β) = (q^n 0_{−n+1}

; q)_∞(βℓ)^n 0_{−n} (q; q)_∞ q^{(n} 0_{−n)(n}0_{−3n−3)/41} ϕ_2 ( q^{−n} q^n 0_{−n+1} , 0 ; q, −αβℓ^2q^n 0_{−n} 1 − q )

= (q^{n−n} 0_{+1}

; q)_∞(q^n

0_{+1} ; q)_∞(αℓ)^{n−n} 0 (q; q)_∞(q^{n+1}; q)_∞(1 − q)^{n−n}0 q^{(n−n} 0_{)(n−3n}0_{−3)/41} ϕ_2 ( q^{−n} 0 q^{n−n} 0_{+1} , 0 ; q, −αβℓ^2q^{n−n} 0 1 − q )

T^{(E−,E+)} n0_n (α, β) = (^{−αβℓ2} (1−q)q ; q)∞(q n0_{−n+1} ; q)_∞(αℓ)^n 0_{−n} (q; q)_∞ q^{(n} 0_{−n)(n}0_{−3n−3)/42} ϕ_1 ( q^{−n}, 0 q^n 0_{−n+1} ; q, −αβℓ^2 (1 − q)q )

= (^{−αβℓ2} (1−q)q ; q)∞(q n−n0_{+1} ; q)_∞(q^n

0_{+1} ; q)_∞(βℓ)^{n−n} 0 (q; q)_∞(q^{n+1}; q)_∞(1 − q)^{n−n}0 q^{(n−n} 0_{)(n−3n}0_{−3)/4}

2ϕ_1 ( q^{−n} 0 , 0 q^{n−n} 0_{+1} ; q, −αβℓ^2 (1 − q)q ) .

The matrix elements T^{(e+,e−)}, T^{(E+,e−)}, T^{(E+,E−)} are polynomials in α and β and the matrix elements T^{(E−,E+)} are entire analytic functions of these variables. We will see that the remaining matrix elements can be expressed in terms of these four.

Each of these families of matrix elements determines models of the irreducible representations ↑_{ℓ,λ}. This is a consequence of the commutation relations (2.1). To see this we make use of the following formal power series results for linear operators X, Y : Lemma 1. E_q(αX)Y e_q(−αX) = ∞∑ n=0 α^n (q; q)_n [X, Y ]_n where [X, Y ]_0 = Y, [X, Y ]_{n+1} = X[X, Y ]_nq^n − [X, Y ]_nX, n = 0, 1, · · · .

Lemma 2. e_q(βX)Y E_q(−βX) = ∞∑ n=0 β^n (q; q)_n [X, Y ]^′_n where [X, Y ]^′_0 = Y, [X, Y ]^′_{n+1} = X[X, Y ]^′_n − q^n[X, Y ]^′_nX, n = 0, 1, · · · . Let X and Y be linear operators such that Y X = qXY . A straightforward formal induction argument using this property, [15], [22, page 28], yields

MODELS OF q-ALGEBRA REPRESENTATIONS: MATRIX ELEMENTS OF THE q-OSCILLATOR ALGEBRA7

Lemma 3.

(Y + X)^k = k∑ ℓ=0 (q; q)_k (q; q)_ℓ(q; q)_{k−ℓ} X^ℓY^{k−ℓ}, e_q(X + Y ) = e_q(X)e_q(Y ), E_q(X + Y ) = E_q(Y )E_q(X).

As a consequence of lemmas 1 and 2 we have

a) E_q(αE_−)E_+e_q(−αE_−) = E_+ + αℓ^2 (1 − q)q q^{−H+λ} (2.11)

b) e_q(βE_+)E_−E_q(−βE_+) = E_− − βℓ^2 (1 − q)q q^{−H+λ}. Note also the easily verified identities

E_q(−βE_+)q^{−H} e_q(βqE_+) = q^{−H} ,

(2.12) E_q(−βqE_−)q^{−H} e_q(βE_−) = q^{−H} . Iterating (2.11a) and using lemma 3 we obtain the operator identity

(2.13) e_q ( αβℓ^2q^{−H+λ−1} 1 − q ) e_q(βE_+)E_q(αE_−) = E_q(αE_−)e_q(βE_+),

and (2.11b) yields

(2.14) E_q(βE_+)e_q(αE_−)e_q ( αβℓ^2q^{−H+λ−1} 1 − q ) = e_q(αE_−)E_q(βE_+).

Note that (2.13) and (2.14) imply the relations T^{(E−,e+)} n0_n (β, α) = eq ( αβℓ^2q^{−n} 0_{−1} 1 − q ) T^{(e+,E−)} n0_n (α, β), (2.15) T^{(e−,E+)} n0_n (β, α) = eq ( αβℓ^2q^{−n−1} 1 − q ) T^{(E+,e−)} n0_n (α, β). Thus the matrix elements T^{(E−,e+)}_n0_n are well defined for |αβℓ^2q^{−n}

0_{−1} /(1 − q)| < 1 and the matrix elements T^{(e−,E+)}_n0_n are well defined for |αβℓ^2q^{−n−1}/(1 − q)| < 1.

Considering the matrix elements (e+, e−), we see that the operator identities

a) e_q(βE_+)e_q(αE_−)E_− = 1 α (I − T_α)e_q(βE_+)e_q(αE_−)

b) e_q(βE_+)e_q(αE_−)E_+ = 1 β (I − T_β )e_q(βE_+)e_q(αE_−)

(2.16) + αℓ^2 (1 − q)q T_β T^{−1}_α q^{−H+λ}e_q(βE_+)e_q(αE_−)

c) [H, e_q(βE_+)e_q(αE_−)] = (β∂_β − α∂_α)e_q(βE_+)e_q(αE_−) imply a) ℓq^{−n/2} 1 − q^n 1 − q T^{(e+,e−)} n0_{,n−1} (α, β) = 1 α (I − T_α)T^{(e+,e−)} n0_n (α, β) (2.17) b) ℓq^{−(n+1)/2}T^{(e+,e−)} n0_{,n+1} (α, β) = ( 1 β (I − T_β ) + αℓ^2q^{−n} 0 (1 − q)q T_β T^{−1}_α ) ) T^{(e+,e−)} n0_n (α, β) c) (n − n^′)T^{(e+,e−)} n0_n (α, β) = (α∂α − β∂β ) T^{(e+,e−)}_n0_n (α, β) where T_αf(α, β) = f(qα, β). Thus the following set of operators and basis functions defines a realization of the representation ↑_{ℓ,−n}0, (E = ℓ^2q^{−n}

0_{−1} I): (e+, e−) : E_+ = Ẽ^β + αℓ^2 (1 − q)q q^{−n} 0 T_β T^{−1}_α

(2.18)

Ẽ^α_−, H̃, f_{−n}0_{+n} = T^{(e+,e−)}_n0_n (α, β)

where

(2.19) Ẽ^x = 1 x (I − T_x), Ê^x = q x (T^{−1}_x − I), H̃ = α∂_α − β∂_β . Due to the invariant operator C = ℓ^2I = q^{−H̃+1}E + (q − 1)E_+Ẽ^α_−, we can write E_+ in different ways. Indeed, eliminating Ê^β from E_+ and^α_{q(1−q)} T^{−1}_α C we can write the raising operator in the simpler form

E^′_+ = ( αℓ^2 q(1 − q) + Ẽ^β ) T^{−1}_α .

For the matrix elements (e+, E−) the operator identities

a) e_q(βE_+)E_q(αE_−)E_− = q α (T^{−1}_α − I)e_q(βE_+)E_q(αE_−)

b) e_q(βE_+)E_q(αE_−)E_+ = 1 β (I − T_β )e_q(βE_+)E_q(αE_−)

(2.20) + αℓ^2 (1 − q)q T_β q^{−H+λ}e_q(βE_+)E_q(αE_−)

and (2.16c) imply

a) ℓq^{−n/2} 1 − q^n 1 − q T^{(e+,E−)} n0_{,n−1} (α, β) = q α (T^{−1}_α − I)T^{(e+,E−)} n0_n (α, β) (2.21)

b) ℓq^{−(n+1)/2}T^{(e+,E−)} n0_{,n+1} (α, β) = ( 1 β (I − T_β ) + αℓ^2q^{−n} 0 (1 − q)q T_β ) T^{(e+,E−)} n0_n (α, β) c) (n − n^′)T^{(e+,E−)} n0_n (α, β) = (α∂α − β∂β ) T^{(e+,E−)}_n0_n (α, β).

MODELS OF q-ALGEBRA REPRESENTATIONS: MATRIX ELEMENTS OF THE q-OSCILLATOR ALGEBRA9

For the matrix elements (E+, E−) we have

a) ℓq^{−n/2} 1 − q^n 1 − q T^{(E+,E−)} n0_{,n−1} (α, β) = q α (T^{−1}_α − I)T^{(E+,E−)} n0_n (α, β) (2.22)

b) ℓq^{−(n+1)/2}T^{(E+,E−)} n0_{,n+1} (α, β) = ( q β (T^{−1}_β − I) + αℓ^2q^{−n} 0 (1 − q)q T_β ) T^{(E+,E−)} n0_n (α, β) c) (n − n^′)T^{(E+,E−)} n0_n (α, β) = (α∂α − β∂β ) T^{(E+,E−)}_n0_n (α, β) whereas for the matrix elements (E+, e−) we have

a) ℓq^{−n/2} 1 − q^n 1 − q T^{(E+,e−)} n0_{,n−1} (α, β) = 1 α (I − T_α)T^{(E+,e−)} n0_n (α, β) (2.23)

b) ℓq^{−(n+1)/2}T^{(E+,e−)} n0_{,n+1} (α, β) = ( q β (T^{−1}_β − I) + αℓ^2q^{−n} 0 (1 − q)q T_β T^{−1}_α ) T^{(E+,e−)} n0_n (α, β) c) (n − n^′)T^{(E+,e−)} n0_n (α, β) = (α∂α − β∂β ) T^{(E+,e−)}_n0_n (α, β). Due to the invariant operator C = ℓ^2I we can write the raising operator E_+ = Êβ +^{αℓ2q}�^n 0 (1−q)q TβT −1 α in the alternate form

E^′_+ = ( αℓ^2 q(1 − q) + Ê^β ) T^{−1}_α .

For the matrix elements (e−, E+) we have

a) ℓq^{−n/2} 1 − q^n 1 − q T^{(e−,E+)} n0_{,n−1} (α, β) = ( 1 β (I − T_β ) − αℓ^2q^{−n} 0 (1 − q)q T^{−1}_β T_α ) T^{(e−,E+)} n0_n (α, β) (2.24)

b) ℓq^{−(n+1)/2}T^{(e−,E+)} n0_{,n+1} (α, β) = q α (T^{−1}_α − I)T^{(e−,E+)} n0_n (α, β) c) (n − n^′)T^{(e−,E+)} n0_n (α, β) = (β∂β − α∂α) T^{(e−,E+)}_n0_n (α, β). Due to the invariant operator C = ℓ^2I we can write the lowering operator E_− = Ẽβ −^{αℓ2q}�^n 0 (1−q)q T −1 β T_α in the alternate form

E^′_− = ( −αℓ^2 1 − q + Ẽ^β ) T_α. For matrix elements (E−, e+) we have

a) ℓq^{−n/2} 1 − q^n 1 − q T^{(E−,e+)} n0_{,n−1} (α, β) = ( q β (T^{−1}_β − I) − αℓ^2q^{−n} 0 (1 − q)q T^{−1}_β ) T^{(E−,e+)} n0_n (α, β) (2.25)

b) ℓq^{−(n+1)/2}T^{(E−,e+)} n0_{,n+1} (α, β) = 1 α (I − T_α)T^{(E−,e+)} n0_n (α, β) c) (n − n^′)T^{(E−,e+)} n0_n (α, β) = (β∂β − α∂α) T^{(E−,e+)}_n0_n (α, β).

Finally, for the matrix elements (E−, E+) we have

a) ℓq^{−n/2} 1 − q^n 1 − q T^{(E−,E+)} n0_{,n−1} (α, β) = ( q β (T^{−1}_β − I) − αℓ^2q^{−n} 0 (1 − q)q T^{−1}_β T_α ) T^{(E−,E+)} n0_n (α, β) (2.26)

b) ℓq^{−(n+1)/2}T^{(E−,E+)} n0_{,n+1} (α, β) = q α (T^{−1}_α − I)T^{(E−,E+)} n0_n (α, β) c) (n − n^′)T^{(E−,E+)} n0_n (α, β) = (β∂β − α∂α) T^{(E−,E+)}_n0_n (α, β) where the lowering operator E_− = Ê^β −^{αℓ2q} �n0 (1−q)q T −1 β T_α can be expressed in the alternate form E^′_− = ( −αℓ^2 1 − q + Ê^β ) T_α. These relations are equivalent to q-difference relations satisfied by various qhypergeometric series. Furthermore, it is easy to verify from the series that the relations hold also for ℓ and n^′ complex. Thus we have a wide variety of two variable models of algebraically irreducible representations of the q-oscillator algebra. We note that this approach is closely related to the factorization method of quantum mechanics [23].

For later use, we also consider a class of algebraically irreducible representations R(ℓ, δ, λ) such that the spectrum of H is bounded neither above nor below. Here, ℓ, δ, λ are real numbers and ℓ, δ > 0. A convenient basis for the representation space K_1 is {f_n : n = 0, ±1, ±2, · · · } where

E_+f_n = ℓf_{n+1}

E_−f_n = ℓ 1 + δq^{−n} 1 − q f_{n−1} (2.27)

Hf_n = (λ + n)f_n Ef_n = −ℓ^2q^{λ−1}δf_n.

There is an inner product on K_1 with respect to which the f_n form an orthogonal basis and E_+ = (E_−)^∗, H^∗ = H and E^∗ = E. We can require that ||f_n||^2 = (−δq^{−n}; q)_∞/(1−q)^n. The central element C = qq^{−H} E+(q−1)E_+E_− corresponding to this irreducible representation is C = −ℓ^2I where I is the identity operator on K_1.

One of the families of matrix elements of R(ℓ, δ, λ) is

(E+, e−) : E_q(βE_+)e_q(αE_−)f_n = ∞∑ n0_{=−∞} T̂^{(E+,e−)} n0_n (α, β)fn0. Explicitly, T̂^{(E+,e−)} n0_n (α, β) (2.28)

= (−q^n 0_{+1} /δ; q)_∞(q^{n−n} 0_{+1} ; q)_∞(αℓδ/q)^{n−n} 0 (q; q)_∞(−q^{n+1}/δ; q)_∞(1 − q)^{n−n}0 q^{(n} 0_{−n)(n}0_{+n−1)/21} ϕ_1 ( −δq^{−n} 0 q^{n−n} 0_{+1} ; q, − αβℓ^2 1 − q )

= (q^n 0_{−n+1} ; q)_∞(βℓ)^n 0_{−n} (q; q)_∞ q^{(n} 0_{−n)(n}0_{−n−1)/21} ϕ_1 ( −δq^{−n} q^n 0_{−n+1} ; q, − αβℓ^2q^n 0_{−n} 1 − q ) .

MODELS OF q-ALGEBRA REPRESENTATIONS: MATRIX ELEMENTS OF THE q-OSCILLATOR ALGEBRA11

With respect to the orthonormal basis {e_n = f_n/||f_n||} the matrix elements of the operator E_q(βE_+)e_q(αE_−) are

Ŝ^{(E+,e−)} n0_n (α, β) = √ (−q^n0^{+1}/δ; q)_∞δ^{n−n}0 (−q^{n+1}/δ; q)_∞ (1 − q)^{n−n}0 (2.29)

× (q^{n−n} 0_{+1} ; q)_∞(αℓ/q)^{n−n} 0 (q; q)_∞ q^{(n} 0_{−n)(n}0_{+n−3)/41} ϕ_1 ( −δq^{−n} 0 q^{n−n} 0_{+1} ; q, − αβℓ^2 1 − q ) . 3. Orthogonality relations for matrix elements. Identities (2.10) yield orthogonality and biorthogonality relations for q-hypergeometric functions. For example, (2.10a) can be written in the form

∞∑ h=0 (q; q)_h(zq^{−n−1})^h (q; q)_{h−n}0(q; q)_{h−n}^2 ϕ_1 ( q^{−n} 0 , 0 q^{h−n} 0_{+1} ; q, z ) 2ϕ_1 ( q^{−n}, 0 q^{h−n+1} ; q, z q ) (3.1)

= z^n(q; q)_nq^{−n(n+1)} (^z_q ; q)_∞ δ_n0_n, |z/q^{n+1}| < 1. (By its derivation, identity (2.10a) is valid as a formal power series in the variables α, β. Using the ratio test to determine the domain of convergence corresponding to ↑_{ℓ,λ} we find that the series (3.1) converges for |z/q^{n+1}| < 1.)

Equation (2.10b) can be written as

∞∑ h=0 (q; q)_h(−zq^{−(n+n} 0_{+1)} )^hq^{h(h−1)/2} (q; q)_{h−n}0(q; q)_{h−n}^1 ϕ_1 ( q^{−n} 0 q^{h−n} 0_{+1} ; q, zq^{h−n} 0 ) 1ϕ_1 ( q^{−n} q^{h−n+1} ; q, zq^{h−n} ) (3.2)

= (−z)^n(q; q)_n(zq^{−n−1}; q)_∞q^{−3n(n+1)/2}δ_n0_n,

convergent for all z.

A nontrivial extension of identity (2.10b) is ∑ ℓ T^{(E−,e+)} n0_ℓ (α, γ)T^{(E+,e−)} ℓn (β, −α) = S_n0_n(γ, β)

where the matrix elements S_n0_n(γ, β) are defined by

e_q(βE_−)E_q(γE_−)f_n = ∑ n0 S_n0_n(γ, β)f_n0.

Explicitly,

S_n0_n(γ, β) =

{_{(−βℓ)n}�_n0_{(q}�_{n;q)n} �n0 (1−q)^n�^n0 (q;q)_n�_n0 q (n−n0)(1+n+n0)/4(− γ β ; q)_{n−n}0 if n ≥ n^′ 0 if n < n^′.

In the special case γ/β = −q^n 0_{−n+k[n−n}0_] where k[n] ∈ {1, 2, · · · , n} for n > 0 and k[n] is arbitrary for n ≤ 0 we find the result ∞∑ h=0 (q; q)_h(−zq^{−n+k[n−n} 0_] )^hq^{h(h−3)/2} (q; q)_{h−n}0(q; q)_{h−n}^1 ϕ_1 ( q^{−n} 0 q^{h−n} 0_{+1} ; q, zq^{h+k[n−n} 0_] ) 1ϕ_1 ( q^{−n} q^{h−n+1} ; q, zq^{h−n} )

= (−z)^n(q; q)_n(z; q)_∞q^{−n(n+1)/2}δ_n0_n,

convergent for all z. (In the case of the Lie algebra of the Euclidean group in the plane, the analogous identities are the Hansen-Lommel identities for q-Bessel functions, [24, 13, 2].) There is a similar extension of (2.10a).

In [1] orthogonality relations for the matrix elements T^{(E+,e−)} and T^{(e+,e−)} are derived, analogous to the Peter-Weyl type orthogonality relations for the oscillator group.

4. A tensor product identity. Given the irreducible representations ↑_{ℓ1,λ1} and ↑_{ℓ2,λ2} on the Hilbert space K_0 we define the tensor product representation ↑_{ℓ1,λ1} ⊗ ↑_{ℓ2,λ2} on the space K_0 ⊗ K_0 by the operators [1]

F_+ =Δ(E_+) = E_+ ⊗ q^{12 H} + q^{− 12 H} ⊗ E_+ F_− =Δ(E_−) = E_− ⊗ q^{12 H} + q^{− 12 H} ⊗ E_−(κ_1q^H + κ_2)

(4.1) L =Δ(H) = H ⊗ I + I ⊗ H F =Δ(E) = E ⊗ I + I ⊗ E = (ℓ^2_1q^{λ1−1} + ℓ^2q^{λ2 −1})I ⊗ I

where

(4.2) κ_1 = − ℓ^2_1q^{λ1−1} ℓ^2

, κ_2 = ℓ^2_1q^{λ1} + ℓ^2q^{λ2} ℓ^2q^{λ2} . Then we have

[L, F_±] = ± F_±, [F_+, F_−] = −Fq^{−L}

(4.3)

[F, F_±] =[F, L] = 0.

We introduce an inner product < ·, · > on K_0 ⊗ K_0 such that < f^{(ℓ1,λ1)} h ⊗ e^{(ℓ2 ,λ2)}_j , f^{(ℓ1,λ1)}_h0 ⊗ e^{(ℓ2,λ2)}_j0 >= δ_{hh}0δ_{jj}0

(−^{κ1}_{κ2} q^{λ2+1}; q)_j (1 − q)^{h+j} (q; q)_h(q; q)_jκ^j_2.

Then we have

< F_+p_1, p_2 > = < p_1, F_−p_2 >, < Lp_1, p_2 > = < p_1, Lp_2 >

for all p_1, p_2 ∈ K_0 ⊗ K_0 that are a finite linear combination of the basis vectors f^{(ℓ1,λ1)} h ⊗ e^{(ℓ2,λ2)}_j . In [1] the representation ↑_{ℓ1,λ1} ⊗ ↑_{ℓ2,λ2} was decomposed into irreducible components, through use of the model (2.4). The result is as follows.

MODELS OF q-ALGEBRA REPRESENTATIONS: MATRIX ELEMENTS OF THE q-OSCILLATOR ALGEBRA13

Theorem 1. ↑_{ℓ1,λ1} ⊗ ↑_{ℓ2,λ2} ∼= ∞∑ s=0 ⊕ ↑_{ℓ̃s ,λ1+λ2 +s} . For k, s = 0, 1, 2, · · · there is an orthogonal basis {f_{s,k}} for K_0 ⊗ K_0 transforming according to F_+f_{s,k} = ℓ̃_sq^{−(k+1)/2}f_{s,k+1} F_−f_{s,k} = ℓ̃_sq^{−k/2} 1 − q^k 1 − q f_{s,k−1} (4.4)

Lf_{s,k} = (λ_1 + λ_2 + s + k)f_{s,k}

where ℓ̃_s = √ q^{−s}(ℓ^2_1q^{−λ2} + ℓ^2q^{−λ1} ).

Furthermore, < f_{s,k}, f_s0_{,k}0 > = δ_{ss}0δ_{kk}0 (q; q)_s(q; q)_k (1 − q)^{s+k}(−^{κ1}_{κ2} q^{λ2+1}; q)_s . Expanding the orthonormal basis {e^s_k} for K_0 ⊗ K_0, e^s_k = ||f_{s,k}||^{−1}f_{s,k}, s, k = 0, 1, 2, · · · in terms of the orthonormal basis e^{(ℓ1 ,λ1)} n_1 ⊗ e

(ℓ_2 ,λ_2) n_2 ≡ f

(ℓ_1,λ_1) h ⊗ e^{(ℓ2 ,λ2)}_j /||f^{(ℓ1,λ1)}_h ⊗ e^{(ℓ2,λ2)}_j || we obtain the Clebsch-Gordan coefficients:

(4.5) e^s_k = ∑ n_1,n_2 [ ℓ_1, λ_1; ℓ_2, λ_2; s n_1; n_2; k ] q e^{(ℓ1 ,λ1)} n_1 ⊗ e

(ℓ_2 ,λ_2) n_2 .

These coefficients vanish unless n_1 + n_2 = s + k. Furthermore, they satisfy the identities

(4.6) ∑ n_1,n_2 [ ℓ_1, λ_1; ℓ_2, λ_2; s n_1; n_2; k ] q [ ℓ_1, λ_1; ℓ_2, λ_2; s^′ n_1; n_2; k^′ ] q = δ_{kk}0, ∑ s,k [ ℓ_1, λ_1; ℓ_2, λ_2; s n_1; n_2; k ] q [ ℓ_1, λ_1; ℓ_2, λ_2; s n^′_1; n^′_2; k ] q = δ_{n1 n}0_1 .

where n_1 + n_2 = n^′_1 + n^′_2 = s + k = s^′ + k^′ and we are assuming that ℓ_1, ℓ_2 > 0 and λ_1, λ_2 are real. Explicitly, we have

(4.7) [ ℓ_1, λ_1; ℓ_2, λ_2; s n_1; n_2; k ] q = ℓ̃^{−k}_s (q^{λ22 − s2} ℓ_1)^k ( q^{λ12 + λ22 +s+k}ℓ_1 κ_2ℓ_2 )_{n2} ×

(q^{−s}; q)_{n2} [ (−^{κ1}_{κ2} q^{λ2+1}; q)_s(q; q)_{n1} κ^{n2}_2 (−^{κ1}_{κ2} q^{λ2+1}; q)_{n2} (q; q)_{n2} (q; q)_s(q; q)_k

] 1_2 ×

3ϕ_2 ( q^{−n2} , q^{−k}, −^{κ2}_{κ1} q^{−n2−λ2} q^{1−n2+s}, 0 ; q; q ) , where we have corrected some typographical errors in the corresponding expression (5.11) derived in [1]. The coefficients can be written in the alternate form

(4.8) [ ℓ_1, λ_1; ℓ_2, λ_2; s n_1; n_2; k ] q = ℓ̃^{−k}_s (q^{λ22 − s2} ℓ_1)^k ( − q^{λ12 − λ22 −1}ℓ_1 κ_1ℓ_2 )_{n2} ×

[ (−^{κ1}_{κ2} q^{λ2+1}; q)_{n2} (−^{κ1}_{κ2} q^{λ2+1}; q)_s(q; q)_{n1} κ^{n2}_2 (q; q)_{n2} (q; q)_s(q; q)_k

] 1_2 ×

2ϕ_1 ( q^{−n2} , −^{κ1}_{κ2} q^{1+λ2+s} −^{κ1}_{κ2} q^{1+λ2}

; q; q^{k+1} ) , We will compute the matrix elements of the operator e_q(βF_+)E_q(αF_−) with respect to both the tensor product basis e^{(ℓ1 ,λ1)}m ⊗ e^{(ℓ2 ,λ2)}n ≡ e_m ⊗ e_n and the reduced basis e^s_k.

From Lemma 3 we have the formal identity

e_q(βF_+)E_q(αF_−) =

e_q(βq^{− 12 H} ⊗ E_+)e_q(βE_+ ⊗ q^{12 H} )E_q(αq^{− 12 H} ⊗ E_−(κ_1q^H + κ_2))E_q(αE_− ⊗ q^{12 H} ) =e_q(βq^{− 12 H} ⊗ E_+)E_q(αq^{− 12 H} ⊗ E_−(κ_1q^H + κ_2))e_q(βE_+ ⊗ q^{12 H} )E_q(αE_− ⊗ q^{12 H} ).

The matrix elements with respect to the tensor product basis are given by

||f_m ⊗ f_n|| · ||f_m0 ⊗ f_n0||S^{(e+,E−)}_m0_n0_{;mn}(α, β) =< e_q(βF_+)E_q(αF_−)f_m ⊗ f_n, f_m0 ⊗ f_n0 >= (4.9)

< e_q(βq^{− 12 H} ⊗ E_+)E_q(αq^{− 12 H} ⊗ E_−(κ_1q^H + κ_2)) × e_q(βE_+ ⊗ q^{12 H} )E_q(αE_− ⊗ q^{12 H} )f_m ⊗ f_n, f_m0 ⊗ f_n0 > =< e_q(βE_+ ⊗ q^{(λ2+n)/2})E_q(αE_− ⊗ q^{(λ2+n)/2})f_m ⊗ f_n, E_q(αq^{−(λ1 +m} 0_{)/2} ⊗ ( κ_1q^H + κ_2)E_+) ) e_q(βq^{−(λ1+m} 0_{)/2}

⊗ E_−)f_m0 ⊗ f_n0 > =< e_q(βq^{(λ2+n)/2}E_+)E_q(αq^{(λ2 +n)/2}E_−)f_m, f_m0 > × < e_q(βq^{−(λ1 +m} 0_{)/2} E_+)E_q ( αq^{−(λ1 +m} 0_{)/2} E_−(κ_1q^H + κ_2) ) f_n, f_n0 > .

MODELS OF q-ALGEBRA REPRESENTATIONS: MATRIX ELEMENTS OF THE q-OSCILLATOR ALGEBRA15

Thus, the matrix elements factor. Explicitly, we have

S^{(e+,E−)} m0_n0_{;mn}(α, β) = [ (q; q)_m(q; q)_n(−^{κ1}_{κ2} q^{λ2+1}; q)_n(1 − q)^m 0_{+n}0_{−m−n} κ^n0^{−n}_2 (q; q)_m0(q; q)_n0(−^{κ1}_{κ2} q^{λ2+1}; q)_n0

] 1_2

× (αℓ_1)^{m−m} 0 (ακ_2ℓ_2)^{n−n} 0 (−^{κ1}_{κ2} q^{λ2+1}; q)_nq^{(m−m}

0_{)(m−3m}0_{+2n+2λ2−3)/4}

(q; q)_{n−n}0(q; q)_{m−m}0(−^{κ1}_{κ2} q^{λ2+1}; q)_n0q^{(n}0^{−n)(n−3n}0^{−2m}0^{−2λ1−3)/4}

×_1ϕ_1 ( q^{−m} 0 q^{m−m} 0_{+1} ; q, αβℓ^2_1q^{m−m} 0_{+n+λ2} 1 − q ) 2ϕ_1 ( q^{−n} 0 , −^{κ2}_{κ1} q^{−λ2 −n} 0 q^{n−n} 0_{+1} ; q, − αβℓ^2κ_1q^{λ2 +n} (1 − q)q^{λ1+m}0 ) . (4.10)

The matrix elements in the reduced basis are (4.11) S^{(e+,E−)s} k0_k (α, β) =< eq(βE+)Eq(αE−)e^s_k, e^s_k0 > = [ (q; q)_k(1 − q)^k 0_{−k} (q; q)_k0

] 1_2 (ℓ̃_sα)^{k−k} 0 (q; q)_{k−k}0 q^{(k−k} 0_{)(k−3k}0_{−3)/41} ϕ_1 ( q^{−k} 0 q^{k−k} 0_{+1} ; q, αβℓ̃^2_sq^{k−k} 0 1 − q ) . We note from (4.5), (4.9) and (4.11) that the following identity, relating the two classes of matrix elements must hold: S^{(e+,E−)} m0_n0_{,mn}(α, β) = ∑ s [ ℓ_1, λ_1; ℓ_2, λ_2; s m; n; m + n − s ] q S^{(e+,E−)s} m0_{+n}0_{−s,m+n−s}(α, β) × [ ℓ_1, λ_1; ℓ_2, λ_2; s m^′; n^′; m^′ + n^′ − s ] q . This leads to the identity d^n 0 (cq; q)_n0(dq; q)_∞ (cdq; q)_∞(q; q)_m0(w; q)_n0^1 ϕ_1 ( q^{−m} 0 dq ; q, zd ) 2ϕ_1 ( q^{−n} 0 , w^{−1}q^{1−n} 0 cq ; q, zq^{−1−m} 0 ) = m0_{+n}0∑ s=0 (w; q)_sw^m 0_{−s} (q; q)_s(q; q)_m0_{+n}0_{−s}^1 ϕ_1 ( q^{s−m} 0_{−n}0 cdq ; q, zdq^{−s−n} 0 w ) × (4.12)

2ϕ_1 ( c^{−1}q^{−n} 0 , wq^s w ; q, cdq^m 0_{+n}0_{−s+1} ) 2ϕ_1 ( q^{−n} 0 , wq^s w ; q, q^m 0_{+n}0_{−s+1} ) . The result (4.12) is established, initially, only for c = q^t, d = q^p where p, t are nonnegative integers. However, a standard analytic continuation argument extends it to all complex values of z, w, c, d such that |cdq| < 1.

5. A second tensor product identity. The q-oscillator algebra modulo the ideal generated by E is isomorphic to the enveloping algebra of the Lie algebra m(2) of the Euclidean motion group in the plane, [2, 8, 11, 13]. Thus the irreducible representations of m(2) induce irreducible representations of the q-oscillator algebra. We focus our attention on the induced representation (ω), ω > 0. The spectrum of the operator H corresponding to (ω) is the set Z = {0, ±1, ±2, · · · } and the complex representation space K_2 has basis vectors p_m, m ∈ Z, such that

(5.1) E_±p_m = ωp_{m±1}, Hp_m = mp_m, Ep_m = 0.

There is an inner product on K_2 such that < p_m, p_m0 >= δ_{mm}0, m, m^′ ∈ Z. On the dense subspace K of all finite linear combinations of the basis vectors we have (5.2) < E_+f, f^′ > = < f, E_−f^′ >, < Hf, f^′ > = < f, Hf^′ >, for all f, f^′ ∈ K, so H = H^∗ and E^∗_+ = E_−.

A simple realization of (ω) is given by the operators

(5.3) H = u d du , E_+ = ωu, E_− = ω u , E = 0,

acting on the space of all linear combinations of the functions u^m, u a complex variable, m ∈ Z, with basis vectors p_m(u) = u^m.

Consider the following q-analog of matrix elements of (ω),[2]:

E_q(βE_+)e_q(αE_−)p_n = ∞∑ n0_{=−∞} T^{(E,e)} n0_n (α, β)pn0, |ωβ| < 1. Explicitly we have (5.4) T^{(E,e)} n0_n (α, β) = (q^n 0_{−n+1} ; q)_∞(βω)^n 0_{−n} (q; q)_∞ q^{(n} 0_{−n)(n}0_{−n−1)/21} ϕ_1 ( 0 q^n 0_{−n+1} ; q, −αβω^2q^n 0_{−n} )

= (q^{n−n} 0_{+1} ; q)_∞(αω)^{n−n} 0 (q; q)_∞^1 ϕ_1 ( 0 q^{n−n} 0_{+1} ; q, −αβω^2 ) . If αβ ≠ 0 we can express these elements in terms of the Hahn-Exton q-Bessel function [17]

(5.5) J_ν (z; q) =

(q^{ν+1}; q)_∞ (q; q)_∞ z^ν_1ϕ_1 ( 0 q^{ν+1} ; q, qz^2 ) . Indeed, setting α = ire^{iψ}, β = ire^{−iψ}, we see that in terms of the new complex coordinates [r, e^{iψ}] we have

(5.6) T^{(e,E)}_n0_n [r, e^{iψ}] = e^{i( π2 +ψ)(n−n}

0_) q^{(n−n} 0_{)/2} J_{n−n}0(rωq^{− 12} ; q). (Note that J_{−n}(z; q) = (−1)^nq^{n/2}J_n(zq^{n/2}; q), for integer n.)

We define the tensor product representation (ω)⊗ ↑_{ℓ,λ}, acting on the space K_2 ⊗ K_0, by

F_+ =Δ(E_+) = E_+ ⊗ q^{12 H} + q^{− 12 H} ⊗ E_+ F_− =Δ(E_−) = E_− ⊗ q^{12 H} + q^{− 12 H} ⊗ E_−

(5.7) L =Δ(H) = H ⊗ I + I ⊗ H. F =Δ(E) = I ⊗ E.

MODELS OF q-ALGEBRA REPRESENTATIONS: MATRIX ELEMENTS OF THE q-OSCILLATOR ALGEBRA17

By construction

[L, F_±] = ± F_±, [F_+, F_−] = −Fq^{−L}

(5.8)

[F, F_±] =[F, L] = 0.

Note also that with respect to the induced inner product we have F_+ = F^∗_−, L = L^∗,

F = F^∗ on the dense subspace of all finite linear combinations of the basis vectors

p_m ⊗ f_n.

We will decompose (ω)⊗ ↑_{ℓ,λ} into a direct sum of irreducible representations of the q-oscillator algebra. To carry out the decomposition explicitly it is very useful to employ a function space realization of the tensor product representation. Using the models (2.5) and (5.3) we find

F_+ = q^{λ/2}ωuT^{12}_z + ℓzT^{− 12}_u , F_− = q^{λ/2} ω u T^{12}_z − ℓ (1 − q)z T^{− 12}_u (I − T^{−1}_z )

L = u∂_u + z∂_z + λ, F = ℓ^2q^{λ−1}.

For the decomposition we first determine a basis for K_2 ⊗ K_0 that consists of simultaneous eigenvectors of the commuting operators L and

(5.9) C = qq^{−L}F + (q − 1)F_+F_−.

Introducing new variables u and r = z/u in place of u, z we see that the functions { √ (1 − q)^n/(q; q)_nu^ξq^{n(n+1)/4}r^n = u^ξe_n(r) : n = 0, 1, 2, · · · ; ξ = 0, ±1, ±2, · · · } form an orthonormal basis for K_2 ⊗ K_0. Clearly, the possible eigenvalues of L on the space are {ξ + λ : ξ = 0, ±1, ±2, · · · } and the eigenspace S_ξ corresponding to eigenvalue ξ + λ consists of the functions j_ξ such that

j_ξ(u, z) = u^ξh(r) = u^ξ ∞∑ n=0 c_ne_n(r), ∞∑ n=0 |c_n|^2 < ∞.

Furthermore K_2 ⊗ K_0 ≡ ∑_∞ ξ=−∞ ⊕Sξ. The restriction of C to Sξ takes the form

Cj_ξ(u, z) = u^ξC_ξh(r) where j_ξ = u^ξh(r) and

C_ξh(r) = [ℓ^2q^{−ξ} + (q − 1)(q^λω^2T_r + q^{(λ+1−ξ)/2}ωℓrT_r)

(5.10) − (q^{(λ−1−ξ)/2} ωℓ r + q^{−ξ}ℓ^2)(T_r − I)]h(r).

The symmetric operator C_ξ : K_0(r) → K_0(r) is bounded and its closure is selfadjoint; further it belongs to the Hilbert-Schmidt class, [25]. To see this we use (5.10) to determine the action of C_ξ on the orthonormal basis {e_n(r)}:

C_ξe_n = −^√(1 − q)(1 − q^{n+1})q^{(λ−ξ+n)/2}ωℓe_{n+1} + (q^{−ξ}ℓ^2 − (1 − q)q^λω^2)q^ne_n − √ (1 − q)(1 − q^n)q^{(λ−ξ+n−1)/2}ωℓe_{n−1}. (5.11)

We see from this result that

(5.12) ∞∑ n=0 < C^2_ξe_n, e_n >=^{q−2ξℓ4 + (1 − q)2q2λω4}

1 − q^2 < ∞, which implies that the closure of domain of the operator defined by (5.11) is S_ξ and that this bounded self-adjoint operator C_ξ is Hilbert-Schmidt.

The eigenvalue equation C_ξh(r) = ch(r) can, from (5.10), be expressed in the form T_rh(r) = (1 + q^{(−λ+1+ξ)/2}cr/ωℓ) (1 + (q − 1)q^{(λ+1+ξ)/2}rω/ℓ)(1 + q^{(−λ+1−ξ)/2}rℓ/ω) h(r) with solution

(5.13) h^c_ξ(r) = ((1 − q)q^{(λ+1+ξ)/2}rω/ℓ; q)_∞(−q^{(−λ+1−ξ)/2}rℓ/ω; q)_∞ (−q^{(−λ+1+ξ)/2}cr/ωℓ; q)_∞ , unique up to a multiplicative constant. Note that the functions f^c_ξ (u, z) = u^ξh^c_ξ(r) satisfy the relations

F_+f^c_ξ = q^{λ/2}ωf^c_{ξ+1}, F_−f^c_ξ = q^{−ξ−λ/2} ℓ^2 (1 − q)ω (1 − q^ξ c ℓ^2 )f^c_{ξ−1} Lf^c_ξ = (λ + ξ)f^c_ξ , Ff^c_ξ = q^{λ−1}ℓ^2f^c_ξ .

(5.14)

It remains to determine for which values of c the functions h^c_ξ(r) belong to the Hilbert space K_0(r). Since the elements of K_0(r) are entire functions, there are only three possibilities:

Case 1 : c = q^{−ξ0} ℓ^2, ξ_0 ∈ Z, ξ = ξ_0, ξ_0 + 1, ξ_0 + 2, · · · Case 2 : c = −(1 − q)q^{λ+s}ω^2, ξ ∈ Z, s = 0, 1, 2, · · · Case 3 : c = 0.

In case 1 we have basis eigenvectors (m = ξ − ξ_0)

f^{(ξ0)}_m (u, z) = ( (1 − q)q^{(λ+ξ0 +m+1)/2}rω/ℓ; q ) ∞ ( −q^{(−λ−ξ0 −m+1)/2}rℓ/ω; q ) m u^{ξ0+m}

c = q^{−ξ0} ℓ^2, m = 0, 1, 2, · · · . (5.15)

A direct computation for m = 0 gives ||f^{(ξ0)}_0 ||^2 = (−(1 − q)q^{λ+ξ0} ω^2/ℓ^2; q)_∞. Then from the recurrence relations (5.14) and the fact that F_+ = F^∗_− we find

||f^{(ξ0)}_m ||^2 = ( ℓ^2q^{−(λ+ξ0 +1)} (1 − q)ω^2

)^mq^{−m(m−1)/2}(q; q)_m(−(1 − q)q^{λ+ξ0} ω^2/ℓ^2; q)_∞.

In case 2 the eigenvectors are (n = ξ)

f^{[s]}_n (u, z) = ( −q^{(−λ−n+1)/2}rℓ/ω; q ) ∞ ( (1 − q)q^{(λ+n+1)/2}rω/ℓ; q ) s u^n c = −(1 − q)q^{λ+s}ω^2, n = 0, ±1, ±2, · · · , (5.16)

MODELS OF q-ALGEBRA REPRESENTATIONS: MATRIX ELEMENTS OF THE q-OSCILLATOR ALGEBRA19

and the normalization is

||f^{[s]}_n ||^2 = (q; q)_sq^{−s} ( −(1 − q)q^{λ+n+1} ω^2 ℓ^2 ; q ) s ( −q^{−λ−n} ℓ^2 (1 − q)ω^2 ; q ) ∞ .

Case 3 doesn’t occur because h^0_ξ doesn’t belong to the Hilbert space K_0(r). To see this, we expand h^0_ξ in terms of the orthonormal basis: h^0_ξ = ∑_∞ m=0 a_me_m. From (5.11) and the defining equation C_ξh^0_ξ = 0 we obtain the recurrence relation

(q^{−ξ}ℓ^2 − (1 − q)q^λω^2)q^ma_m − √ (1 − q)(1 − q^{m+1})q^{(λ−ξ+m)/2}ωℓa_{m+1} − √ (1 − q)(1 − q^m)q^{(λ−ξ+m−1)/2}ωℓa_{m−1} = 0, (5.17)

for m ≥ 1 and

(q^{−ξ}ℓ^2 − (1 − q)q^λω^2)a_0 − (1 − q)q^{(λ−ξ)/2}ωℓa_1 = 0.

We require that a_0 ≠ 0 is real, so that all a_m are real. Setting ρ_m = a_{m+1}/a_m we see from (5.17) that

(5.18) ρ_{m+1}ρ_m = γq^{(m+1)/2}ρ_m (1 − q^{m+2})^{1/2} − ( 1 − q^{m+1} 1 − q^{m+2} )_{1/2} q^{−1/2} = A_mρ_m − B_m

where γ is real and doesn’t depend on m. Since 0 < q < 1 it is clear that we can choose an ϵ with 0 < ϵ < 1 and an integer m_0 such that |B_m| > 1 + ϵ and |A_m| < ϵ for all m > m_0. Since h^0_ξ (r) is not a polynomial we can find an m^′ > m_0 such that a_m0 ≠ 0. Now either |ρ_m0| > 1 or |ρ_m0| ≤ 1. If |ρ_m0| > 1 then a^2_m0_{+1} > a^2_m0. If |ρ_m0| ≤ 1 then from the fact that ρ_m0_{+1}ρ_m0 = A_m0ρ_m0 − B_m0 we have |ρ_m0_{+1}ρ_m0| ≥ |B_m0| − |A_m0ρ_m0| > (1 + ϵ) − ϵ so |ρ_m0_{+1}ρ_m0| > 1 which implies that a^2_m0_{+2} > a^2_m0. Proceeding in this manner we can construct a sequence of integers p_1 < p_2 < p_3 < · · · such that a_{p1} ≠ 0 and a^2_{pk+1} > a^2_{pk} for k = 1, 2, · · · . Thus ∑_∞ n=0 a^2_n diverges and case 3 cannot occur.

We have computed the following eigenvalues of C_ξ, each with multiplicity one: q^{−ξ+m}ℓ^2, −(1 − q)q^{λ+m}ω^2, m = 0, 1, 2, · · · . Summing the squares of these eigenvalues we find ∞∑ m=0 ( q^{−2ξ+2m}ℓ^4 + (1 − q)^2q^{2λ+2m} ) = q^{−2ξ}ℓ^4 + (1 − q)^2q^{2λ}ω^4 1 − q^2 ,

in agreement with (5.12). Thus we have obtained the spectral resolution of the operator C.

Theorem 2.

(ω)⊗ ↑_{ℓ,λ}∼= ⊕ ∑ ξ_0∈Z ↑_q�ξ_0/2_{ℓ,λ+ξ0} ⊕ ∞∑ s=0 R( √ 1 − qq^{(λ+s)/2}ω, q^{−λ−s}ℓ^2/(1 − q)ω^2, λ).

Expanding the orthonormal basis {e^{(ξ0)}_m , e^{[s]}_n } for K_2 ⊗ K_0,

e^{(ξ0 )}_m = ||f^{(ξ0)}_m ||^{−1}f^{(ξ0)}_m , ξ_0 ∈ Z, m = 0, 1, 2, · · · , e^{[s]}_n = ||f^{[s]}_n ||^{−1}f^{[s]}_n , s, ±n = 0, 1, 2, · · · , in terms of the orthonormal basis p_j ⊗ e_h, ±j, h = 0, 1, 2, · · · we obtain the Clebsch-Gordan coefficients:

e^{(ξ0)}_m = ∑ j,h ( ω; ℓ, λ; ξ_0 j; h; m )_1 q p_j ⊗ e_h, (5.19)

e^{[s]}_n = ∑ j,h ( ω; ℓ, λ; s j; h; n )_2 q p_j ⊗ e_h. These coefficients of the first and second kind vanish unless j+h = ξ_0 +m, j+h = n, respectively. Furthermore, they satisfy the identities

(5.20a) ∑ j,h ( ω; ℓ, λ; ξ_0 j; h; m )_1 q ( ω; ℓ, λ; ξ^′_0 j; h; m^′ )_1 q = δ_{mm}0δ_{ξ0ξ}0 ,

where j + h = ξ_0 + m = ξ^′_0,

(5.20b) ∑ j,h ( ω; ℓ, λ; s j; h; n )_2 q ( ω; ℓ, λ; s^′ j; h; n )_2 q = δ_{ss}0,

(5.20c) ∑ j,h ( ω; ℓ, λ; ξ_0 j; h; m )_1 q ( ω; ℓ, λ; s j; h; n )_2 q = 0,

where j + h = ξ_0 + m = n, and ∞∑ m=0 ( ω; ℓ, λ; j + h − m j; h; m )_1 q ( ω; ℓ, λ; j^′ + h^′ − m j^′; h^′; m

)_1 q + (5.20d) ∞∑ s=0 ( ω; ℓ, λ; s j; h; j + h )_2 q ( ω; ℓ, λ; s j^′; h^′; j^′ + h^′

)_2 q = δ_{jj}0, where j + h = j^′ + h^′. Explicitly, we have (5.21) ( ω; ℓ, λ; ξ_0 ξ_0 + m − h; h; m

)_1 q = √ (q; q)_m(1 − q)^{m−h} (q; q)_h(−(1 − q)ω^2q^{λ+ξ0} /ℓ^2; q)_∞ ( ωq^{(λ+ξ0 +m)/2} ℓ )m−h

MODELS OF q-ALGEBRA REPRESENTATIONS: MATRIX ELEMENTS OF THE q-OSCILLATOR ALGEBRA21 × (q^{m−h+1}; q)_∞ (q; q)_∞ q^{(h−m)(h+m−1)/4}_1ϕ_1 ( q^{−h} q^{m−h+1} ; q, −(1 − q)ω^2q^{λ+ξ0 +m+1} ℓ^2 ) , and (5.22) ( ω; ℓ, λ; s n − h; h; n )_2 q = √ (q; q)_s(1 − q)^{−h}q^s (q; q)_h(−(1 − q)ω^2q^{λ+n+1}/ℓ^2; q)_s(−ℓ^2q^{−λ−n}/ω^2(1 − q); q)_∞

× ( −(1 − q)ωq^{(λ+n)/2} ℓ )h (q^{s−h+1}; q)_∞ (q; q)_∞ q^{h(h−1)/4}_1ϕ_1 ( q^{−h} q^{s−h+1} ; q, −ℓ^2q^{−λ−n+1} (1 − q)ω^2 ) . The completeness relation (5.20d) leads to the special function identity

∞∑ m=0 (q; q)_mq^m (q; q)_{m−h}(q; q)_{m−h}0 1ϕ_1 ( q^{−h} q^{m−h+1} ; q, −zq ) 1ϕ_1 ( q^{−h} 0 q^{m−h} 0_{+1} ; q, −zq )

z^{(h+h}0^{)/2}(−q/z; q)_m(−z; q)_∞

+ (−1)^{h+h} 0 z^{(h+h} 0_{)/21}

ϕ_1 ( q^{−h} q^{m−h+1} ; q, −q/z ) 1ϕ_1 ( q^{−h} 0 q^{m−h} 0_{+1} ; q, −q/z )

(−zq; q)_m(−1/z; q)_∞ = δ_{hh}0q^{−h(h−1)/2}(q; q)_h, z > 0, h, h^′ = 0, 1, · · · . From Lemma 3 we have the identity

E_q(βF_+)e_q(αF_−) =

=E_q(βq^{− 12 H} ⊗ E_+)e_q(αq^{− 12 H} ⊗ E_−)E_q(βE_+ ⊗ q^{12 H} )e_q(αE_− ⊗ q^{12 H} ),

so the matrix elements with respect to the tensor product basis are given by

S^{(E+,e−)} j0_h0_{;jh} (α, β) =< Eq(βF+)eq(αF−)pj ⊗ eh, pj0 ⊗ eh0 >= (5.23)

=< E_q(βE_+ ⊗ q^{(λ+h)/2})e_q(αE_− ⊗ q^{(λ+h)/2})p_j ⊗ e_h, e_q(αq^{−j} 0_{/2} ⊗ E_+)E_q(βq^{−j} 0_{/2}

⊗ E_−)p_j0 ⊗ e_h0 >

=< E_q(βq^{(λ+h)/2}E_+)e_q(αq^{(λ+h)/2}E_−)p_j , p_j0 > × < E_q(βq^{−j} 0_{/2} E_+)e_q(αq^{−j} 0_{/2}

E_−)e_h, e_h0 >= T^{(E,e)} j0_j (αq^{(λ+h)/2}, βq^{(λ+h)/2})T^{(E+,e−)}_h0_h (αq^{−j} 0_{/2} , βq^{−j} 0_{/2} ) √ (q; q)_h0(1 − q)^{h−h}0 q; q)_h .

Thus the following identity, relating the matrix elements in the tensor product and reduced (S^{(E+,e−)ℓ,λ} j0_{,j} (α, β), Ŝ^{(E+,e−)ℓ,δ,λ} j0_{,j} (α, β)) bases must hold. S^{(E+,e−)} j0_h0_{,jh} (α, β) = ∞∑ ξ_0=−∞ ( ω; ℓ, λ; ξ_0 j; h; j + h − ξ_0 )_1 q S^{(E+,e−)q} �ξ_0/2_{ℓ,λ+ξ0} j0_{+h}0_{−ξ0 ,j+h−ξ0} (α, β) × ( ω; ℓ, λ; ξ_0 j^′; h^′; j^′ + h^′ − ξ_0

)_1 q + ∞∑ s=0 ( ω; ℓ, λ; s j; h; j + h )_2 q Ŝ^{(E+,e−)√1−qq(λ+s)/2ω,q}�^λ�^{sℓ2 /(1−q)ω2,λ} j0_{+h}0_{,j+h} (α, β) × ( ω; ℓ, λ; s j^′; h^′; j^′ + h^′

)_2 q This leads to the identity (q; q)_h (q; q)_{j−j}0(q; q)_{h−h}0^1 ϕ_1 ( 0 q^{j−j} 0_{+1} ; q, −yq^h ) 1ϕ_1 ( q^{−h} 0 q^{h−h} 0_{+1} ; q, zq^{−j} 0 )

= min(j+h,j0+h0) ∑ ξ=−∞ (q; q)_{j+h−ξ}(y/z)^j 0_{−ξ} q^{[(j+h−j} 0_{−h}0_{)(j+h−j}0_{−h}0_{−1)−ξ(ξ+1)−ξ(j+h)]/2} (q; q)_{j+h−j}0_{−h}0(q; q)_j0_{−ξ}(q; q)_{j−ξ}(−yq^ξ/z; q)_∞ ×_1ϕ_1 ( q^{−h} q^{j−ξ+1} ; q, −yq^{j+h+1}/z ) 1ϕ_1 ( q^{−h} 0 q^j 0_{−ξ+1} ; q, −yq^j 0_{+h}0_{+1} /z )

×q^{h(j} 0_{−j)+j}0_{(j}0_{+1)/21} ϕ_1 ( q^{ξ−j} 0_{−h}0 q^{j+h−j} 0_{−h}0_{+1} ; q, zq^{−ξ+j+h−j} 0_{−h}0 )

+ ∞∑ s=0 (q; q)_s(z/y)^{s−h}(1 − q)^{j+h−j} 0_{−h}0 q^{−s(j} 0_{+h}0_{)+h(h+j}0_{)+h}0_{(h}0_{−1)/2} (q; q)_{j+h−j}0_{−h}0(q; q)_{s−h}(q; q)_{s−h}0(−zq^{−j}0^{−h}0^{−s}/y; q)_∞ ×_1ϕ_1 ( q^{−h} q^{s−h+1} ; q, −zq^{−j−h+1}/y ) 1ϕ_1 ( q^{−h} 0 q^{s−h} 0_{+1} ; q, −zq^{−j} 0_{−h}0_{+1} /y )

×(−1)^{h+h} 0_1

ϕ_1 ( −zq^{−s−j} 0_{−h}0 /y q^{j+h−j} 0_{−h}0_{+1} ; q, −yq^s )

where y/z > 0, h, h^′, ±j, ±j^′ = 0, 1, · · · . 6. A Bargmann-Segal Hilbert space basis. It follows from the proof of Theo-

rem 2 that for any real constant μ > 0 the functions {h^μ_m(z), j^μ_m(z) : m = 0, 1, 2, · · · }

form an orthonormal basis for the Hilbert space K_0(z), (2.5), (2.6). Here,

(6.1) h^μ_m(z) = (1 − q)^{m/2}μ^m ( (1 − q)q^{1/2}zμ; q ) ∞ ( −q^{1/2}z/μ; q ) m q^{m(m−1)/4} √ (q; q)_m(−(1 − q)μ^2q^{−m}; q)_∞ ,

(6.2) j^μ_m(z) = q^{m/2} ( −q^{1/2}z/μ; q ) ∞ ( (1 − q)q^{1/2}zμ; q ) m √ (q; q)_m(−(1 − q)μ^2; q)_m(−μ^{−2}/(1 − q); q)_∞ .

MODELS OF q-ALGEBRA REPRESENTATIONS: MATRIX ELEMENTS OF THE q-OSCILLATOR ALGEBRA23

Using relations (5.11) and the operators (2.2) associated with the representation ↑_{1,0} on K_0(z) we can characterize {h^μ_m, j^μ_m} as the orthonormal basis of eigenfunctions of the selfadjoint operator

(6.3) −(1 − q)q^{1/2}μ^{−1}(E_+q^H + q^H E_−) + ( μ^{−2} − (1 − q) ) q^H . Indeed h^μ_m corresponds to eigenvalue q^mμ^{−2} and j^μ_m to eigenvalue −(1 − q)q^m.

To get a better understanding of this orthogonality we make use of the kernel function S(z^′, z) = (−(1 − q)qz^′z; q)_∞, (2.6), for K_0(z). This function has the property that f(b) = (f, S(b, .)) for any f ∈ K_0(z) and b ∈ C . It follows immediately that f ∈ K_0(z) is orthogonal to the basis function h^μ_0 if and only if f(−q^{−1/2}μ) = 0. Similarly, f ∈ K_0(z) is orthogonal to the basis function j^μ_0 if and only if f((1 − q)^{−1}q^{−1/2}/μ) = 0. To extend this observation we make use of the following version of Heine’s q-analog of Gauss’ summation formula [22, page 11].

Lemma 4. Let α, β be complex numbers with β ≠ 0. Then

(αz; q)_k = k∑ ℓ=0 (q; q)_k (q; q)_ℓ(q; q)_{k−ℓ} ( αq^ℓ β )^ℓ(αq^{ℓ+1}/β; q)_{k−ℓ}(βq^{−ℓ}z; q)_ℓ, k = 0, 1, 2, · · · .

Setting α = −q^{1/2}/μ, k = m, and β = (1 − q)q^{1/2}μ in Lemma 4 we can express h^μ_m as a linear combination of the functions S(−q^{−1/2}q^{−k}μ, z), k = 0, 1, · · · , m. Similarly, setting α = (1 − q)q^{1/2}μ, k = m, and β = −q^{1/2}/μ in Lemma 4 we can express j^μ_m as a linear combination of the functions S((1 − q)^{−1}q^{−1/2}q^{−k}/μ, z), k = 0, 1, · · · , m. In each case the expansion coefficients are all nonzero. These expansions yield an independent proof that the elements of the set B = {h^μ_m, j^μ_m : m = 0, 1, · · · } are mutually orthogonal. Moreover, we see that f ∈ K_0(z) is orthogonal to all elements of B if and only if f(z) vanishes for all z ∈ M where M = {−q^{−1/2}q^{−k}μ, (1 − q)^{−1}q^{−1/2}q^{−k}/μ, k = 0, 1, · · · }. However, we know from the proof of Theorem 2 that B is a basis for K_0(z). Hence, f ∈ K_0(z) vanishes for all z ∈ M if and only if f ≡ 0.

Following Bargmann [26] we say that a characteristic set D for the Hilbert space K_0(z) is a subset of C such that if f ∈ K_0(z) and f(z) = 0 for all z ∈ D then f ≡ 0.

Theorem 3. The set {−q^{−1/2}q^{−k}μ, (1 − q)^{−1}q^{−1/2}q^{−k}/μ, k = 0, 1, · · · } is a characteristic set for the Hilbert space K_0(z).

References

1. E.G. Kalnins, H.L. Manocha and W. Miller (1992), Models of q-algebra representations: Tensor products of special unitary and oscillator algebras, J. Math. Phys. 33, 2365–2383.

2. E.G. Kalnins, S. Mukherjee and W. Miller (1992), Models of q-algebra representations: The group of plane motions, (submitted for publication).

3. E.G. Kalnins, S. Mukherjee and W. Miller (1992), Models of q-algebra representations: Matrix elements of Uq(su2), (submitted for publication).

4. W. Miller, Jr. (1989), in q-Series and Partitions, D. Stanton, ed., IMA Volumes in Mathematics and its Applications, Vol. 18, Springer-Verlag, New York.

5. M. Jimbo (1985), A q-difference analogue of U(g) and the Yang-Baxter equation, Letters in Mathematical Physics 10, 63–69.

6. A.K. Agarwal, E.G. Kalnins, and W. Miller (1987), Canonical equations and symmetry techniques for q-series, SIAM J. Math. Anal. 18, 1519-1538.

7. W. Miller (1968), Lie Theory and Special Functions, Academic Press, New York. 8. N. Ja. Vilenkin (1968), Special Functions and the Theory of Group Representations, American Mathematical Society, Providence, Rhode Island.

9. R. Floreanini and L. Vinet (1990), q-Orthogonal polynomials and the oscillator quantum group, INFN preprint, Trieste AE-90/23.

10. R. Floreanini and L. Vinet (1991), Quantum algebras and q-special functions, Université de Montréal preprint UdeM-LPN-TH54.

11. R. Floreanini and L. Vinet (1991), Addition formulas for q-Bessel functions, Université de Montréal preprint, Montréal UdeM-LPN-TH60.

12. L. Floreanini and L. Vinet (1990), q-Analogues of the parabose and parafermi oscillators and representations of quantum algebras, J. Phys. A23, L1019–L1023.

13. H.T. Koelink (1991), On quantum groups and q-special functions, thesis University of Leiden.

14. H.T. Koelink and T.H. Koornwinder (1989), The Clebsch-Gordan coefficients for the quantum group S¯U(2) and q-Hahn polynomials, CWI Report.

15. T.H. Koornwinder (1989), Representations of the twisted SU(2) quantum group and some q-hypergeometric orthogonal polynomials, Nederl. Akad. Wetensch. Proc. Ser A92, 97–117.

16. T.H. Koornwinder (1991), The addition formula for little q-Legendre polynomials and the SU(2) quantum group, SIAM J. Math. Anal. 22, 295–301.

17. T.H. Koornwinder and R.F. Swarttouw (1991), On q-analogues of the Fourier and Hankel transforms group, (to appear in Trans. American Math. Soc.).

18. T. Masuda, K. Mimachi, Y. Nakagami, M. Noumi, Y. Saburi and K. Ueno (1990), Unitary representations of the quantum groups SUq(1, 1): Structure of the dual space of Uq(sl(2)), Lett. Math. Phys. 19, 187–194.

19. T. Masuda, K. Mimachi, Y. Nakagami, M. Noumi, Y. Saburi and K. Ueno (1990), Unitary representations of the quantum groups SUq(1, 1): II. Matrix elements of unitary representations and the basic hypergeometric functions, Lett. Math. Phys. 19, 194–204.

20. L.L. Vaksman and L.I. Korogodskiĭ (1989), An algebra of bounded functions on the quantum group of the motions of the plane, and q-analogues of Bessel functions, Soviet Math. Dokl. 39, 173–177.

21. S. L. Woronowicz (1987), Twisted SU(2) group. An example of a noncommutative differential calculus, Publ. RIMS, Kyoto Univ. 23, 117–181.

22. G. Gasper and M. Rahman (1990), Basic Hypergeometric Series, Cambridge University Press, Cambridge.

23. W. Miller (1970), Lie theory and q-difference equations, SIAM J. Math. Anal. 1, 171–188. 24. H.T. Koelink (1991), Hansen-Lommel orthogonality relations for Jackson’s q-Bessel functions, Report W-91-11 University of Leiden.

25. I. M. Geĺfand and N. Ja Vilenkin (1964), Generalized Functions, Volume 4 (transl. from the Russian), Academic Press, New York.

26. V. Bargmann (1961), On a Hilbert space of analytic functions and an associated integral transform, I., Comm. Pure Appl. Math. 14, 187–214.