Superintegrability on the two dimensional hyperboloid

E. G. Kalnins Department of Mathematics and Statistics, University of Waikato, Hamilton, New Zealand.

W. Miller, Jr.^� School of Mathematics, University of Minnesota,

Minneapolis, Minnesota, 55455, U.S.A.

and G. S. Pogosyan Laboratory of Theoretical Physics, Joint Institute for Nuclear Research, Dubna, Moscow Region 141980, Russia

November 26, 1997

PACS: 02.20.+b, 03.65.Fd

Abstract

In this work we examine the basis functions for classical and quantum mechanical systems on the two dimensional hyperboloid that admit separation of variables in at least two coordinate systems. We present all of these cases from a unified point of view. In particular, all of the special functions that arise via variable separation have their essential features expressed in terms of their zeros. The principal new results are the details of the polynomial bases for each of the nonsubgroup bases, not just the subgroup spherical coordinate cases, and the details of the structure of the quadratic symmetry algebras.

I. Introduction

In a previous article [1] we have studied the so called superintegrable Hamiltonian systems in two dimensional Euclidean space and the two dimensional sphere. In that article we showed how to compute the basis functions for all the bound state wave functions for all the possible coordinate systems for which separation was possible. We recall that the notion of a superintegrable system relates to a potential for which the solution via separation of variables is possible in more than one coordinate system, [2, 3, 4]. In two dimensions there remains the case of the two dimensional hyperboloid. Here we investigate this case making suitable use of what we already know from

�Work supported in part by the National Science Foundation under grant DMS 94–00533 1

[5, 6] and earlier papers such as [7, 8, 9, 10, 11, 12, 13, 14, 15, 16]. The main emphasis will be on those features that are new, together with the role that the quadratic algebra has in these computations. There are four potentials listed in [6] which permit multiple variable separation on the hyperboloid, but we limit our attention to the first three since the remaining potential does not give rise to bound states. (In distinction to the case for euclidean space and the sphere, a complete listing of distinct superintegrable systems on the two-dimensional hyperboloid has not yet been achieved. For some additional superintegrable systems, see [5].) We study each of the three cases systematically. We will consider two examples of expansions relating bases associated to different coordinate systems. In the first example we use the structure of the quadratic algebra relations to compute an expansion; in the second we compute directly.

For each of the superintegrable systems we observe that, for the discrete spectrum of the quantum mechanical Hamiltonian, one can consider this operator as acting on a space of polynomials in appropriate variables, [17]. Each eigenvalue is multiply degenerate. However, every separable coordinate system gives rise to an orthonormal basis of polynomial eigenfunctions in this space and breaks the degeneracy. These bases are characterized as simultaneous eigenfunctions of second order symmetry operators for the Hamiltonian [18]. We show that under commutation the symmetry operators close to form a quadratic algebra, [11], and we determine the structure of that algebra. The superintegral systems are of two types: the “normal type” in which the original Hamiltonian is diagonalized, and the “conformal type” in which the Hamiltonian is modified by multiplying the eigenvalue equation by a function and considering the energy as fixed. The modified equation is then interpreted as the eigenvalue equation for a Hamiltonian on a conformal Euclidean space with a “charge” as the eigenvalue.

II. Solutions of the Schrödinger equation

The two dimensional hyperboloid is characterised via the cartesian coordinates ω_1, ω_2, ω_3 where ω^2_1 − ω^2 − ω^2_3 = 1, ω_1 > 1. The notion ω_1 > 1 means that we consider only one sheet of the double-sheet hyperboloid. Throughout this paper we will consider the Schrödinger equation on the hyperboloid in the form (h̄ = m = 1) HΨ ≡ ( − 1 2 Δ_{LB} + V ) Ψ = EΨ (1)

where V is the potential function and the Laplace-Beltrami operator Δ_{LB} can be written as

Δ_{LB} = K^2_3 + K^2_2 − M^2_1 . (2)

Here K_3, K_2, M_1 generate the Lie algebra so(2, 1) [18]

K_3 = ω_1∂_{ω2} + ω_2∂_{ω1} , K_2 = ω_1∂_{ω3} + ω_3∂_{ω1} , M_1 = ω_2∂_{ω3} − ω_3∂_{ω2} . (3)

We now consider the potentials V for which (1) is superintegrable.

Potential V (ω) Coordinate system Spherical Equidistant V_1(ω) =^α_2^{ω2 +ω23}_{ω21} +^1_2 [ k^2 −^1_4 ω^2 + k^2_3−^1_4 ω^2_3 ] Elliptic Hyperbolic Spherical V_2 = −^{αω1}√_{ω2 +ω23} Elliptic-Parabolic

+^1_4√_{ω2 +ω23} ( k^2_1−^1_4

√_{ω2 +ω23+ω2} +^{k2− 14} √_{ω2 +ω23−ω2} ) Elliptic II Semi-Hyperbolic Horicyclic V_3 =^1_2 [^α_{(ω1−ω2)2} + Ω^{2 1+4ω23}_{(ω1−ω2)4} − λ^{ω3}_{(ω1−ω2)3} ] Semi-Circular-Parabolic

1 First Potential. The first potential considered in the paper [6] is the singular oscillator

potential V_1 = α 2 ω^2 + ω^2_3 ω^2_1 + 1 2 [ k^2 −^1_4 ω^2 + k^2_3 −^1_4 ω^2_3 ] , (4)

where α and k_{2,3} are constants with α > 0, and k_{2,3} > 0. The corresponding Schrödinger equation admits separable solutions in four coordinate systems: spherical, equidistant, elliptic and hyperbolic. Unlike the corresponding oscillator system on the two dimensional sphere and Euclidean space the potential (4) on the hyperboloid has a discrete and a continuous spectrum. The bound state solutions can be found as follows.

1.1 Spherical coordinates. Here,

ω_1 = cosh τ, ω_2 = sinh τ cos φ, ω_3 = sinh τ sin φ. (5)

(τ > 0, φ ∈ [0, 2π)) and the potential (4) reads

V_1(τ, φ) = α 2 + 1 2 [ 1 sinh^2 τ ( k^2 −^1_4 cos^2 φ + k^2_3 −^1_4 sin^2 φ ) − k^2_1 −^1_4 cosh^2 τ ] (6)

where k_1 = √ α +^1_4 . Choosing the wavefunction Ψ in form

Ψ_1(τ, φ) = (sinh τ)^{− 12} S(τ)Φ(φ) (7)

we go to the system of coupled differential equations in the Pöschl-Teller form

d^2S dτ^2 + [ Ẽ + k^{21} −^{14} cosh^2 τ − λ^2 −^1_4 sinh^2 τ ] S = 0 (8)

d^2Φ dφ^2 + [ λ^2 − ( k^2 −^1_4 cos^2 φ + k^2_3 −^1_4 sin^2 φ )] Φ = 0 (9) where Ẽ = 2E + α −^1_4 and λ is a spherical separation constant. The solution of the equation (9) normalized in the region φ ∈ [0,^π_2 ] has the form [2]

Φ(φ) ≡ Φ^{(±k3,±k2)} m (φ) =

2(2m + 1 ± k_2 ± k_3)m!Γ(1 + m ± k_2 ± k_3) Γ(1 + m ± k_2)Γ(1 + m ± k_3)

× (sin φ)^{12 ±k3} (cos φ)^{12 ±k2} P^{(±k3,±k2)}_m (cos 2φ), (10) with m ∈N, where P^{(α,β)}_n is the Jacobi polynomial [19]. The separation constant is quantized as λ = (2m ± k_2 ± k_3 + 1). (11) The positive sign at the k_{2,3} has to be taken if k_{2,3} > 1/2 and both positive and negative signs must be taken if 0 < k_{2,3} < 1/2, so the function Φ has a finite form.

The second (modified) Pöschl-Teller equation (8) was investigated by Frank and Wolf [20] and Barut et al [21]. The bound state wavefunction is given by: S(τ) ≡ S^{(λ,k1)}_n (τ) = N^{(λ,k1)}_n × (sinh τ)^{12 +λ}(cosh τ)^{2n−k1+ 12}_2F_1(−n, k_1 − n; 1 + λ; tanh^2 τ) (12) = n!Γ(1 + λ) Γ(1 + λ + n)

N^{(λ,k1)}_n (sinh τ)^{12 +λ}(cosh τ)^{12 −k1} P^{(λ,−k1)}_n (cosh 2τ)

with n = 0, 1, ... [^1_2 (k_1 − λ − 1)] and a bound state solution is possible only for k_1 − λ > 1. The wavefunction S^{(λ,k1)}_n (τ) satisfies the orthogonality relation ∫ ∞ 0 S^{(λ,k1)}_n (τ)S^{(λ,k1)}_n0 (τ)dτ = δ_{nn}0 and the normalization factor has the form

N^{(λ,k1)}_n = 1 Γ(1 + λ)

2(k_1 − λ − 2n − 1)Γ(1 + λ + n)Γ(k_1 − n) Γ(k_1 − λ − n)n!

. (13)

Here, and in the remainder of this paper, the bound state wave functions are normalized so that they form an orthonormal set with respect to the invariant measure on the hyperboloid (which in spherical coordinates is sinh τ dτ dφ).

The normalized total wavefunction Ψ_1(τ, φ) ≡ Ψ_{nm}(τ, φ; k_1, ±k_2, ±k_3) is given by (7), (10), (12) and (13). The quantised energy is

E_N = − 1 2 [ (2N − k_1 ± k_2 ± k_3 + 2)^2 − 1 4 ] + α 2 (14)

where N = m + n is the principial quantum number and the bound states occur for 0 ≤ N ≤ 1 2 (k_1 ∓ k_2 ∓ k_3 − 2). (15)

Each solution Ψ_1(τ, φ) satisfies the eigenvalue equation

L_1Ψ_1 ≡ [ M^2_1 − (ω^2 + ω^2_3) ( k^2 −^1_4 ω^2 + k^2_3 −^1_4

ω^2_3 )] Ψ_1 (16)

= −4 ( m + 1 ± k_2 ± k_3 2 )2 Ψ_1,

and L_1 commutes with H.

1.2 Equidistant coordinates. Here, ω_1 = cosh a cosh b, ω_2 = cosh a sinh b, ω_3 = sinh a (τ_{1,2} ∈ (−∞, ∞)) and the potential V_1 has the form

V_1(a, b) = α 2 − 1 2 [ 1 cosh^2 a ( k^2_1 −^1_4 cosh^2 b − k^2 −^1_4 sinh^2 b ) − k^2_3 −^1_4 sinh^2 a ] . After putting Ψ_2(a, b) = (cosh a)^{− 12} S(a)S(b) (17) we go to the two modified Pöschl-Teller equations d^2S da^2 + [ Ẽ + μ^2 −^{14} cosh^2 a − k^2_3 −^1_4 sinh^2 a ] S = 0 (18)

d^2S db^2 + [ −μ^2 + ( k^2_1 −^1_4 cosh^2 b − k^2 −^1_4 sinh^2 b )] S = 0 (19)

where μ is the equidistant separation constant. The normalized for a, b ∈ [0, ∞) bound state wavefunctions have the form S(b) ≡ S^{(±k2,k1)} n_1 (b) =

2(k_1 ∓ k_2 − 1 − 2n_1)Γ(k_1 − n_1)n_1!

Γ(k_1 ∓ k_2 − n_1)Γ(1 ± k_2 + n_1) × (sinh b)^{12 ±k2} (cosh b)^{12 −k1} P^{(±k2,−k1)}_{n1} (cosh 2b) (20) S(a) ≡ S^{(±k3,μ)}_{n2} (a) = 2(μ ∓ k_3 − 1 − 2n_2)Γ(μ − n_2)n_2!

Γ(μ ∓ k_3 − n_2)Γ(1 ± k_3 + n_2) × (sinh a)^{12 ±k3} (cosh a)^{12 −μ} P^{(±k3,−μ)}_{n2} (cosh 2a) (21) and the separation constant is μ = (k_1 ∓ k_2 − 1 − 2n_1) with n_1 = 0, 1... [^1_2 (k_1 ∓ k_2 − 1)] and n_2 = 0, 1, ... [^1_2 (μ ∓ k_3 − 1)]. The bound state energy E_N is given by (14) where now the principal quantum number N is N = n_1 + n_2 and satisfies the equation (15). The total wavefunction Ψ_2(a, b) ≡ Ψ_{n1n2} (a, b; k_1, ±k_2, ±k_3) satisfies

L_3Ψ_2 ≡ [ −K^2_3 − (ω^2_1 − ω^2) ( k^2_1 −^1_4 ω^2_1 − k^2 −^1_4 ω^2 )] Ψ_2 (22)

= −4 ( n_1 +

1 − k_1 ± k_2 2 )2 Ψ_2, where [L_3, H] = 0.

We can introduce also the second equidistant system of coordinates by the interchange ω_2 ↔ ω_3. Then the total bound state wavefunction Ψ_3(ã, b̃) ≡ Ψ_{ñ1,ñ2} (ã, b̃; k_1, ±k_2, ±k_3) may be obtained from (20) and (21) by the interchange k_2 ↔ k_3 and satisfies

L_2Ψ_3 = [ −K^2_2 − (ω^2_1 − ω^2_3) ( k^2_1 −^1_4

ω^2_1 − k^2_3 −^1_4 ω^2_3 )] Ψ_3 = − ( ñ_1 +

1 − k_1 ± k_3 2 )2 Ψ_3, (23)

where [L_2, H] = 0.

We can call these three bases which are the eigenfunctions of the Hamiltonian for the potential V_1 and of each of the operators (L_1, L_2, L_3) the fundamental bases for the potential of a singular oscillator on the two dimensional hyperboloid. Note also that

L_1 + L_2 + L_3 = 2H − (2k^2_1 + k^2 + k^2_3 − 1). (24)

1.3 Elliptic coordinates of type one. For the remaining elliptic type coordinates it is convenient to introduce the quantities

s^2_1 = (μ − e_j)(ν − e_j) (e_j − e_k)(e_j − e_ℓ)

, i, j, k = 1, 2, 3 and ≠, (25)

For elliptic coordinates of type one the coordinates on the hyperboloid are given by

ω^2_1 = s^2_1, ω^2 = −s^2, ω^2_3 = −s^2_3

where e_1 < e_2 < ν < e_3 < μ. Rather than express the wave functions in the separable coordinates μ, ν, we will use a Niven equations approach, [22], in which the separated solutions are expressed in cartesian coordinates and the critical information is the location of the zeros of these solutions. The bound state wave functions are

Ψ_4 = (Π^3_{ℓ=1}ω^{kℓ+ 12}_ℓ )Π^q_{j=1} [ ω^2_1 θ_j − e_1 − ω^2 θ_j − e_2 − ω^2_3 θ_j − e_3 ] (26)

where the θ_j satisfy

k_1 + 1 θ_j − e_1 + k_2 + 1 θ_j − e_2 + k_3 + 1 θ_j − e_3 + ∑ j≠m 2 θ_m − θ_j = 0.

These solutions satisfy the eigenvalue equations

(e_3L_3 + e_2L_2 + e_1L_1)Ψ_4 = ( ∑ i,j,ℓ≠ [−2k_i(e_j + e_ℓ) + e_ik_jk_ℓ−

4e_ie_j(k_ℓ + 1) q∑ m=1 1 θ_m − e_ℓ ] − 3 2 (e_1 + e_2 + e_3) ) Ψ_4. (27)

1.4 Elliptic coordinates of type two. The coordinates on the hyperboloid are given by ω^2_1 = s^2, ω^2 = −s^2_1, ω^2_3 = −s^2_3 where ν < e_1 < e_2 < e_3 < μ. The bound state wave functions are

Ψ_5 = (Π^3_{ℓ=1}ω^{ϵℓ+ 12}_ℓ )Π^q_{j=1} [ − ω^2 θ_j − e_1 + ω^2_1 θ_j − e_2 − ω^2_3 θ_j − e_3 ] (28)

where ϵ_1 = k_2, ϵ_2 = k_1, ϵ_3 = k_3. The θ_j satisfy ϵ_1 + 1 θ_j − e_1 + ϵ_2 + 1 θ_j − e_2 + ϵ_3 + 1 θ_j − e_3 + ∑ j≠m 2 θ_m − θ_j = 0.

The eigenvalue equation is (e_3L_3 + e_2L_1 + e_1L_2)Ψ_5 = ( ∑ i,j,ℓ≠ [−2ϵ_i(e_j + e_ℓ) + e_iϵ_jϵ_ℓ−

4e_ie_j(ϵ_ℓ + 1) q∑ m=1 1 θ_m − e_ℓ ] − 3 2 (e_1 + e_2 + e_3) ) Ψ_5. (29)

1.5 Quadratic algebra relations. Here, we define the operator R by the equality R = [L_1, L_2] = [L_3, L_1] = [L_2, L_3], (30) and can verify that R satisfies

[L_j, R] = −4{L_j, L_m − L_ℓ} + 8[( 3 2 − k^2_m)L_m − ( 3 2 − k^2_ℓ )L_ℓ] + 8(k^2_ℓ − k^2_m), where j, m, ℓ is an even permutation of 1,2,3. In addition R^2 = 8 3 {L_1, L_2, L_3} − 16(1 − k^2_1)L^2_1 − 16(1 − k^2)L^2 − 16(1 − k^2_3)L^2_3 + 52 3 ({L_1, L_2} + {L_2, L_3} + {L_1, L_3}) (31) + 1 3 ( (60 − 176k^2_1)L_1 + (60 − 176k^2)L_2 + (60 − 176k^2_3)L_3 )

+ 64k_1k_2k_3 + 48(k_1k_2 + k_2k_3 + k_1k_3) + 32 3 (k_1 + k_2 + k_3), where {A, B} = AB + BA and {A, B, C} = ABC + ACB + BCA + BAC + CAB + CBA. 2 Second Potential. The singular Coloumb-Kepler potentials is

V_2 = − αω_1 √ ω^2 + ω^2_3 + 1 4 √ ω^2 + ω^2_3 k^2_1 −^1_4 √ ω^2 + ω^2_3 + ω_2 + k^2 −^1_4 √ ω^2 + ω^2_3 − ω_2 , (32) where α > 0 and k_{1,2} > 0 The Schrödinger equation for this potential can be solved for the bound state wavefunctions in four coordinate systems: spherical, elliptic-parabolic, elliptic II, semi-hyperbolic.

2.1 Spherical coordinates. In coordinates (5) we have

V_2(τ, φ) = −α coth τ + 1 8 sinh^2 τ ( k^2_1 −^1_4 cos^{2 φ}_2 + k^2 −^1_4 sin^{2 φ}_2 ) (33)

Choosing the wavefunctions in form

Ψ_1 = (sinh τ)^{−1/2} S(τ) Φ^{(±k2,±k1)}_m (φ/2), (34)

where the wavefunction Φ^{(±k2,±k1)}_m (φ/2) normalized for φ ∈ [0, π] is given by (10) and m ∈N. After separation of variables we come to the equation

d^2S dτ^2 + [ Ẽ + 2α coth τ − λ^2 −^{14} sinh^2 τ ] S = 0 (35)

where Ẽ = 2E −^1_4 . This equation was first introduced by Manning and Rosen [23] to study the vibrations of diatomic molecules.

For the bound state wavefunction normalized in region τ ∈ [0, ∞) we have S(τ) ≡ S_{nm}(τ) = 2^{m+1± k1}2^{± k2}2 Γ(2m + 2 ± k_1 ± k_2) [ (σ^2_N − N^2) N Γ(n + 2m + 2 ± k_1 ± k_2) n!

× Γ(σ_N + m + 1 ±^{k1}_2 ±^{k2}_2 ) Γ(σ_N − m ∓^{k1}_2 ∓^{k2}_2 )

] 1_2 (sinh τ)^{m+1± k12 ± k22} e^{−τ(σN −n)} ×_2F_1 ( −n, m + 1 ± k_1 2 ± k_2 2 + σ_N ; 2m + 2 ± k_1 ± k_2; 2 1 + coth τ ) , where σ_N = α/N and N = n + m + 1 ±^{k1}_2 ±^{k2}_2 . The quantisation condition for the energy is

E_N = −

N^2 −^1_4 2 − α^2 2N^2

. (36)

and the bound states occur for

0 ≤ n + m ≤ [ √ α ∓ k_1 2 ∓ k_2 2 − 1] (37)

The solutions Ψ_1 ≡ Ψ_{nm}(τ, φ; ±k_1 ± k_2) are eigenfunctions of the symmetry operator

L = M^2_1 − 1 2 √ ω^2 + ω^2_3 k^2_1 −^1_4 √ ω^2 + ω^2_3 + ω_2 + k^2 −^1_4 √ ω^2 + ω^2_3 − ω_2 , (38)

with eigenvalue −[m +^1_2 (1 ± k_1 ± k_2)]^2.

2.2 Semi hyperbolic coordinates. Here

ω_1 = 1 + xy √ (y^2 − 1)(x^2 − 1)

, ω_2 = y − x √ (y^2 − 1)(x^2 − 1)

, ω_3 = 2 √ xy √ (y^2 − 1)(x^2 − 1) .

where x, y ∈ [0, 1). [Note that these coordinates are connected with corresponding coordinates in [6] by the transformation μ_1 = 2x/(x^2 − 1) and μ_2 = 2y/(y^2 − 1)]. The potential V_2 now has the form V_2(x, y) = −α xy + 1 x + y + 1 8 (x^2 − 1)(y^2 − 1) x + y ( k^2_1 −^1_4 y + k^2 −^1_4 x ) . The computation of the bound state wave functions proceeds as follows. The Schrödinger equation has the form √ x(x^2 − 1) ∂ ∂x √ x(x^2 − 1) ∂Ψ ∂x + √ y(y^2 − 1) ∂ ∂y √ y(y^2 − 1) ∂Ψ ∂y + [ 2E ( x x^2 − 1 + y y^2 − 1 ) + α ( x^2 + 1 x^2 − 1 + y^2 + 1 y^2 − 1 )

− xy − 1 4 ( k^2_1 −^1_4 y + k^2 −^1_4 x )] Ψ = 0 (39)

Choosing the wavefunction in the form Ψ_2(x, y) = X(x)Y (y), after separation of variables we have two equations

x(x^2 − 1) [ d^2X dx^2 + 1 2 ( 1 x + 1 x − 1 + 1 x + 1 ) dX dx ] + [ 1 2 (2α + λ) + 2α x^2 − 1 − 1 4 (k^2_1 − 1 4 )x + k^2 −^1_4 4x + 2Ex x^2 − 1 ] X = 0, (40)

y(y^2 − 1) [ d^2Y dy^2 + 1 2 ( 1 y + 1 y − 1 + 1 y + 1 ) dY dy ] + [ 1 2 (2α − λ) + 2α y^2 − 1 − 1 4 (k^2 − 1 4 )y + k^2_1 −^1_4 4y + 2Ey y^2 − 1 ] Y = 0. where λ is a semi hyperbolic separation constant. The first of these equations can be solved as follows. Looking for solutions of the form

X = x^{12 ( 12 ±k2)}(x − 1)^{− 14 (2p+1±k1±k2)+α(2p+2±k1±k2)} �1 (41) × (x + 1)^{− 14 (2p+1±k1±k2)−α(2p+2±k1±k2)} �1 Π^p_{j=1}(x − ξ_i),

we see that the zeros ξ_i satisfy

1 ± k_2 ξ_i + (1 ± k_1)ξ_i − 2 ∑ j≠i ξ_iξ_j − 1 ξ_i − ξ_j − 2α p + 1 ±^{k1}_2 ±^{k2}_2 = 0, i = 1, · · · , p. (42)

A similar solution for the equation in y can be obtained via the substitution

Y = y^{12 ( 12 ±k1)}(y − 1)^{− 14 (2p+1±k1±k2)+α(2p+2±k1±k2)} �1 (43) × (y + 1)^{− 14 (2p+1±k1±k2)−α(2p+2±k1±k2)} �1 Π^p_{j=1}(y − ζ_i).

The zeros satisfy

1 ± k_1 ζ_i + (1 ± k_2)ζ_i − 2 ∑ j≠i ζ_iζ_j − 1 ζ_i − ζ_j − 2α p + 1 ±^{k1}_2 ±^{k2}_2

= 0 i = 1 · · · p. (44)

The separation constant λ has the value

λ = 2(1 ± k_1)(ξ_1 + · · · + ξ_p) − 4α p ±^{k2}_2 ∓^{k1}_2 2p + 2 ± k_1 ± k_2

(45)

= −2(1 ± k_2)(ζ_1 + · · · + ζ_p) + 4α p ±^{k1}_2 ∓^{k2}_2 2p + 2 ± k_1 ± k_2 . The equality of these two expressions can be seen by noting that the equations for the zeros can be obtained from each other via the substitutions k_1 ↔ k_2, ξ_i ↔ 1/ζ_i. The symmetry operator with eigenvalue λ is

M = 2A_2 + ω_1ω^2_3 2 √ ω^2 + ω^2_3 k^2_1 −^1_4 ( √ ω^2 + ω^2_3 + ω_2)^2 − k^2 −^1_4 ( √ ω^2 + ω^2_3 − ω_2)^2

(46)

where A_2 is a component of the two-dimensional Runge-Lenz vector [24]

A_i = 1 2 {K_i, M_1} + αω_i √ ω^2 + ω^2_3 , i = 2, 3.

2.3 Elliptic parabolic coordinates. Here we have

ω_1 = cosh^2 a + cos^2 θ 2 cosh a cos θ

, ω_2 = sinh^2 a − sin^2 θ 2 cosh a cos θ

, ω_3 = tanh a tan θ.

where a > 0, θ ∈ (−^π_2 ,^π_2 ). The potential in these coordinates has the form: V_2(a, θ) = −α cosh^2 a + cos^2 θ cosh^2 a − cos^2 θ + 1 2 cosh^2 a cos^2 θ cosh^2 a − cos^2 θ ( k^2_1 −^1_4 sinh^2 a + k^2 −^1_4 sin^2 θ ) . Putting for the wavefunction Ψ_3(a, θ) = S(a)Φ(θ), after separation of variables we get two equations in Pöschl-Teller form:

d^2S da^2 + [ −μ^2 + ν^2 −^1_4 cosh^2 a − k^2_1 −^1_4 sinh^2 a ] S = 0 (47)

d^2Φ dθ^2 + [ μ^2 − ( β^2 −^1_4 cos^2 θ + k^2 −^1_4 sin^2 θ )] Φ = 0 (48) where μ is a elliptic parabolic separation constant and β = √ 1 4 − 2(E + α), ν = √ 1 4 − 2(E − α). The separation constant is quantized as

μ = (2n_1 + β ± k_2 + 1) = (ν ∓ k_1 − 1 − 2n_2)

and introducing the quantum number N = n_1 + n_2 + 1 ± k_1/2 ± k_2/2 we go to the energy quantization (36) and condition (37) for n_1 + n_2.

The total bound state wavefunction Ψ_3(a, θ) ≡ Ψ_{n1n2} (a, θ) satisfies the orthogonality relation ∫_∞ 0 ∫ π_2 0 Ψ_{n1n2} (a, θ)Ψ_n0_{1n}0_2 (a, θ) cosh^2 a − cos^2 θ cosh^2 a cos^2 θ dadθ = δ_{n1n}0_1 δ_{n2,n}0_2

and has the form

Ψ_{n1n2} (a, θ) = σ^2_N − N^2 (2σ_N + 2n_1 − 2n_2 ± k_2 ∓ k_1)N S^{(±k1,ν)} n_2 (a)Φ (±k_2,β) n_1 (θ), (49)

where the wavefunction Φ^{(±k2,β)}_{n1} (θ) is given by (10) and

S^{(±k1,ν)} n_2 (a) =

2(ν ∓ k_1 − 1 − 2n_2)Γ(ν − n_2)n_2!

Γ(ν ∓ k_1 − n_2)Γ(1 ± k_1 + n_2) ×(sinh a)^{12 ±k1} (cosh a)^{12 −ν} P^{(±k1,−ν)}_{n2} (cosh 2a) (50)

The elliptic parabolic wave function (49) satisfies also the operator equation

ΛΨ_{n1n2} = ( 2L − M − 2H − k^2_1 + k^2 −^1_2 2 ) Ψ_{n1n2} = ( σ_N + n_1 − n_2 ± k_2 2 ∓ k_1 2 )2 Ψ_{n1n2} (51)

2.4 Modified Elliptic coordinate systems.

ω_1 = cosh f

(ρ_1 − a_3)(ρ_2 − a_3) (a_3 − a_2)(a_3 − a_1)

+ sinh f − (ρ_1 − a_2)(ρ_2 − a_2) (a_2 − a_1)(a_2 − a_3) ,

ω_2 = sinh f

(ρ_1 − a_3)(ρ_2 − a_3) (a_3 − a_2)(a_3 − a_1)

+ cosh f − (ρ_1 − a_2)(ρ_2 − a_2) (a_2 − a_1)(a_2 − a_3) ,

ω_3 = − (ρ_1 − a_1)(ρ_2 − a_1) (a_1 − a_2)(a_1 − a_3) , where sinh f = √ a_1 − a_2 a_2 − a_3

, cosh f = √ a_1 − a_3 a_2 − a_3 , and a_3 < a_2 < ρ_2 < a_1 < ρ_1. The solution for the bound state wave functions is facilitated by making the change of variables

a_2 = a_1 + 1 4 (A_+ + A_−)^2, a_3 = a_1 + 1 4 (A_+ − A_−)^2,

ρ_j = a_1 + 1 4 (A^2_+ + A^2_−) + 1 4 A_+A_−(R_j + 1 R_j ), j = 1, 2. In terms of these coordinates, the coordinates on the hyperboloid are given by

ω_1 = −

R_1R_2 + 1 2 √ R_1R_2

, ω_2 = −

(A^2_+ + A^2_−)(R_1R_2 + 1) + 2A_+A_−(R_1 + R_2) 2(A^2_+ − A^2_−) √ R_1R_2 ,

ω_3 = i √ (A_+R_1 + A_−)(A_+R_2 + A_−)(A_−R_1 + A_+)(A_−R_2 + A_+) (A^2_+ − A^2_−) √ R_1R_2 . The corresponding bound state solutions are

Ψ_4 = (Π^3_{ℓ=1}U^{kℓ+ 12}_ℓ )Π^q_{j=1}(

U^2_1 θ_j + Λ_− + U^2_2 θ_j + Λ_+ + U^2_3 θ_j ) (52)

where

U^2_1 =

(R_1 + Λ_−)(R_2 + Λ_−) Λ^2_− − 1

, U^2_2 =

(R_1 + Λ_+)(R_2 + Λ_+) Λ^2_+ − 1

, U^2_3 = R_1R_2,

and Λ_+ = A_+/A_−, Λ_− = A_−/A_+. The zeros θ_j satisfy

k_1 + 1 θ_m + Λ_− + k_2 + 1 θ_m + Λ_+ + √ 1 4 + 2(E − α) + 1 θ_m + ∑ j≠m 2 θ_m − θ_j = 0. (53)

The symmetry operator characterising this coordinate system is

L^′ = (Λ_+ + Λ_−)(2L − H) − 2(Λ_+ − Λ_−)M, (54)

with eigenvalues

μ = 2 [ Λ_− k_2 + √ 1 4 + 2(E − α)

+ Λ_+ k_1 + √ 1 4 + 2(E − α)

+ [Λ_+k_1 + Λ_−k_2] √ 1 4 + 2(E − α) ] + 3 2 (Λ_+ + Λ_−)+ (55) √ 1 4 + 2(E − α)[4Λ_+(k_1 + 1) n∑ m=1 1 θ_m + Λ_−

+ 4Λ_+(k_2 + 1) n∑ m=1 1 θ_m + Λ_+ ]

−4 √ 1 4 + 2(E − α) n∑ m=1 1 θ_m . 2.5 Quadratic algebra relations. The commutation relations for the quadratic algebra with basis L, M and H are, for R = [L, M],

[R, M] = −24L^2 + 3M^2 + 16HL + (10 − 4(k^2_1 + k^2))L + (k^2 − k^2_1)M

− (1 + 2(k^2_1 + k^2))H + 1 2 (k^2_1 + k^2) − 1 4 − 8α^2, (56)

[R, L] = −2{L, M} + (k^2_1 − k^2)L + M + 1 2 ( 1 4 + α)(k^2_1 − k^2),

R^2 = −16H^2L + 16L^3 + 16L^2H − 2 3 {M, M, L} + 8H{L, M} + 8(k^2_1 + k^2 − 6)L^2 − 11 3 M^2 − 44 3 H^2 − 44 3 HL + 44 3 ML + (2(k^2_1 + k^2) − 1){L, M} + ( 41 12 − 19 3 (k^2_1 + k^2) + 4α^2 − 4k^2_1k^2)L + ( 10 3 − 8(k^2_1 + k^2) + (k^2_1 − k^2)(k^2_1 − k^2) + 4α^2)H

+ (− 11 6 + 11 3 (k^2_1 + k^2) + 88 3 α(k^2 − k^2_1))M

+ α^2(2(k^2_1 + k^2) − 1 3 ) + 1 2 (k^2_1 − k^2)(2(k^2_1 + k^2) − 1)α − 1 16 + 7 12 (k^2_1 + k^2) − 3 4 (k^4_1 + k^4_2) − 13 6 k^2_1k^2.

3. Third Potential. Here

V_3 = 1 2 [ α (ω_1 − ω_2)^2

+ Ω^2

1 + 4ω^2_3 (ω_1 − ω_2)^4 − λ ω_3 (ω_1 − ω_2)^3 ] . The corresponding Schrödinger equation admits separable solutions in two coordinate systems.

3.1 Horicyclic coordinates.

ω_1 = x^2 + y^2 + 1 2y , ω_2 = x^2 + y^2 − 1 2y , ω_3 = x y . where y > 0, x ∈ (−∞, ∞). 3.2 Semi-Circular Parabolic coordinates.

ω_1 =

(ξ_1 − ξ_2)^2 +^1_4 2 √ −ξ_1ξ_2

, ω_2 =

(ξ_1 − ξ_2)^2 −^1_4 2 √ −ξ_1ξ_2

, ω_3 = − ξ_1 + ξ_2 2 √ −ξ_1ξ_2 , where ξ_1 > 0, ξ_2 < 0.

In the case of horicyclic coordinates for the potential V_3 we get

V_3(x, y) = 1 2 [αy^2 + Ω^2y^2(y^2 + 4x^2) − λy^2x]

and the Schrödinger equation assumes the form

y^2 ( ∂^2 ∂x^2 + ∂^2 ∂y^2 ) Ψ + [ 2E − αy^2 − Ω^2(y^2 + 4x^2)y^2 + λxy^2 ] Ψ = 0. (57)

Putting Ψ_1(x, y) = ψ_1(x)ψ_2(y) we have the separation equations in form

d^2ψ_1 dx^2 + (−ϵ + λx − 4Ω^2x^2)ψ_1 = 0 (58)

d^2ψ_2 dy^2 + [ (ϵ − α) − Ω^2y^2 −

A^2 −^1_4 y^2 ] ψ_2 = 0, (59)

where ϵ is the horicyclic separation constant and 2E =^1_4 − A^2. Solving the first equation we have ψ_1(x) ≡ ψ_{n1} (x) =

( 2Ω π )^1_4 1 √ 2^{n1} n_1!

e^{−Ω}(^{x− λ}8Ω^2 )^2 H_{n1} (√ 2Ω [ x − λ 8Ω^2 ]) , and the separation constant is

ϵ = 2Ω(2n_1 + 1) − λ^2 16Ω^2 . For the second equation we get

ψ_2(y) ≡ ψ_{n2} (y) = 2 Ω n_2!Γ(A + 1) Γ(A)Γ(1 + n_2 + A)

(Ωy^2)^{A+ 12} e^{− Ω2 y2} L^A_{n2} (Ωy^2), and A = λ^2 32Ω^3 − α 2Ω − 2 − 2N, where N = n_1 + n_2 is the principal quantum number. Here H_n(x) is a Hermite polynomial and L^A_m(z) a Laguerre polynomial, [19, 25]. The discrete spectrum occurs for 0 ≤ N ≤ 1 4Ω ( λ^2 16Ω^2 − α ) . The total bound state wave function Ψ_1(x, y) ≡ Ψ_{n1n2} (x, y) is normalized by the condition ∫ ∞ ∞ dx ∫ ∞ 0 dy y^2

Ψ_{n1n2} (x, y)Ψ_n0_{1n}0_2 (x, y) = δ_{n1n}0_1 δ_{n2n}0_2 .

The symmetry operator L_1 with eigenvalue ϵ is

L_1Ψ_{n1n2} (x, y) ≡ [ (K_2 − M_1)^2 − 4Ω^2 ω^2_3 (ω_1 − ω_2)^2 + λ ω_3 ω_0 − ω_1 ] Ψ_{n1n2} (x, y)

= ϵΨ_{n1n2} (x, y) = [ λ^2 16Ω^2

− 2Ω^2(2n_1 + 1) ] Ψ_{n1n2} (x, y). (60)

Let us consider the semi-circular parabolic coordinates. For the potential V_3 we obtain

V_3(ξ_1, ξ_2) = −ξ_1ξ_2[8α + 16λ(ξ_1 + ξ_2) + 128Ω^2(ξ^2_1 + ξ^2 + ξ_1ξ_2)].

The Schrödinger equation in semi circular parabolic coordinates has the form

2ξ_1ξ_2 ξ_2 − ξ_1 [( ξ_1

∂^2 ∂ξ^2_1 + 1 2 ∂ ∂ξ_1 ) − ( ξ_2

∂^2 ∂ξ^2 + 1 2 ∂ ∂ξ_2 )] Ψ− ξ_1ξ_2 [ 8α + 16λ(ξ_2 + ξ_1) + 128Ω^2(ξ^2_1 + ξ^2 + ξ_2ξ_1) ] Ψ = EΨ. (61) Choosing the wave function as Ψ_2 = ψ_1(ξ_1)ψ_2(ξ_2) we obtain the two identical separation equations in the form ξ d^2ψ dξ^2 + 1 2 dψ dξ + ( μ + E ξ − 4αξ − 8λξ^2 − 64Ω^2ξ^3 ) ψ = 0, where ψ = ψ_{1,2}, ξ = ξ_{1,2} and μ is the separation constant. The symmetry operator with eigenvalue μ is

L_2Ψ_2 ≡ 1 ξ_1 − ξ_2 [ ξ_2 ( ξ_2

∂^2 ∂ξ^2 + 1 2 ∂ ∂ξ_2 ) − ξ_1 ( ξ_2

∂^2 ∂ξ^2 + 1 2 ∂ ∂ξ_2 )] Ψ_2 (62)

+ [4α(ξ_1 + ξ_2) + 8λ(ξ_1ξ_2 + ξ^2_1 + ξ^2 ) + 64Ω^2(ξ_1 + ξ_2)(ξ^2_1 − ξ^2 )]Ψ_2 ≡ [ 4{K_3, K_2 − M_1} − 2α ω_3 ω_1 − ω_2 − λ 4ω^3_2 + 1 2(ω_1 − ω_2)^2

− 4Ω^2 ω_3(2ω^2_3 + 1) (ω_1 − ω_2)^3 ] Ψ_2 = μΨ_2.

The bound state solutions to these equations are of the form

Ψ_2(ξ_1, ξ_2) = exp[−4Ω(ξ^2 + ξ^2_1) − λ 2Ω (ξ_1 + ξ_2)](ξ_2ξ_1)^QΠ^N_{j=1}(ξ_1 − b_j)(ξ_2 − b_j), (63)

where Q = −^α_{4Ω} +^{λ2}_{64Ω3} − N −^3_4 . If we make this substitution, the zeros b_j satisfy ∑ j≠ℓ b_ℓ b_ℓ − b_j − 2 − 4N − α Ω + λ^2 16Ω^3 − 2λ Ω b_ℓ − 32Ω b^2_ℓ = 0 (64)

and the eigenvalues μ have the form

μ = −32Ω N∑ ℓ=1 b_ℓ + λ 2Ω − αλ Ω^2 − λ^3 32Ω^4 .

The energy is quantised according to the condition E = −Q(2Q − 1).

3.3 Quadratic algebra relations.

[L_{12}, L_1] = −8λL_1 − 16Ω^2L_2 + 8αλ, (65) [L_{12}, L_2] = 96L^2_1 + 128αL_1 + 8L_2 − 256Ω^2H − 96Ω^2 + 32α^2, L^2_{12} = 64L^3_1 + 512Ω^2HL_1 + 8λ{L_1, L_2} + 128αL^2_1 + 16Ω^2L^2+ 16αλL_2 + 704Ω^2L_1 + 64α^2L_1 − 32λ^2H − 12L^2 + 512αΩ^2, where L_{12} = [L_1, L_2].

The quadratic algebra contains useful information in its relations. Indeed if we consider the orthonormal bound state wave functions φ_m and ψ_n which satisfy L_1φ_m = λ_mφ_m and L_2ψ_p = ρ_pψ_p, then the matrix with elements D_{mn} where L_2φ_m = ∑N n=1 D_{mn}φ_n can readily be determined as follows. The quadratic algebra relations imply that (λ_m − λ_p)^2D_{mp} = −16Ω^2D_{mp} + 8λ(α − λ_m)δ_{mp}, (66) N∑ s=1 D_{sp}D_{ms}(λ_p + λ_m − 2λ_s) = 8D_{mp} (67) +(96λ^2_m + 128αλ_m − 256Ω^2E + 96Ω^2 + 32α^2)δ_{mp}, where λ_n = 2Ω(2n+1)−(λ^2/16Ω^2). The first of these conditions implies that the only non zero components of D_{pq} are D_{m,m+1}, D_{m+1,m} and D_{mm} = 8λ(α − λ_m). The second relation implies Ω[D^2_{p−1,p} − D^2_{p+1,p}] = 12λ^2_p + 16αλ_p − 32Ω^2E + 12Ω^2 + 4α^2 + 8λα − 8λλ_p.

There is no further information available about the matrix elements D_{pq}. Indeed the matrix elements are essentially determined by these relations. We could also consider the matrix C with elements defined by L_1ψ_p = N∑ k=1 C_{pk}ψ_k. The quadratic algebra implies that C satisfies certain relations, such as

C_{np}(ρ_p − ρ_n)^2 = 96 N∑ m=1 C_{mp}C_{nm} + 128αC_{np} + (ρ_n − 256Ω^2E + 96Ω^2 + 32α^2)δ_{np}.

One interesting condition we deduce from this is that 96Tr(C^2) + 128αTr(C) + N∑ n=1 ρ_n + N(32α^2 − 256Ω^2E + 96Ω^2) = 0 where Tr is the trace function. We can also introduce the matrices which relate the various bases that we are considering via φ_m = ∑N s=1 A_{ms}ψ_s and ψ_m = ∑N s=1 B_{ms}φ_s. We note in particular that_N ∑ p=1 D_{mp}A_{ps} = ρ_sA_{ms}, (68) i.e., the vector v^{(s)} = (A_{1s}, ..., A_{Ns}) is an eigenvector of D with eigenvalues ρ_s. In fact the eigenvalues of D are solutions of the characteristic equation written in continued fraction form β_N α_N γ_{N−1} = β_{N−1} − α_{N−1}γ_{N−2}]β_{N−2} − α_{N−2}γ_{N−3}].....]β_2 − α_2γ_1/β_1, (69)

where α_n = D_{nn−1}, β_n = D_{nn} − ρ and γ_n = D_{nn+1}.

III. A direct interbasis expansion

As an example of a direct interbasis expansion we consider the singular oscillator (4). For a fixed value of E_N , we can write the equidistant wavefunction (17) in terms of the spherical wavefunction (7) as Ψ_{n1n2} =

n_1+n_2∑ m=0 W^{nm}_{n1n2} (k_1, ±k_2, ±k_3)Ψ_{nm} (70)

where n_1 + n_2 = n + m. The connection between the equidistant (a, b) and spherical (τ, φ) coordinates is sinh a = sinh τ, sinh b = tanh τ cos φ √ 1 − tanh^2 τ cos^2 φ

(71)

Using spherical coordinates in the left side of expansion (70) then, considering the limit τ → ∞ in the so-obtained equation and the formula

lim_{x→ 1 2}F_1(−n, α; β; x) →

Γ(β)Γ(β − α + n) Γ(β − α)Γ(β + n)

, (72)

we see that dependence on τ cancels on both sides of (70). Now using the orthogonality conditi on of the angular wavefunction (10) we find the following expression for the interbasis coefficients W^{nm}_{n1n2} :

W^{nm}_{n1n2} = (−1)^m

Γ(k_1 − n)Γ(1 + m ± k_2 ± k_3)m!n_1!

Γ(1 + m ± k_2)Γ(1 + m ± k_3)n_2!n!

A^{nm}_{n1n2} B^{nm}_{n1n2} (73)

where A^{nm}_{n1n2} = √ (k_1 ∓ k_2 − 1 − 2n_1)(2m ± k_2 ± k_3 + 1)Γ(k_1 ∓ k_2 − 1 − n_2 − 2n_1)

Γ(k_1 − n_1)Γ(k_1 ∓ k_2 ∓ k_3 − 1 − n_2 − 2n_1)Γ(k_1 ∓ k_2 ∓ k_3 − 1 − n − 2m) Γ(k_1 ± k_3 + n_2)Γ(k_1 ∓ k_2 − n_1)Γ(k_1 ± k_2 + n_1)Γ(2 + n + 2m ± k_2 ± k_3) and B^{nm}_{n1n2} = 1 2 ∫ π_2 0 (sin φ)^{1+2n2±k3} (cos φ)^{1±k2} × P^{(k1±k2−1−2n1,±k2)} n_1 (cos 2φ) P

(±k_3,±k_2)

m (cos 2φ)dφ. (74)

The integral B^{nm}_{n1,n2} can be evaluted by means of [25] ∫ 1 −1 (1 − x)^τ (1 + x)^βP^{(α,β)}_n (x)P^{(ρ,β)}_m (x)dx =

2^{β+τ+1}Γ(α − τ + n)Γ(β + 1 + n) m!n!Γ(1 + ρ)Γ(α − τ) × Γ(1 + m + ρ)Γ(1 + τ)

Γ(2 + n + β + τ)^4

F_3 ( −m, 1 + m + β + ρ, 1 + τ, 1 + τ − α 1 + ρ, 2 + n + β + τ, 1 − n + τ − α, | | | | 1 ) . We thus obtain W^{nm}_{n1n2} =

(−1)^mΓ(k_1 ∓ k_2 ∓ k_3 − 1 − n − m) Γ(2 + n + m ± k_2 ± k_3)Γ(1 ± k_3) × (k_1 ∓ k_2 − 1 − 2n_1)(2m ± k_2 ± k_3 + 1) Γ(k_1 ∓ k_2 ∓ k_3 − 1 − n_2 − 2n_1)

(75) × √ Γ(1 + n_1 ± k_2)Γ(k_1 − n_1)Γ(1 + n_2 ± k_3)Γ(k_1 ∓ k_2 ∓ k_3 − 1 − n − 2m) × Γ(k_1 ∓ k_2 − 1 − n_2 − 2n_1)Γ(1 + m ± k_2 ± k_3)Γ(1 + m ± k_3)Γ(k_1 − n) Γ(k_1 ∓ k_2 − n_1)Γ(2 + n_1 + n_2 + m ± k_2 ± k_3)Γ(1 + m ± k_2)n_1!n_2!n!m!

×_4F_3 ( −m, 1 + m ± k_2 ± k_3, 1 + n_2 ± k_3, 2 + n_2 + 2n_1 ± k_2 ± k_3 − k_1 1 ± k_3, 2 + n_1 + n_2 ± k_2 ± k_3, 2 + n_1 + n_2 ± k_2 ± k_3 − k_1, | | | 1 ) , a closed form expression for the interbasis expansion coefficients. Note that the hypergeometric function_4F_3 is of Saalschutzian type [19], [26].

IV. Acknowledgement

The authors thank P. Winternitz for very interesting discussions.

References

[1] E.G.Kalnins, W.Miller Jr. and G.S.Pogosyan. Superintegrability and associated polynomial solutions. Euclidean space and the sphere in two dimensions; J.Math.Phys. (1996), to appear.

[2] N.W.Evans. Superintegrability in Classical Mechanics; Phys.Rev. A 41 (1990) 5666; Group Theory of the Smorodinsky-Winternitz System; J.Math.Phys. 32, 3369 (1991).

[3] S.Wojciechovski. Superintegrability of the Calogero-Moser System. Phys. Lett. A 95, 279 (1983);

[4] N.W.Evans. Super-Integrability of the Winternitz System; Phys.Lett. A 147, 483 (1990).

[5] C.P.Boyer, E.G.Kalnins and P.Winternitz. Completely integrable relativistic Hamiltonian systems and separation of variables in Hermitian hyperbolic spaces. J. Math. Phys. 24, 2022 (1983).

[6] C.Grosche, G.S.Pogosyan, A.N.Sissakian. Path Integral Approach to Superintegrable Potentials. The Two-Dimensional Hyperboloid. Phys. Part. Nucl. 27, 244, (1996).

[7] L.P.Eisenhart. Enumeration of Potentials for Which One-Particle Schrödinger Equations Are Separable; Phys.Rev. 74, 87 (1948).

[8] J.Friš, V.Mandrosov, Ya.A.Smorodinsky, M.Uhlir and P.Winternitz. On Higher Symmetries in Quantum Mechanics; Phys.Lett. 16, 354 (1965).

[9] M.N.Olevskiĭ. Triorthogonal Systems in Spaces of Constant Curvature in which the Equation Δ_2u + λu = 0 Allows the Complete Separation of Variables Math.Sb., 27, 379 (1950) (in russian).

[10] J.Friš, Ya.A.Smorodinskii, M.Uhlír and P.Winternitz. Symmetry Groups in Classical and Quantum Mechanics; Sov.J.Nucl.Phys. 4, 444 (1967).

[11] Ya.A.Granovsky, A.S.Zhedanov and I.M.Lutzenko. Quadratic Algebra as a ‘Hidden’ Symmetry of the Hartmann Potential; J.Phys. A 24, 3887 (1991).

[12] C.Grosche, G.S.Pogosyan, A.N.Sissakian. Path Integral Discussion for Smorodinsky - Winternitz Potentials: I. Two - and Three Dimensional Euclidean Space. Fortschritte der Physik, 43, 453 (1995).

[13] E.G.Kalnins, W.Miller and M.Tratnik. Families of Orthogonal and Biorthogonal Polynomials on the n-sphere; SIAM J. Math. Anal. 22, 272 (1991).

[14] E.G.Kalnins and W.Miller. Hypergeometric Expansions of Heun Polynomials; SIAM J.

Math. Anal. 22, 1450 (1991).

[15] E.G.Kalnins and W.Miller. Orthogonal Polynomials on n-spheres: Gegenbauer, Jacobi and Heun; in Topics in Polynomials of One and Several Variables and their Applications: A Legacy of P.L. Chebyshev (1821-1894), H.M. Srivastava, T.M. Rassias and A. Yanushauskas, eds., World Scientific, Singapore, 1991.

[16] J.Patera and P.Winternitz. A New Basis for the Representation of the Rotation Group.

Lamé and Heun Polynomials; J.Math.Phys. 14, 1130 (1973).

[17] H.L.Krall and I.M.Sheffer. Orthogonal Polynomials in Two Variables Ann. Mat. Pura Appl.

(4) 76, 325 (1967).

[18] W.Miller, Jr. Symmetry and Separation of Variables. Addison-Wesley Publishing Company, Providence, Rhode Island, 1977.

[19] A.Erdélyi, W.Magnus, F.Oberhettinger and F.G.Tricomi (eds) Higher Transcendental Functions, Vol. I,II McGraw Hill, New York, 1953.

[20] A.Frank and K.B.Wolf. Lie Algebras for Systems with Mixed Spectra. I. The Scattering Pöschl-Teller Potential. J.Math.Phys., 25, 973, (1985).

[21] A.O.Barut, A.Inomata and R.Wilson. Algebraic treatment of the second Pöschl-Teller, Morse-Rosen and Eckart equations. J.Phys. A.: Math. Gen., 20, 4075, (1987)

[22] E.G.Kalnins and W.Miller. Separable coordinates, integrability and the Niven equations.

J. Phys. A: Math. Gen. 25, 5663, (1992)

[23] M.F.Manning and N.Rosen. Potential function for vibrations of diatomic molecules. Phys.

Rev. 44, 953, (1933).

[24] P.W.Higgs. Dynamical Symmetries in a Spherical Geometry. J. Phys. A: Math. Gen. 12, 309, (1979).

[25] A.P.Prudnikov, Yu.A.Brychkov and O.I.Marichev. Integrals and Series, Special Functions, (Nauka, Moscow, 1986).

[26] J.A.Wilson. Some hypergeometric orthogonal polynomials. SIAM J. Math. Anal. 11, 690, 1980.

Potential V (ω) Coordinate system Spherical Equidistant V_1(ω) =^α_2^{ω2 +ω23}_{ω21} +^1_2 [ k^2 −^1_4 ω^2 + k^2_3−^1_4 ω^2_3 ] Elliptic Hyperbolic Spherical V_2 = −^{αω1}√_{ω2 +ω23} Elliptic-Parabolic

+^1_4√_{ω2 +ω23} ( k^2_1−^1_4

√_{ω2 +ω23+ω2} +^{k2− 14} √_{ω2 +ω23−ω2} ) Elliptic II Semi-Hyperbolic Horicyclic V_3 =^1_2 [^α_{(ω1−ω2)2} + Ω^{2 1+4ω23}_{(ω1−ω2)4} − λ^{ω3}_{(ω1−ω2)3} ] Semi-Circular-Parabolic