CONFORMAL SYMMETRIES AND GENERALIZED RECURRENCES FOR HEAT AND SCHRÖDINGER EQUATIONS IN ONE SPATIAL DIMENSION

E.G. KALNINS*, RAPHAEL D. LEVINE** and WILLARD MILLER, JR.†***

Abstract. A conformal symmetry for the heat or time dependent Schrödinger equation (∂t − H)Ψ = 0 is a linear differential operator L such that LΨ is a solution of the equation for every solution Ψ. In essence L is a time-dependent constant of the motion. For equations in one spatial dimension it is possible to compute, at least formally, all conformal symmetries, even those which are infinite-order differential operators. An important class of such symmetries coincides with generalized recurrence relations which map the solution space of the time-independent equation Hϕ = Eϕ to the solution space of the equation Hθ = (E + κ(E))θ for an arbitrary analytic function κ. This symmetry approach provides a significant simplification in the analysis of raising and lowering operators for eigenfunctions of the Schrödinger operator.

1. Introduction. Let H = Δ + V (x) be a Hamiltonian operator in n spatial dimensions. A conformal symmetry of the equation (∂_t − H)Ψ = 0 is a linear differential operator L in the variables x, t such that LΨ satisfies the equation whenever Ψ satisfies it. If [L, ∂_t − H] = 0, i.e., if L commutes with ∂_t − H, it is an ordinary symmetry operator. Clearly an ordinary symmetry is a conformal symmetry, but there are many conformal symmetries that are not ordinary. General conformal symmetry differential operators which are of first or second order have proven to be important for deriving special symmetry-adapted solutions of the heat or time-dependent Schrödinger equations, [Blumen and Cole (1974), Olver (1986), Ovsjannikow (1982)], for mapping one of these equations to another, [Kalnins and Miller (1985), (1987a), Niederer (1973), Rosencrans (1976)], and for characterizing solutions of these equations via separation of variables, [Kalnins (1986), Kalnins and Miller (1987b), Miller (1977), Reid (1986), Shapovalov (1976), (1980a), (1981)]. However, there has been very little study of higher (even infinite) order differential conformal symmetry operators or appreciation of their connection to differential recurrence relations for eigenfunctions of the Hamiltonian operator.

*Mathematics Department, University of Waikato, Hamilton, New Zealand. **The Fritz Haber Molecular Dynamics Research Center, Hebrew University of Jerusalem, Jerusalem 91904, Israel †Supported in part by the National Science Foundation under grant DMS 86–00372 ***School of Mathematics, and Institute for Mathematics and its Applications, University of Minnesota, Minneapolis, MN 55455

Typeset by AMS-TEX 1

In this paper we consider the very special case of one spatial dimension, where it is possible at least in principle, to determine all conformal symmetries, including those of infinite order. In §2 we relate our problem to classical Lagrangian and Hamiltonian mechanics, and work out the (almost trivial) problem of computing the classical conformal symmetries in one spatial dimension and determining their significance. In §3 we work out the quantum (or linear) analog and completely characterize those conformal symmetries that correspond to generalized recurrences for the heat or Schrödinger operator. In §4 we give very simple derivations of recurrences for two physically important types of potentials: Morse and Pöschl-Teller. We indicate how our method permits determination of the spectra corresponding to these potentials through a simple Lie algebraic procedure which has some advantages over the factorization method. The characterization of the general conformal symmetry for the heat or time-dependent Schrödinger equation is accomplished in §5. Finally in §6, for completeness we review the computation of all potentials which admit first-order conformal differential symmetry operators [Boyer 1975].

2. Classical conformal symmetries. Consider the time-dependent Hamilton- Jacobi equation

(2.1) u_t + 1 2 u^2_x + V (x) = 0.

(Recall the connection between a solution u of (2.1) and Lagrangian mechanics: the total time derivative of u with respect to t is the Lagrangian of the associated mechanical system.) A (conformal) symmetry of this equation is a function L(x, t, u_x, u_t) such that (2.2) {L, u_t + H} = R(x, t, u_x, u_t)(u_t + H) for some analytic function R where H(u_x, x) =^1_2 u^2_x + V (x), i.e., such that {L, u_t + H} vanishes whenever the function u(x, t) satisfies (2.1). (We assume that L and R are analytic in u_x, u_t about u_x = u_t = 0.) Here {., .} is the Poisson bracket (2.3) {f(x, t, u_x, u_t), g(x, t, u_x, u_t)} = ∂_xf∂_{ux} g + ∂_tf∂_{ut} g − ∂_xg∂_{ux} f − ∂_tg∂_{ut} f. If R ≡ 0, L is an ordinary symmetry of (2.1). For uses of conformal and ordinary symmetries in the study of the time-dependent and -independent Hamilton-Jacobi equation see [Benenti and Francaviglia (1980), Boyer, Kalnins and Miller (1978), Eisenhart (1961), Kalnins and Miller (1987b), Shapovalov (1980b), Woodhouse (1975)]

Since we will be evaluating L only on solutions of (2.1), we can (for solutions) express any even power of u_x as a polynomial in u_t and V (x), and can assume without loss of generality that L takes the form (2.4) L = a(x, t, u_t)u_x + b(x, t, u_t). Substituting this expression into (2.2) we obtain the necessary and sufficient conditions a_x = R, b_x = −a_t b_t = (V + u_t)a_x + V^′a.

(2.5)

CONFORMAL SYMMETRIES AND GENERALIZED RECURRENCES FOR HEAT AND SCHRÖDINGER EQUATIONS IN ONE SPATIAL DIMENSION3

The integrability condition for these equations is

(2.6) a_{tt} = −2(V + u_t)a_{xx} − 3V^′a_x − V^{′′}a.

To understand the significance of L consider the Hamiltonian system

(2.7) ṗ = −H_x, ẋ = H_p

where H(p, x) =^1_2 p^2+V (x). A function L(x, t, p, −λ) is a constant of the motion for the system (2.7) if

(2.8) dL dt ≡ L_t + ẋL_x + ṗL_p = 0

for solutions of (2.7). Here λ ≡ H(p, x) is the energy, itself a constant of the motion. Assuming L is of the form L = a(x, t, −λ)p + b(x, t, −λ) we see that L is a constant of the motion iff a and b satisfy the conditions (2.5), (2.6) with u_t ≡ −λ.

If L is a constant of the motion with ∂_tL ≠ 0, then by eliminating p from the equations L = μ, H = λ we obtain an implicit equation for the path: f(x, t) = c. This is equivalent to the usual solution w ≡ ∫ dx √ λ − V (x) = √ 2t. Indeed, the general solution of (2.6), with u_t = −λ, is

a = (λ − V )^{− 12} [F (w + √ 2t) + G(w − √ 2t)]

where F and G are arbitrary functions and dw(x)/dx = (λ − V )^{− 12} . It follows that b = − √ 2F (w + √ 2t) + √ 2G(w − √ 2t) + κ

where κ is a constant. Thus, since p = √ 2(λ − V )^{12} , we have

L = 2 √ 2G(w − √ 2t).

3. Conformal symmetries and recurrence operators. Now we consider the quantum analog of the classical setting in §2. The basic equation is the heat or time-dependent Schrödinger equation (3.1) (∂_t − ∂_{xx} − V (x))Ψ(x, t) = 0.

Here V and Ψ are complex analytic functions of the complex variables x, t. (No reality or self-adjointness conditions are imposed in our formal treatment. Furthermore, for convenience we adopt a different normalization for (3.1) than for (2.1).) Let H be the operator H = ∂_{xx} + V (x). Formally, we say that the linear operator L, acting on the solution space of (3.1), is a (conformal) symmetry if (3.2) [∂_t − H, L] ≡ ∂_tL − [H, L] = R(∂_t − H) for some linear operator R. Here [A, B] = AB − BA. (We think of L and R as differential operators in t and x, possibly of infinite order.) If R ≡ 0 then L is an ordinary symmetry operator for (3.1). Let U(t) = exp(tH) = ∞∑ n=0 t^n n! H^n. Then U(t)^{−1} = U(−t) and U̇(t) = HU(t) = U(t)H. Setting L(t) = U(t)X(t)U(t)^{−1} and substituting into (3.2), we find ∂_tL − [H, L] = HUXU^{−1} + UẊU^{−1} − UXU^{−1}H − HUXU^{−1} + UXU^{−1}H = UẊU^{−1} = R(∂_t − H), (3.3) so (3.4) Ẋ(t) = U^{−1}R(∂_t − H)U = U^{−1}(t)R(t)U(t)∂_t and (3.5) X(t) = {∫_t 0 U(s)^{−1}R(s)U(s)ds } ∂_t + L(0).

This implies (formally) that L(t) = ∫_t 0 exp(t − s)H · R(s) · exp(s − t)H · ds (∂_t − H) + exp(tH) · L(0) · exp(−tH).

(3.6)

Thus L(t) is determined by R(t) and the initial condition L(t)|_{t=0} = L(0). The operator L(t) maps solutions Ψ of (3.1) into solutions: (3.7) (∂_t − H)L(t)Ψ = L(∂_t − H)Ψ + R(∂_t − H)Ψ = 0, see [Levine (1985), Miller (1977)].

CONFORMAL SYMMETRIES AND GENERALIZED RECURRENCES FOR HEAT AND SCHRÖDINGER EQUATIONS IN ONE SPATIAL DIMENSION5

Here L(t) can be considered as a constant of the motion: Suppose Θ(x, t), Ψ(x, t) are solutions of (3.1) and (3.8) (Θ, Ψ)_t ≡ ∫ C Θ(x, −t)Ψ(x, t)dx where C is a contour in the complex x-plane such that all boundary terms vanish in the integration-by-parts formulas to follow. Then d dt (Θ, LΨ)_t = −(Θ̇, LΨ) + (Θ, L̇Ψ) + (Θ, LΨ̇) = −(HΘ, LΨ) + (Θ, [H, L]Ψ) + (Θ, LHΨ) = 0 (3.9) so (Θ, LΨ)_t is a constant.

We will only consider the action of L(t) on the solution space of (3.1). Then each term ∂^2_x in the expansion L(t) = ∞∑ n,m=0 ℓ(x, t)_{n,m}∂^n_x ∂^m_t

can be replaced successively by ∂_t −V (x), if at each stage the terms in the expansion are reordered so that the derivative terms act directly on the solution space of (3.1). Thus L(t) can be placed in the canonical form (3.10) L(t) = a(x, t, λ)∂_x + b(x, t, λ). where λ ≡ ∂_t and a, b are analytic in (x, t, λ) in a neighborhood of (x_0, 0, 0). Here we consider a(x, t, λ) = ∞∑ m=0 a_m(x, t)∂^m_t with a similar interpretation for b. The action of L(t) on constant energy solutions (E is a constant) (3.11) Ψ(x, t) = e^{Et}ϕ(x), Hϕ = Eϕ can easily be made rigorous: (3.12) LΨ = e^{Et}{a(x, t, E)∂_x + b(x, t, E)}ϕ(x). Furthermore, if the solution Ψ of (3.1) can be represented in the form (3.13) Ψ(x, t) = ∫ C0 e^{Et}ϕ(x, E) dE where C^′ is an appropriate contour in the complex E-plane we can interpret L as (3.14) L(t)Ψ = ∫ C0 e^{Et}{a(x, t, E)∂_x + b(x, t, E)}ϕ(x, E) dE.

Now let us determine the conditions on a and b so that L(t), (3.10), is a symmetry of (3.1). Substituting (3.10) into (3.2) and equating coefficients of ∂_{xx}, ∂_x and the constant terms on both sides of the resulting expression we find the conditions i) R = 2a_x ii) a_t − a_{xx} − 2b_x = 0 iii) b_t − b_{xx} + aV_{xx} = R(λ − V (x)). Substituting i) into iii) we obtain the conditions b_x = 1 2 a_t − 1 2 a_{xx} b_t = 1 2 a_{tx} − 1 2 a_{xxx} + 2a_xλ − 2a_xV − aV_x. (3.15) The integrability condition for these equations is (3.16) a_{tt} − 2a_{xxt} + a_{xxxx} + 4a_{xx}(V − λ) + 6a_xV_x + 2aV_{xx} = 0. Theorem 1. Condition (3.16) is necessary and sufficient for L(t), expression (3.10), to be a symmetry.

Proof. If a satisfies (3.16) then b is determined uniquely by (3.15) (up to a trivial added term which may only depend on λ).

It is not difficult to find all solutions of (3.16) which are of the form (3.17) a = exp(tκ(λ))f(x, λ).

In this case (3.16) reduces to a 4th-order ordinary differential equation: (3.18) f_{xxxx} + (4V − 4λ − 2κ)f_{xx} + 6V_xf_x + (2V_{xx} + κ^2)f = 0. Corollary 1. Suppose L(t) = exp(tκ(λ))[f(x, λ)∂_x + g(x, λ)] is a conformal symmetry of (3.1). Then the operator L^′(t) = exp(tκ^′(λ^′))[f^′(x, λ^′)∂_x + g^′(x, λ^′)] where κ^′ = −κ, λ^′ = λ + κ f^′(x, λ^′) = f(x, λ + κ), g^′(x, λ^′) = −g(x, λ + κ) − f_x(x, λ + κ) is also a conformal symmetry.

Proof. This follows from the invariance of (3.18) under the transformation κ^′ = −κ, λ^′ = λ + κ.

This result shows that each symmetry of the form (3.17) has an “adjoint symmetry”. See [Boyer and Miller 1974] for an application of a similar idea for symmetries of the Schrödinger equation in two spatial dimensions.

To solve equation (3.18) we make use of the following fact [Whittaker 1929]: Let u(x) and v(x) be solutions of the differential equations u 00 −p(x)u = 0, v 00 −q(x)v = 0. Then y(x) = u(x)v(x) satisfies (p − q)y 0000 − (p^′ − q^′)y^{′′′} − 2(p^2 − q^2)y^{′′} + (−pp^′ + qq^′ + 5p^′q − 5pq^′)y^′ + (p^{′2} − q^{′2} − (p − q)(p^{′′} + q^{′′}) + (p − q)^3)y = 0.

(3.19) Now consider the equations i) u^{′′} + V u = (λ + κ)u ii) v^{′′} + V v = λv, (3.20) i.e., p = λ + κ − V , q = λ − V . Then (3.19) reduces to (3.18) with f = uv.

CONFORMAL SYMMETRIES AND GENERALIZED RECURRENCES FOR HEAT AND SCHRÖDINGER EQUATIONS IN ONE SPATIAL DIMENSION7

Theorem 2. Every symmetry operator L = a∂_x+b such that a = exp(tκ(λ))f(x, λ), b = exp(tκ(λ))g(x, λ) with κ ≠ 0 is of the form

f(x, λ) = 2∑ i,j=1 c_{ij} (λ)u_i(x, λ)v_j(x, λ)

g(x, λ) = − 2∑ i,j=1 c_{ij} (λ)u_i(x, λ)v_{jx}(x, λ) (3.21)

where {u_1, u_2} is a basis of solutions for (3.20i) and {v_1, v_2} is a basis of solutions for (3.20ii).

We ignore the trivial constant c(λ) which can always be added to b. Note that the operators L characterized by Theorem 2 are recursion operators for the solutions ϕ of Hϕ = Eϕ. Indeed setting Ψ = e^{tE} ϕ we have LΨ = e^{t(E+κ(E))}θ where Hθ = (E+κ(E))θ. Furthermore, it is always possible to map a particular solution ϕ_1(x, E) of Hϕ = Eϕ to a particular solution θ_1(x, E + κ(E)) of Hθ = (E + κ(E))θ. Indeed, let {ϕ_1, ϕ_2} be a basis for the solution space of Hϕ = Eϕ with ϕ_2 normalized so that the Wronskian ϕ_2(x, E)ϕ^′_1(x, E) − ϕ^′_2(x, E)ϕ_1(x, E) ≡ 1. Then L = exp(tκ(λ))θ_1(x, λ + κ(λ)) (ϕ_2(x, λ)∂_x − ϕ^′_2(x, λ))

is a conformal symmetry operator such that LΨ_1 = e^{t(E+κ(E))}θ_1, LΨ_2 = 0.

The case κ(λ) ≡ 0 needs special treatment. Then (3.18) can be written as d dx {f_{xxx} − 4f_xλ + 4f_xV + 2fV_x} = 0 so (3.22) f_{xxx} − 4f_xλ + 4f_xV + 2fV_x = c(λ)

where c is independent of x. It follows that the symmetry operator L = a∂_x + b must have the form

(3.23) a = f(x, λ), b = − 1 2 c(λ)t − 1 2 f_x(x, λ). This operator will be independent of t provided c(λ) ≡ 0. We now determine the general solution of (3.22) in this case. Here we make use of the fact that if u(x) and v(x) are solutions of the same differential equation w^{′′} − p(x)w = 0 then y(x) = u(x)v(x) satisfies

(3.24) y^{′′′} − 4py^′ − 2p^′y = 0.

If p = −V + λ then (3.24) reduces to (3.22) with c(λ) ≡ 0.

Theorem 3. Every symmetry operator L = a∂_x + b such that a_t = b_t = 0 is of the form a = f(x, λ), b = −^1_2 f_x(x, λ) with (3.25) f(x, λ) = c_1(λ)v^2_1(x, λ) + c_2(λ)v_1(x, λ)v_2(x, λ) + c_3(λ)v^2(x, λ) where {v_1, v_2} is a basis of solutions for (3.20ii).

The operators L characterized by Theorem 3 are symmetry operators for the solutions ϕ of Hϕ = Eϕ: setting Ψ = e^{tE} ϕ we have LΨ = e^{tE} θ where Hθ = Eθ.

Symmetries of the form described by Theorems 2 and 3 can be composed to yield a product of the same form.

Corollary 2. Let u_1(x, λ), v_1(x, λ), κ_1(λ), resp. u_2(x, λ), v_2(x, λ), κ_2(λ), satisfy equations (3.20). Then the operators L_i = e^{tκi(λ)}(u_iv_i∂_x − u_i(∂_xv_i)), i = 1, 2 are symmetries of (3.1) and L_1L_2 is a symmetry of the same form: L_1L_2 = e^{t[κ1(κ2(λ)+λ)+κ2(λ)]}(uv∂_x − u(∂_xv)), where v(x, λ) = v_2(x, λ), u(x, λ) = c(λ)u_1(x, κ_2(λ) + λ) and c(λ) = v_1(x, κ_2(λ) + λ)∂_xu_2(x, λ) − u_2(x, λ)∂_xv_1(x, κ_2(λ) + λ), independent of x.

Although Theorems 2 and 3 exhibit clearly the structure of these generalized recurrences, other methods for actually computing the recurrences may be simpler. It may not be necessary to obtain solutions of the second-order equations (3.20) to determine a generalized recurrence. For example, let us compute the possible solutions of (3.18) of the form f(x, λ) = exp(μ(λ)x). We find 2V_{xx} + 6μV_x + 4μ^2V = 4λμ^2 − (μ^2 − κ)^2.

Since the potential V (x) cannot depend on λ, it follows that (for nonconstant V ) μ is independent of λ and V (x) = c_1e^{−μx} + c_2e^{−2μx} + c_3 κ(λ) = μ^2 ± 2μ √ λ − c_3. (3.26) The symmetry operator is

L = exp(tκ(λ))[e^{μx}∂_x + ( κ 2μ − μ 2 )e^{μx} − κ^{−1}μc_1]. A second (trivial) example will help to fix some of the ideas. The equation (∂_t − ∂_{xx})Ψ = 0

CONFORMAL SYMMETRIES AND GENERALIZED RECURRENCES FOR HEAT AND SCHRÖDINGER EQUATIONS IN ONE SPATIAL DIMENSION9

admits the symmetry L = ∂_x. Since L is independent of t it maps solutions of Hθ ≡ θ_{xx} = Eθ to solutions. A basis of solutions for (3.27) is v_1(x) = e^{√Ex}, v_2(x) = e^{−√Ex}. Using Theorem 3 we can define a symmetry operator L̃ = f∂_x −^1_2 f_x with f = v_1v_2. Clearly L̃ = L.

The next instructive example was, in essence, given in [Whittaker 1929] but without the heat equation setting presented here. Consider the equation

(∂_t − ∂_{xx} − e^{2x})Ψ = 0

with H = ∂_{xx} + e^{2x}. The equation Hθ(x) = Eθ(x) has a basis of solutions consisting of the Bessel and Neumann functions, θ(x) = J_ν (e^x), Y_ν (e^x), E = ν^2, [Erdélyi 1953 (p. 30)]. It is easy to see that the operator L = exp{(2ν + 1)t}(−e^{−x}∂_x + νe^{−x}) is a symmetry of (3.28) which induces a recurrence mapping solutions θ of Hθ = ν^2θ to solutions ϕ of Hϕ = (ν + 1)^2ϕ. Indeed this follows from the well known recurrence relations e^{−x}(− d dx + ν)C_ν (e^x) = C_{ν+1}(e^x), C_ν = J_ν , Y_ν ,

see [Erdélyi 1953 (p. 11), Watson 1966]. (Note: These relations arise naturally by considering the symmetries of the Helmholtz equation in 2-dimensional Euclidean space and are somewhat less natural in the context of (3.28). Furthermore, L has a branch point at E = 0 and cannot be expanded in a power series in ∂_t as in interpretation (3.10). However, interpretations (3.12) and (3.13) are still meaningful and Theorem 2 remains valid.) Applying Theorem 2 with V = e^{2x}, λ = ν^2, κ = 2ν + 1 we choose f = −^π_2 J_{ν+1}(e^x)Y_ν (e^x) +^π_2 Y_{ν+1}(e^x)J_ν (e^x). Then a = −e^{−x}e^{t(2ν+1)} in view of the well known identity [Erdélyi 1953 (p. 79)]. It follows from (3.21) that b = νe^{−x}e^{t(2ν+1)} in agreement with our expression for L. We see that Wronskian determinant and similar identities for solutions of second order ordinary differential equations are closely related to Theorems 2 and 3.

In [Whittaker 1929] there is derived a recurrence formula for Mathieu functions which can be interpreted very simply in terms of the equation

(∂_t − ∂_{xx} − 16q cos 2x)Ψ(x, t) = 0

and Theorem 2.

4. Examples of recurrences in quantum theory. The recurrences described by Theorem 2 have the property that they map the solution space of Hϕ = Eϕ into the solution space of Hθ = (E + κ(E))θ for any E. However, in many physical systems modelled by these equations, particularly the Schrödinger equation, one imposes boundary conditions and square integrability on the solution space and obtains a discrete spectrum {E_n, n = 0, 1, · · · }, [Landau and Lifshitz 1958] or a continuous spectrum (or both). Typically the eigenspace corresponding to E_n is one-dimensional with single basis function ϕ_n. In this case one is interested in differential recurrence operators L^+_n , L^−_n such that L^±_n ϕ_n = c_{n±1}ϕ_{n±1} for constants c_{n±1}, [Infeld and Hull 1951, Levine 1988]. As is implied by the comments following Theorem 2, one can always find special conformal symmetry operators L which have these properties when retricted to the spectrum {E_n}. (A general conformal symmetry of the type given in Theorem 2 will not have these properties since it won’t necessarily map eigenfunctions to eigenfunctions, i.e., it won’t necessarily preserve integrability or a particular set of boundary conditions.) Such a special recurrence operator has an expression in terms of Theorem 2 which is of the same complexity as the eigenfunctions {ϕ_n}. However, it is sometimes the case that we can directly find elementary solutions of (3.18) with the appropriate properties. This approach to obtaining these recurrences is much simpler than earlier approaches known to the authors and has the advantage that it demonstrates explicitly that the recurrence operators are restrictions of conformal symmetry operators for the time-dependent equation. Furthermore, this approach can sometimes be used to obtain a direct algebraic derivation of the spectrum, similar to the factorization method [Inoui 1948, Infeld and Hull 1951, Miller 1968]. In distinction to the factorization method, however, the raising and lowering operators are never artificial constructs but are always interpretable as symmetries of the underlying time-dependent Schrödinger equation.

Here we consider two instructive examples of recurrences for the discrete spectra of Schrödinger operators. We will continue to use the formal analytic equation (3.1). See the cited references for the reality and boundary conditions, and explicit eigenfunctions for each example. Example 1. The Morse potential.

Here,

(4.1) V (x) = D[2 exp(−μx) − exp(−2μx)]

where D, μ are positive parameters. As follows from (3.26), the Schrödinger equation admits the generalized symmetries L^± = e^{tκ} � [ e^{μx}∂_x + ( κ^± 2μ − μ 2 )e^{μx} − 2μD κ^± ] . where κ^±(λ) = μ^2 ± 2μ √ λ. Since κ^+(λ) + κ^−(λ + κ^+(λ)) = 0 for √ λ + μ ≥ 0 and κ^−(λ) + κ^+(λ + κ^−(λ)) = 0 for √ λ − μ ≥ 0, we can easily verify that L^+L^− ∼ D − 4D^2 (μ − 2 √ λ)^2 , L^−L^+ ∼ D − 4D^2 (μ + 2 √ λ)^2

(4.2)

where equality is meant in the sense that the two sides agree when applied to a solution of (3.1). Thus we have the commutation relations

[L^+, L^−] ∼

−32D^2μ √ λ (μ^2 − 4λ)^2

[λ, L^+] ∼ (μ^2 + 2μ √ λ)L^+ (4.3)

[λ, L^−] ∼ (μ^2 − 2μ √ λ)L^−,

CONFORMAL SYMMETRIES AND GENERALIZED RECURRENCES FOR HEAT AND SCHRÖDINGER EQUATIONS IN ONE SPATIAL DIMENSION11

an analog of the commutation relations for the Lie algebra sℓ(2). Even though L^+, L^−, λ don’t generate a finite dimensional Lie algebra, one can easily mimic the (weight vector) approach to the representation theory of sℓ(2) to determine the irreducible representations of the associative algebra generated by these three operators. Note the “Casimir operator” C acting on the solution space of (3.1):

C = L^+L^− +

4D^2 (μ − 2 √ λ)^2

∼ L^−L^+ +

4D^2 (μ + 2 √ λ)^2 ∼ D. To see how close is the analogy to the representation theory of sℓ(2) we look for a “lowest weight vector” Ψ_0 for λ, i.e., a nonzero solution of the equations

(λ − H)Ψ_0 = 0 λΨ_0 = E_0Ψ_0

(4.4) L^−Ψ_0 = 0.

Evaluating CΨ_0 = DΨ_0 we find 4D^2/(μ − 2 √ E_0)^2 = D or

E_0 = μ^2( √ D μ − 1 2 )^2,

assuming μ − 2 √ E_0 ≥ 0. Recursively applying L^+ to get Ψ_n = (L^+)^nΨ_0 with eigenvalues E_n satisfying the recurrence E_{n+1} = E_n + κ^+(E_n) = (μ + √ E_n)^2, we find the spectrum [Morse 1929, Ter Haar 1946, Levine 1988]

E_n = μ^2[ √ D μ − (n + 1 2 )]^2, n = 0, 1, 2, · · · .

This algebraic approach can be made rigorous and shown to generate the discrete and continuous spectrum associated with the Morse potential. Example 2. Pöschl-Teller potentials.

This is a class of potentials of the form

(4.5) V (x) = A^′ cos^{2 x}_2 + B^′ sin^{2 x}_2 = A 1 + cos x + B 1 − cos x . The most general potential admitting a symmetry such that f(x, t) = sin x is (4.5), to within an additive constant. For such a potential we have the generalized symmetries L^± = e^{tκ} � [sin x∂_x − ( κ^± + 1 2 ) cos x + B − A κ^± ] where κ^±(λ) = −1 ± 2 √ −λ. Since κ^+(λ) + κ^−(λ + κ^+(λ)) = 0 for √ −λ − 1 ≥ 0 and κ^−(λ) + κ^+(λ + κ^−(λ)) = 0 for √ −λ + 1 ≥ 0, we can easily verify that L^+L^− ∼ −A − B + λ − √ −λ − (B − A)^2 (1 + 2 √ −λ)^2 L^−L^+ ∼ −A − B + λ + √ −λ − (B − A)^2 (−1 + 2 √ −λ)^2 . (4.6)

Thus we have the commutation relations

[L^+, L^−] ∼ −2 √ −λ + 8(B − A)^2 √ −λ (1 + 4λ)^2 , [λ, L^+] ∼ (−1 + 2 √ −λ)L^+ (4.7) [λ, L^−] ∼ (−1 − 2 √ −λ)L^−, another analog of the commutation relations for the Lie algebra sℓ(2). We have the “Casimir operator” C acting on the solution space of (3.1):

C = L^+L^−+ √ −λ−λ+ (B − A)^2 (1 + 2 √ −λ)^2 ∼ L^−L^+− √ −λ−λ+ (B − A)^2 (1 − 2 √ −λ)^2 ∼ −A−B. To see how close is the analogy to the representation theory of sℓ(2) we look for a “highest weight vector” Ψ_0 for λ, i.e., a nonzero solution of the equations

(λ − H)Ψ_0 = 0

λΨ_0 = E_0Ψ_0

(4.8)

L^+Ψ_0 = 0.

Thus, from CΨ_0 = −(A + B)Ψ_0 we have

A + B = E_0 + √ −E_0 − (B − A)^2 (−1 + 2 √ −E_0)^2 . Setting A = (1 − 4α^2)/8, B = (1 − 4β^2)/8 and √ −E_0 = (1 + u)/2, we find the solutions u = ±(α + β), ±(α − β). Since A and B depend on α^2, β^2, without loss of generality we can assume √ −E_0 = (α + β + 1)/2. Recursively applying L^− to get Ψ_n = (L^−)^nΨ_0 with eigenvalues E_n satisfying the recurrence E_{n+1} = E_n + κ^−(E_n) = E_n − 1 − 2 √ −E_n, we find the spectrum [Pöschl and Teller 1933, Alhassid et al. 1983]

E_n = −(n + α + β + 1 2 )^2, n = 0, 1, 2, · · · .

Again this algebraic approach can be made rigorous and shown to generate the discrete spectra associated with the Pöschl-Teller potentials.

NOTE: The two preceding examples correspond to type F and type E factorizations, respectively, [Infeld and Hull 1951], and interpret these factorizations as symmetries. Indeed the solutions f of (3.18) with f independent of λ correspond to all the type B,D,E and F factorizations and special cases of type A and C factorizations. The general type A and C factorizations are not associated with the time-dependent Schrödinger equation.

5. General symmetries. Now we look for more general symmetry operators than those characterized by Theorems 2 and 3. Consider the equations i) u_{xx}(x, t) + (V (x) − λ)u(x, t) = u_t(x, t) ii) v_{xx}(x) + (V (x) − λ)v(x) = 0. (5.1)

It is straightforward to verify that if y(x, t) = u(x, t)v(x) where u and v satisfy (5.1) then y satisfies the equation

(5.2) y_{tt} − 2y_{xxt} + y_{xxxx} − 4y_{xx}λ + 4y_{xx}V + 6y_xV_x + 2yV_{xx} = 0,

identical to (3.16).

CONFORMAL SYMMETRIES AND GENERALIZED RECURRENCES FOR HEAT AND SCHRÖDINGER EQUATIONS IN ONE SPATIAL DIMENSION13

Theorem 4. Let w(x, t) and v(x) be solutions of the equations i) w_{xx} + V (x)w = w_t ii) v_{xx} + V (x)v = λv. (5.3)

Then L = a∂_x + b = wve^{−λt}∂_x − wv_xe^{−λt} is a symmetry operator for (2.1).

Of course, by taking sums or integrals of the “separated symmetries” (5.3) we can obtain still more general symmetries of (2.1).

The initial value problem for symmetries of (2.1) is the problem of determining a symmetry L(t) = a(x, t, λ)∂_x + b(x, t, λ) such that L(0) = A(x, λ)∂_x + B(x, λ) where A and B are given functions. In principle, Theorem 4 reduces the initial value problem for symmetries to the Cauchy problem for (3.1). (Here our trearment is formal. A precise, rigorous treatment would require the imposition of reality conditions and other restrictions on the solution space of (3.1). Two of the most important cases are:

(1) The heat equation. Here x is real and t ≥ 0.

(2) The Schrödinger equation. Here x = iy and t = is where y and s are real. We shall not enter into these details. )

Let w_ℓ(x, t, λ), ℓ = 1, 2, be solutions of (5.3i) and {v_1(x, λ), v_2(x, λ)} be a basis of solutions of (5.3ii). Then by Theorem 4,

L(t) = e^{−λt} {(w_1v_1 + w_2v_2)∂_x − (w_1v_{1x} + w_2v_{2x})}

is a symmetry of (3.1) with initial value

w_1(x, 0, λ)v_1(x, λ) + w_2(x, 0, λ)v_2(x, λ) = A(x, λ) w_1(x, 0, λ)v_{1x}(x, λ) + w_2(x, 0, λ)v_{2x}(x, λ) = −B(x, λ). Since {v_1, v_2} is a basis the Wronskian v_1v_{2x} − v_2v_{1x} is nonzero, so w_1(x, 0, λ) and w_2(x, 0, λ) can be uniquely determined by A and B. It follows that unique solution of the Cauchy problem for (3.1) leads to unique solution of the initial value problem for symmetries.

6. First order symmetries. Most of the examples presented thus far are symmetry operators L of infinite order in ∂_t. It is of interest to determine the potentials V (x) such that (2.1) admits finite order differential operators L. The answer for symmetries first order in ∂_x and ∂_t is well known [Boyer 1975] but Theorem 1 yields a particularly simple derivation. L is at most first order in ∂_t iff ∂_λa = 0. It follows from (3.16) that a_{xx} = 0. Thus a = f_1(t)x + f_2(t) and

(6.1) f̈_1x + f̈_2 + 2f_1(3V_x + xV_{xx}) + 2f_2V_{xx} = 0.

(1) (f_1 ≠ 0): Then there exist constants α, β, γ such that (x + α)V_{xx} + 3V_x +

βx+γ = 0. Replacing x+α by x and relabling γ we can write this expression as d dx (xV_x) + 2V_x + βx + γ = 0

with solution V = β 8 x^2 + γ 3 x + δ 2 + ρ x^2 .

Substituting back into (6.1) we find the following possibilities for V (up to a constant multiple):

(6.2) x^2, x, 1, 1 x^2

+ δ + βx^2.

here we have replaced x + α by x if necessary.

(2) (f_1 ≡ 0, f_2 ≠ 0): There exists a constant α such that V_{xx} = α. Thus V =^1_2 αx^2 + βx + γ and we obtain the normal forms for V : x^2, x, 1.

It is straightforward to show that each of the potentials (6.2) actually admits first order symmetry operators [Boyer (1975)].

Theorem 5. The potentials such that equation (2.1) admits a nontrivial first order symmetry operator are those given by (6.2), up to a scalar multiple and translation in x.

A much more difficult problem is : What are all potentials which admit symmetry operators of finite order in ∂_t?

References

Y. Alhassid, F. Gursey and F. Iachello, Group theory approach to scattering, Ann. Phys. 148 (1983), 346-372.

S. Benenti and M. Francaviglia, The theory of separability of the Hamilton-Jacobi equation and its application to general relativity, General Relativity and gravitation, Vol. 1, A. Held, ed., Plenum, New York, 1980.

G.W. Bluman and J.D. Cole, Applied Mathematical Series # 13, Springer-Verlag, 1974. C. P. Boyer, The maximal kinematical invariance group for an arbitrary potential, Helv. Phys.

Acta. 47 (1975), 589-605.

C. P. Boyer, E. G. Kalnins and W. Miller, Jr., Symmetry and separation of variables for the Hamilton-Jacobi equation (Wt)2 − (Wx)2 − (Wy )2 = 0, J. Math. Phys. 19 (1978), 200–211.

C. P. Boyer and W. Miller, Jr., A classification of second order raising operators for Hamiltonians in two variables, J. Math. Phys. 16 (1974), 499-511.

L. P. Eisenhart, Continuous Groups of Transformations, Dover Reprint, Dover, Delaware, 1961. A. Erdélyi et al., Higher Transcendental Functions, Vol. II, McGraw-Hill, New York, 1953. L. Infeld and T. Hull, The factorization method, Revs. Mod. Phys. 23 (1951), 21–68. T. Inoui, Unified theory of recurrence formulas, Progr. Theoret. Phys. 3 (1948), 169–187, 244–261. E.G. Kalnins, Separation of Variables for Riemannian Spaces of Constant Curvature, Pitman, Monographs and Surveys in Pure and Applied Mathematics 28, Longman, Essex, England, 1986.

E.G. Kalnins and W. Miller, Jr., Related evolution equations and Lie symmetries, SIAM J. Math.

Anal. 16 (1985), 221–232.

E.G. Kalnins and W. Miller, Jr., Equivalence classes of related evolution equations and Lie symmetries, J. Phys. A: Math. Gen. 20 (1987a), 5435–5446.

E.G. Kalnins and W. Miller, Jr., R-separation of variables for the time-dependent Hamilton -Jacobi and Schrödinger equations, J. Math. Phys 28 (1987b), 1005–1015.

L. Landau and E. Lifshitz, Quantum Mechanics, Non-Relativistic Theory, (Translated from Russian.) Addison-Wesley, Reading, Massachusetts, 1958.

R. D. Levine, Dynamical symmetries, J. Phys. Chem. 89 (1985), 2122–2129. R. D. Levine, Mathematical Frontiers in Computational Chemical Physics, D. G. Truhlar, ed., IMA Volumes in Mathematics and its Applications, Vol. 15, Springer-Verlag, New York, 1988.

W. Miller, Jr., Lie Theory and Special Functions, Academic Press, New York, 1968. W. Miller, Jr., Symmetry and Separation of Variables, Addison-Wesley, Reading, Massachusetts, 1977.

P. M. Morse, Diatomic molecules according to the wave mechanics. II. Vibrational levels., Phys.

Rev. 34 (1929), 57.

CONFORMAL SYMMETRIES AND GENERALIZED RECURRENCES FOR HEAT AND SCHRÖDINGER EQUATIONS IN ONE SPATIAL DIMENSION15

U. Niederer, The maximal kinematical invariance group of the harmonic oscillator, Helv. Phys.

Acta. 46 (1973), 191–200.

P.J. Olver, Applications of Lie Groups to Differential Equations, Graduate Texts in Mathematics

107, Springer-Verlag, New York (1986).

L.V. Ovsjannikow, Group Properties of Differential Equations, Academic Press, 1982. G. Pöschl and E. Teller, Bemerkungen zur quantenmechanik des anharmonischen oszillators, Z.

Physik 83 (1933), 143–151.

G.J. Reid, R-separation for heat and Schrödinger equations I., SIAM J. Math. Anal. 17 (1986),

646.

S. Rosencrans, Perturbation algebra of an elliptic operator, J. Math. Anal. Appl. 56 (1976),

317–329.

V.N. Shapovalov, Separation of variables in the nonstationary Schrödinger equation, Sov. Phys.

J. 17 (1976), 1718.

V.N. Shapovalov, Differential Equations 16 (1980a), 1864. V.N. Shapovalov, Stäckel spaces, Siberian Math. J. 20 (1980b), 790-800.

V.N. Shapovalov, Separation of variables in second-order linear differential equations, Differential

Equations 10 (1981), 1212.

D. Ter Haar, The vibrational levels of an anharmonic oscillator, Phys. Rev. 70 (1946), 222. G. N. Watson, A Treatise on the Theory of Bessel Functions, Cambridge Univ. Press, London

and New York, 1966.

E. T. Whittaker, On the recurrence-formulae of the Mathieu functions, Journal of the London

Math. Soc. 4 (1929), 88-96.

N.M.J. Woodhouse, Killing tensors and separation of the Hamilton-Jacobi equation, Commun.

Math. Phys 44 (1975), 9–38.