Nondegenerate superintegrable systems in n dimensional spaces of constant curvature

E. G. Kalnins Department of Mathematics and Statistics, University of Waikato, Hamilton, New Zealand.

J. M. Kress School of Mathematics, The University of New South Wales, Sydney NSW 2052, Australia j.kress@unsw.edu.au Willard Miller School of Mathematics, University of Minnesota, Minneapolis, Minnesota, 55455, U.S.A.

and G.S.Pogosyan Laboratory of Theoretical Physics, Joint Institute of Nuclear Research, Dubna, Moscow Region,14980, Russia

January 31, 2006

Abstract We analyze the concept of a nondegenerate superintegrable system in n dimensional Euclidean space. Attached to this idea is the notion that every such system affords a separation of variables in one of the various types of generic elliptical coordinates that are possible in complex Euclidean space. An analysis of how these coordinates are arrived at in terms of their expression in terms of Cartesian coordinates is presented in detail. The use of well defined limiting processes illustrates just how all these systems can be obtained from the most general nondegenerate superintegrable system in n dimensional Euclidean space. Two examples help with the understanding of how the general results are obtained.

1 Nondegenerate superintegrable systems in n dimensional complex Euclidean space

The subject of our discussion is a type of second order superintegrable systems in classical mechanics which we call nondegenerate. By this we mean a Hamiltonian system of the form H = g^{ij}p_ip_j + V (x_1, · · · , x_n) where we restrict ourselves to metrics g^{ij} corresponding to complex Euclidean spaces in n dimensions. Nondegenerate second order superintegrability means that the Hamiltonian H admit 2n-1 functionally independent constants of the motion of the form L_i = a^{ij} p_ip_j + ℓ_i, i = 1, · · · , 2n − 1 (where we take L_1 = H) such that the Potential V (x_1, .., x_n) depends on n + 2 arbitrary constants one of which can be an additive constant. (A precise definition is given in [1]. Essentially this means that at any point where the potential is defined there is a unique choice of parameters such that the potential, its n first order derivatives and one second order derivative V_{11} take arbitrarily prescribed values.) Thus {L_1, L_j } = 0, j = 2, · · · , 2n−1 where { , } denotes the Poisson bracket. Here we give an idea of the variety of these systems in n dimensions and indicate how they are related via well defined limiting processes. In so doing we lay the ground work for a more precise analysis of this subject. The prototype superintegrable system which is nondegenerate in n dimensional flat space has the Hamiltonian H = n∑ i=1 (p^2_i + αx^2_i + β_i x^2_i

) + δ, p_i = p_{xi} (1)

This Hamiltonian is nondegenerate superintegrable with a basis of n(n+1)/2 constants of the motion given by

P_i = p^2_i + αx^2_i + β_i x^2_i

, J_{ij} = (x_ip_j − x_jp_i)^2 + β_i x^2_j x^2_i + β_j x^2_i x^2_j , i ≠ j. We see immediately that there appear to be “too many” constants of the motion. This is resolved by imposing sufficiently many functional relations. A crucial observation is that the corresponding Hamilton-Jacobi equation admits additive separation in n dimensional elliptical coordinates. x^2_i = c^2Π^n_{j=1}(u_j − e_i)/Π_{k≠i}(e_k − e_i) where e_i ≠ e_j if i ≠ j and i, j = 1, · · · , n. If we were dealing with real Euclidean space then we could assume that the inequalities e_1 < e_2 < · · · < e_n and e_1 < u_1 < e_2 < · · · < e_n < u_n hold. Additive separation of variables of the Hamilton-Jacobi equation is then possible in the usual way. We discuss this in Appendix A. Here, however, We allow all variables to be complex. The infinitesimal distance in elliptical coordinates has the form

ds^2 = − c^2 4 n∑ i=1 Π_{j≠i}(u_i − u_j) Π^n_{k=1}(u_i − e_k) du^2_i = − c^2 4 n∑ i=1 Π_{j≠i}(u_i − u_j) P (u_i) du^2_i , where P (λ) = Π^n_{k=1}(λ − e_k). From this form of the infinitesimal distance we might ask the question “Is there a nondegenerate superintegrable system that affords a separation of variables in elliptic type coordinates and for which the corresponding polynomial P (λ) has degree ≤ n and may admit multiple roots?” This question can be asked because the restriction that the infinitesimal distance ds^2 be flat is only that the degree of the polynomial P (λ) be ≤ n. The answer to our question is “yes.”

In fact there are definite methods for calculating these systems for the various types of polynomial P_n(λ). We will illustrate these methods with examples and then move on to discuss the general class of nondegenerate superintegrable systems. A comprehensive treatment of these matters will be given elsewhere. For purposes of illustration we restrict ourselves to dimension n = 3 where x_1 = x, y_1 = y and z_1 = z. The corresponding Hamiltonian is H = p^2_x + p^2_y + p^2_z + α(x^2 + y^2 + z^2) + β x^2 + γ y^2 + δ z^2

+ μ (2)

The six functionally related constants, quadratic in the momenta, can be taken as

P_1 = p^2_x + αx^2 + β x^2

, P_2 = p^2_y + αy^2 + γ y^2

, P_3 = p^2_z + αz^2 + δ z^2 ,

J_1 = (yp_z − zp_y )^2 + γ z^2 y^2 + δ y^2 z^2

, J_2 = (zp_x − xp_z)^2 + δ x^2 z^2 + β z^2 x^2 , J_3 = (yp_x − xp_y)^2 + γ x^2 y^2 + β y^2 x^2 . The relation which demonstrates this functional dependence is

P^2_1 J^2_1 +P^2_2 J^2_2 +P^2_3 J^2_3 −2P_1P_2J_1J_2−2P_1P_3J_1J_3−2P_2P_3J_2J_3+4αJ_1J_2J_3+4βP_2P_3J_1

+4γP_1P_3J_2+4δP_1P_2J_3−4αβJ^2_1 −4αγJ^2_2 −4αδJ^2_3 −4γδP^2_1 −4βδP^2_2 −4βγP^2_3 +16αβγδ = 0. The standard additive separation ansatz for Cartesian coordinates for the Hamilton-Jacobi equation H = E is to write p_x =^{∂S}_{∂x} , p_y =^{∂S}_{∂y} and p_z =^{∂S}_{∂z} . We then look for solutions which give complete integrals of the form S = S_1(x) + S_2(y) + S_3(z). The separation equations are ( ∂S ∂x )^2+αx^2+ β x^2

+ν_1 = 0, ( ∂S ∂y )^2+αy^2+ γ y^2

+ν_2 = 0, ( ∂S ∂z )^2+αz^2+ δ z^2

+ν_3 = 0, where ν_1 + ν_2 + ν_3 = E. If we do the same in elliptical coordinates then the Hamilton-Jacobi equation assumes the form [ 1 (u_1 − u_2)(u_1 − u_3) [− 4 c^2

(u_1 − e_1)(u_1 − e_2)(u_1 − e_1)p^2_{u1} + αc^2Π^3_{i=1}(u_1 − e_i)

+ β c^2

(u_1 − e_2)(u_1 − e_3) (u_1 − e_1) + γ c^2

(u_1 − e_1)(u_1 − e_3) (u_1 − e_2) + δ c^2

(u_1 − e_2)(u_1 − e_1) (u_1 − e_3) ] + 1 (u_2 − u_1)(u_2 − u_3) [− 4 c^2

(u_2 − e_1)(u_2 − e_2)(u_2 − e_1)p^2_{u2} + αc^2Π^3_{i=1}(u_2 − e_i) + β c^2

(u_2 − e_2)(u_2 − e_3) (u_2 − e_1) + γ c^2

(u_2 − e_1)(u_2 − e_3) (u_2 − e_2) + δ c^2

(u_2 − e_2)(u_2 − e_1) (u_2 − e_3) ] + 1 (u_3 − u_2)(u_3 − u_1) [− 4 c^2

(u_3 − e_1)(u_3 − e_2)(u_3 − e_1)p^2_{u3} + αc^2Π^3_{i=1}(u_3 − e_i) + β c^2

(u_3 − e_2)(u_3 − e_3) (u_3 − e_1) + γ c^2

(u_3 − e_1)(u_3 − e_3)

(u_3 − e_2) + δ c^2

(u_3 − e_2)(u_3 − e_1) (u_3 − e_3)

]] = E

where the elliptic coordinates have been taken to be

x^2 = c^2

(u_1 − e_1)(u_2 − e_1)(u_3 − e_1) (e_1 − e_2)(e_1 − e_3)

, y^2 = c^2

(u_1 − e_2)(u_2 − e_2)(u_3 − e_2) (e_2 − e_1)(e_2 − e_3) ,

z^2 = c^2

(u_1 − e_3)(u_2 − e_3)(u_3 − e_3) (e_3 − e_2)(e_3 − e_1) , and we have made use of the identities

x^2+y^2+z^2 = c^2[

Π^3_{i=1}(u_1 − e_i) (u_1 − u_2)(u_1 − u_3) + Π^3_{i=1}(u_2 − e_i) (u_2 − u_1)(u_2 − u_3) + Π^3_{i=1}(u_3 − e_i) (u_3 − u_2)(u_3 − u_1) ], 1 x^2 = 1 c^2 [ (u_1 − e_2)(u_1 − e_3) (u_1 − u_2)(u_1 − u_3)(u_1 − e_1) + (u_2 − e_2)(u_2 − e_3) (u_2 − u_1)(u_2 − u_3)(u_2 − e_1) + (u_3 − e_2)(u_3 − e_3) (u_3 − u_2)(u_3 − u_1)(u_3 − e_1) ] , and similar related identities for 1/y^2, 1/z^2. This is a convenient juncture to note that the solution of the functional equation

f(u_1) (u_1 − u_2)(u_1 − u_3) + f(u_2) (u_2 − u_1)(u_2 − u_3) + f(u_3) (u_3 − u_2)(u_3 − u_1) = E is f(u_i) = Eu^2_i + λ_1u_i + λ_2. This follows from the general discussion of appendix A. The infinitesimal distance in elliptical coordinates is

ds^2 = − c^2 4 [ (u_1 − u_2)(u_1 − u_3) (u_1 − e_1)(u_1 − e_2)(u_1 − e_3) du^2_1 +

(u_2 − u_1)(u_2 − u_3) (u_2 − e_1)(u_2 − e_2)(u_2 − e_3) du^2

+ (u_3 − u_1)(u_3 − u_2) (u_3 − e_1)(u_3 − e_2)(u_3 − e_3) du^2_3 ] . If we make the usual substitution p_{ui} =^{∂S}_{∂ui} together with the ansatz S = Ŝ_1(u_1) + Ŝ_2(u_2) + Ŝ_3(u_3), separation is achieved via the equations − 4 c^2

(λ − e_1)(λ − e_2)(λ − e_1)( ∂S ∂λ )^2 + αc^2Π^3_{i=1}(λ − e_i) + β c^2

(λ − e_2)(λ − e_3)

(λ − e_1) + γ c^2

(λ − e_1)(λ − e_3) (λ − e_2) + δ c^2

(λ − e_2)(λ − e_1) (λ − e_3)

+ (μ − E)λ^2 + ν_2λ + ν_3 = 0

for λ = u_1, u_2, u_3. It is clear that H affords a separation of variables in elliptic coordinates and therefore that H separates in more than one coordinate system, as it already separates in Cartesian coordinates, i.e., it is multiseparable.

What if the polynomial P (λ) has multiple zeros? If we make the substitutions e_1 = E_1 + ϵ_1, e_2 = E_1 + ϵ_2, e_3 = E_2 in the formulas for elliptic coordinates, the expressions for the Cartesian coordinates are x = c √ ϵ_1 − ϵ_2

[y_1 + ϵ_1y_2 + O(ϵ^2_1)], y = c √ ϵ_2 − ϵ_1

[y_1 + ϵ_2y_2 + O(ϵ^2)],

z = y_3 + O(ϵ_1, ϵ_2) = c (E_1 − E_2) √ (u_1 − E_2)(u_2 − E_2)(u_3 − E_2) + O(ϵ_1, ϵ_2).

If we regard ϵ_1 and ϵ_2 as small quantities it is readily verified that

ds^2 = dx^2 + dy^2 + dz^2 = 2dy_1dy_2 + dy^2_3 + O(ϵ_1, ϵ_2) = − c^2 4 [ (u_1 − u_2)(u_1 − u_3) (u_1 − E_1)^2(u_1 − E_2) du^2_1 +

(u_2 − u_3)(u_2 − u_1) (u_2 − E_1)^2(u_2 − E_2) du^2 + (u_3 − u_2)(u_3 − u_1) (u_1 − E_3)^2(u_3 − E_2) du^2_3] + O(ϵ_1, ϵ_2).

If we choose, for example, y_1 =^{1√}_2 (x̂ + iŷ), y_2 =^{1√}_2 (x̂ − iŷ), y_3 = ẑ, then dŝ^2 = dx̂^2 + dŷ^2 + dẑ^2 = − c^2 4 [ (u_1 − u_2)(u_1 − u_3) (u_1 − E_1)^2(u_1 − E_2) du^2_1 +

(u_2 − u_3)(u_2 − u_1) (u_2 − E_1)^2(u_2 − E_2) du^2 +

(u_3 − u_2)(u_3 − u_1) (u_1 − E_3)^2(u_3 − E_2) du^2_3 ] .

Thus we have constructed a new set of Cartesian coordinates for which P = (λ − E_1)^2(λ − E_2). Indeed if we use the coordinates y_i, i = 1, 2, 3 then we can readily deduce the relations

y_1 = c

(u_1 − E_1)(u_2 − E_1)(u_3 − E_1)

(E_1 − E_2)

, y_3 = c (E_1 − E_2) √ (u_1 − E_2)(u_2 − E_2)(u_3 − E_2)

where y_2 =^∂_{∂e1} y_1, or in alternate form

y^2_1 = c^2

(u_1 − E_1)(u_2 − E_1)(u_3 − E_1)

(E_1 − E_2)

, 2y_1y_2 = ∂ ∂e_1 [c^2

(u_1 − E_1)(u_2 − E_1)(u_3 − E_1) (E_1 − E_2) ],

y^2_3 = c^2

(u_1 − E_2)(u_2 − E_2)(u_3 − E_2) (E_1 − E_2)^2 . There are generalizations of this procedure but for the moment we stay with our example. If we take the Hamiltonian H for n = 3, viz.

H = p^2_x + p^2_y + p^2_z + α(x^2 + y^2 + z^2) + β x^2 + γ y^2 + δ z^2

+ μ (3)

and make the substitutions β −→ − β ϵ_2 +^1_2 γ (ϵ_1 − ϵ_2)^2 , α −→ α, γ −→ − β ϵ_1 +^1_2 γ (ϵ_1 − ϵ_2)^2 , μ −→ μ. Then we obtain a nondegenerate superintegrable Hamiltonian

H −→ H_1 = 2p_{y1} p_{y2} + p^2_{y3} + α(2y_1y_2 + y^2_3 ) + β y^2_1 + γ y_2 y^3_1 + δ y^2_3 + μ, with six constants of the motion given by

M = (y_1p_{y3} − y_3p_{y2} )^2 + δ y^2_1 y^2_3 − 1 2 γ y^2_3 y^2_1

, N = (y_1p_{y1} − y_2p_{y2} )^2 − 2β y_2 y_1 − 2γ y^2 y^2_1 ,

L = 2(y_1p_{y3} − y_3p_{y2} )(y_2p_{y3} − y_3p_{y1} ) + y^2_3 ( β y^2_1 + γ y_2 y^3_1

) + 2δ y_1y_2 y^2_3 , P_1 = 2p_{y1} p_{y2} +2αy_1y_2+ β y^2_1 +γ y_2 y^3_1

, P_2 = p^2_{y2} +αy^2_1− 1 2 γ y^2

, P_3 = p^2_{y3} +αy^2_3 + δ y^2_3 . The functional relation between these six constants is

P^2_2 L^2−2P_2P_1LN−4P_2P_3MN+P^2_2 N^2+4αMN^2−2βP_2P_3L−2γP_1P_3L+4δMN^2−2γP_1P_3L

−2βP_1P_2N+β^2P^2_1 +4βδP_2P_3+4γδP^2_2 +2αγL^2+4αβLN+8αδγM−4αδβ^2 = 0. Using the identity 1 y^2_1

= G(E_1) = − 1 c^2 [ (u_1 − E_2) (u_1 − u_2)(u_1 − u_3)(u_1 − E_1) + (u_2 − E_2) (u_2 − u_1)(u_2 − u_3)(u_2 − E_1) + (u_3 − E_2) (u_3 − u_2)(u_3 − u_1)(u_3 − E_1) ] we see that separation of variables can be achieved in the coordinates u_i, i = 1, 2, 3 for the term 1/y^2_1. In addition it can be seen that ∂/∂E_1(y^{−2}_1 ) = −2y_1y_2y^{−4}_1 also has this property. Indeed we observe that the function G(E_1+ ϵ) is such that the first two coefficients of its Taylor expansion with respect to ϵ give the two independent terms of the nondegenerate superintegrable Hamiltonian H_1. The separation equations have the form [ 4 c^2

(λ − E_1)^2(λ − E_2)S^2_λ + β c^2

(λ − E_2) (λ − E_1) − γ 2c^2

(λ − E_2) (λ − E_1)^2 + δ c^2

(λ − E_1)^2 (λ − E_2)^2 + αc^2(λ − E_1)^2(λ − E_2) + (μ − E)λ^2 + ν_2λ + ν_3 ] = 0 for λ = u_1, u_2, u_3.

What happens if P = (λ − B_1)(λ − B_2)? In order to see this we make the substitutions e_1 = 1/ϵ, e_2 = B_1, e_3 = B_2 and c → c/ √ ϵ in our expressions for elliptic coordinates. The infinitesimal distance dŝ^2 has the form − c^2 4 [ (u_1 − u_2)(u_1 − u_3) (u_1 − B_1)(u_1 − B_2) du^2_1 +

(u_2 − u_1)(u_2 − u_3) (u_2 − B_1)(u_2 − B_2) du^2 +

(u_3 − u_2)(u_3 − u_1) (u_3 − B_1)(u_3 − B_2) du^2_3 ] . For the corresponding Cartesian coordinates we can write x = 1 ϵ [y_0 + ϵy_1 + O(ϵ^2)], y = y_2 + O(ϵ), z = y_3 + O(ϵ),

where y_0 = i/c. From this we conclude that dŝ^2 = dy^2_1 + dy^2 + dy^2_3. The explicit form of the coordinates y_i is

y_1 = − i 2 c(u_1 + u_2 + u_3 − B_1 − B_2), y^2 = − c^2(u_1 − B_1)(u_2 − B_1)(u_3 − B_1) (B_1 − B_2) , y^2_3 = − c^2(u_1 − B_2)(u_2 − B_2)(u_3 − B_2)(B_2 − B_1).

If we now make the transformations α −→ α− i 2 β c ϵ, γ −→ γ, β −→ α c^4 ϵ^4 , δ −→ δ, μ −→ μ+2α c^2 ϵ^2 − i 2 β c ϵ , then the Hamiltonian H undergoes the transformation

H −→ H_2 = p^2_{y1} + p^2_{y2} + p^2_{y3} + α(4y^2_1 + y^2 + y^2_3 ) + βy_1 + γ y^2 + δ y^2_3 + μ. This Hamiltonian is nondegenerate superintegrable with five functionally independent constants and six constants quadratic in the canonical momenta p_{ui} given by

P_1 = p^2_{y1} + 4αy^2_1 + βy_1, P_2 = p^2_{y2} + αy^2 + γ y^2

, P_3 = p^2_{y3} + αy^2_3 + δ y^2_3 ,

J_1 = (y_2p_{y3} −y_3p_{y2} )^2+γ y^2_3 y^2 +δ y^2 y^2_3

, M_3 = (y_3p_{y1} −y_1p_{y3} )p_{y3} + 1 4 βy^2_3+αy_1y^2_3 −γ y_1 y^2_3 , M_2 = (y_2p_{y1} − y_1p_{y2} )p_{y2} + 1 4 βy^2 + αy_1y^2 − γ y_1 y^2 . The relation which demonstrates the functional dependence of these constants is

2P_1P_3M_3M_2+P_1P_2P_3J_1−P^2_2 M^2_3 −P^2_3 M^2_2 −δP_1P^2_2 −γP_1P^2_z −αP_1J^2_1 + 1 2 βJ_1(P_2M_3+P_3M_2)

−4αJ_1M_2M_3− 1 16 β^2P^2_1 −γβP_3M_3+4αγM^2_3 −βδP_2M_2+4αδM^2_2 +4αγδP_1+ 1 4 γδβ^2 = 0.

If we consider the function G(ϵ) = 1 c^2

(ϵB_1 − 1)(ϵB_2 − 1) (ϵu_1 − 1)(ϵu_2 − 1)(ϵu_3 − 1) = 1 c^2 [ (u_1 − B_1)(u_1 − B_2) (u_1 − u_2)(u_1 − u_3)(ϵu_1 − 1) + (u_2 − B_1)(u_2 − B_2) (u_2 − u_1)(u_2 − u_3)(ϵu_2 − 1) + (u_3 − B_1)(u_3 − B_2) (u_3 − u_2)(u_3 − u_1)(ϵu_3 − 1) ]

we see that all the coefficients of powers of ϵ are Stäckel multipliers and enable a separation in the coordinates u_i. In fact we can determine that G(ϵ) | |_{ϵ=0} = y^2_0 , d dϵ G(ϵ) | | |^{ϵ=0} = − 2 c^2 y_0y_1 , d^2 dϵ^2 G(ϵ) | | |^{ϵ=0} = 2 c^4

(4y^2_1 + y^2 + y^2_3 ) ,

and these are essentially the two terms that occur in H_2. It is easy to compute these in the coordinate representation. The separation equations have the form [− 4 c^2

(λ − B_1)(λ − B_2)S^2_λ + (−αc^2λ^2 − i β 2 cλ)(λ − B_1)(λ − B_2) − γ( λ − B_2 λ − B_1 )

−δ( λ − B_1 λ − B_2 ) + (μ − E)λ^2 + ν_1λ + ν_2)] = 0

for λ = u_1, u_2, u_3.

Our examples in three dimensions illustrate what happens quite generally in n dimensional complex Euclidean space. These methods can also be applied to the n dimensional complex sphere. In general it is possible to associate a separable coordinate system of elliptic type corresponding to a general polynomial P (λ) having arbitrary zero structure. Indeed if we are in n dimensional Euclidean space then we can divide our Cartesian coordinates according to x^I_i where I = 0, · · · , r, i = 1, · · · , p_I . The corresponding polynomial P has the form P = Π^r_{I=1}(λ − e_I )^{pI} with the constraint ∑_r I=0 p_I = n.

We can obtain this coordinate system from generic elliptical coordinates by relabeling the e_i as e^I_i in accordance with our relabeling of the Cartesian coordinates. We then make the substitutions e^0_i −→ 1 ϵ^0_i , e^J_j −→ E_J + ϵ^J_j , J ≠ 0, c −→ c (Π^{p0}_{i=1}ϵ^0_i )^12

and find that

(x^0_i )^2 = c^2Π^n_{k=1}(ϵ^0_i u_k − 1) (ϵ^0_i )^2Π_{j≠i}(ϵ^0_j − ϵ^0_i )Π^r_{J=1}Π^{pJ}_{j=1}[1 − ϵ^0_i (E_J + ϵ^J_j )]

for i = 1, · · · , p_0, and

(x^J_j )^2 = c^2Π^n_{k=1}(u_k − E_J − ϵ^J_j ) Π_{k≠j}(ϵ^J_j − ϵ^J_k )Π^{p0}_{ℓ=1}[ϵ^0_ℓ (E_J + ϵ^J_j ) − 1] [ Π_{L≠J,L≠0}Π^{PL}_{ℓ=1}[E_J − E_I + ϵ^J_j − ϵ^L_ℓ ] ]

for j = 1, · · · , p_J , J = 1, · · · , r. From each of these expressions we can deduce the coordinates that give rise to an infinitesimal distance with our choice of P (λ). Indeed, if we write

dx^0_i = 1 √ Π_{j≠i}(ϵ^0_j − ϵ^0_i ) [ dŷ^0_1 + · · · + (ϵ^0_i )^{p0−1}dŷ^0_{p0} + O((ϵ^0_i )^{p0} ) ]

it follows that_{p0} ∑ i=1 (dx^0_i )^2 = ∑ r+s=p_0+1

dŷ^0_r dŷ^0_s + O(ϵ^0_i ).

From this observation we determine that we can put ϵ^J_j = 0, J ≠ 0 in the expressions for y^0_i that are of interest to us as coordinates. This follows because each ŷ^0_i is a function of E_J + ϵ^J_j which is finite at ϵ^J_j = 0, i.e., ŷ^0_i = ŷ^0_i (E_J + ϵ^J_j ). Consequently we can define real coordinates y^0_i = ŷ^0_i (E_J ).

Thus the limits ϵ^J_j → 0 have no effect on the determination of the coordinates y^0_i and we can, with justification, place ϵ^J_j = 0 in the expressions for y^0_i when determining them. Therefore we write ∑_{p0} i=1(dx^0_i )^2 = ∑ r+s=p_0+1 dy 0 r dy^0_s . We can proceed further to write dx^I_i = 1 √ Π_{j≠i}(ϵ^I_j − ϵ^I_i ) [ dŷ^I_1 + · · · + (ϵ^I_i )^{p0−1}dŷ^0_{p0} + O((ϵ^I_i )^{pI} ) ] , I ≠ 0, and then determine that ∑_{pI} i=1(dx^I_i )^2 = ∑ r+s=p_I +1 dŷ I r dŷ^I_s + O(ϵ^I_i ). The expressions for the infinitesimal distances ∑_{pI} i=1(dx^I_i )^2, I = 0, · · · , r follow from the use of the identities given in Appendix A for n = p_I and u_i = ϵ^I_i . From this observation we can set ϵ^J_j = 0, J ≠ I in the expressions for y^0_i that are of interest, for exactly the same reasons that were outlined in the case I = 0. Thus, we can write the infinitesimal distance as

ds^2 = r∑ J=0 p_r∑ j=1 (dx^J_j )^2 = r∑ J=0 ∑ r+s=p_J +1 dy^J_r dy^J_s where the coordinates y^I_i are given by

y^0_r = c r! ( ∂ ∂ϵ )^r [ Π^n_{s=1}(ϵu_s − 1) Π^r_{J=1}(1 − ϵE_J )^{pJ}

] 1_2 |_{ϵ=0}, r = 1, · · · , p_0 ,

y^J_r = c r! ( ∂ ∂E_J )^r [ Π^n_{s=1}(u_s − E_J ) Π^r_{I≠J} (E_J − E_I )^{pI}

] 1_2 , r = 1, · · · , p_J , J ≠ 0, or in quadratic rational form ∑ r+s=t y^0_r y^0_s = 1 t! ( ∂ ∂ϵ )^t [ Π^n_{s=1}(ϵu_s − 1) Π^r_{J=1}(1 − ϵE_J )^{pJ} ] |_{ϵ=0} , ∑ r+s=t y^J_s y^J_r = c t! ( ∂ ∂E_J )^t [ Π^n_{s=1}(u_s − E_J ) Π^r_{I≠J} (E_J − E_I )^{pI} ] . Associated with each of these coordinate systems is a nondegenerate potential in n dimensions. The terms in the potential can be determined according to the formulas that follow. For J ≠ 0 then we can immediately determine the partial fraction decomposition 1 (y^J_1 )^2

= Π_{K≠J} (E_J − E_K )^{pK} [ n∑ i=1 1 Π_{j≠i}(u_j − u_i)(u_i − E_J ) ]. Using this expression we immediately see that in the coordinate system u_i, i = 1, · · · , n the addition of such a term as a potential will afford a separation of variables. The additional terms that arise in the nondegenerate potential for J ≠ 0 have the form Y^J_r = ( ∂ ∂E_J )^r [ 1 (y^J_1 )^2 ] , for r = 0, · · · , p_J −1. It is then straightforward to show that these expressions can be determined via the recursion relation ∂ ∂E_J (y^J_j ) = (j + 1)y^J_{j+1}.

The case J = 0 requires a little more care. If we define (ỹ^0 )^2 = Π^r_{I=1}(1 − ϵE_I )^{pI} /Π^n_{i=1}(ϵu_i − 1) then 1 (ỹ^0)^2 = n∑ i=1 u^{p0−1}_i Π^r_{J=1}(u_i − E_J )^{pJ} Π_{j≠i}(u_j − u_i)(ϵu_i − 1)

is clearly a Stäckel multiplier in the coordinates u_i. The remaining terms of contribution to the potential by coordinates y^0_i are

Y^0_t = ( ∂ ∂ϵ )^t [ 1 (ỹ^0 )^2 ] |_{ϵ=0}, t = 0, · · · , p_0 , where we can use the recurrence formula^∂_{∂ϵ} (j + 1)ỹ^0_{j+1}, and once all calculations have been done we put ϵ → 0, in which case ỹ^0_j → y^0_j . We note that this prescription includes a constant term. The Hamiltonian has the form H = r∑ J=0 ∑ r+s=p_J +1 p_{ys} p_{yr} + r∑ J=1 p_J −1∑

j=0 (β̂^J_j Y^J_j + α ∑ r+s=p_J +1

y^J_s y^J_r ) +

p_0∑

ℓ=0 β̂^0_ℓ Y^0_ℓ

where β̂^0_ℓ = α. This Hamiltonian can be obtained via a limiting procedure from our original prototype in n dimensions as follows. If we relabel the β_i by β^I_i in obvious notation then the transformations of these constants is achieved by solving the equations p_I∑

i=1 β̃^I_i (ϵ^I_i )^s = β̂^I_s , s = 0, · · · , p_I − 1, I ≠ 0,

where β^I_i = β̃^I_i /Π_{j≠i}(ϵ^I_i − ϵ^I_j ). For the case I = 0 we solve the equations

p_0∑ i=0 β̃^0_i (ϵ^0_i )^s = β̂^0_s , s = 2, · · · , p_0 + 1,^{p0}∑ i=0 β̃^0_i ϵ^I_i + α Π^{p0}_{r=0}ϵ^0_r

= β̂^0_1

where β^0_i = β̃^0_i /[(ϵ^0_i )^2Π_{j≠i}(ϵ^0_i − ϵ^0_j )], and we make the identification β^0_0 = α.

2 Summary

In this article we have indicated the key ideas and formulas that enable us to obtain, via a definite limiting process, a very general class of nondegenerate superintegrable systems in n dimensional complex Euclidean space. In dimension 3 these methods have given an almost comprehensive list. The two exceptions are given in Appendix B. The complete analysis of these systems will be given elsewhere. Much the same analysis can be extended for the n dimensional sphere. This is part of an ongoing program which studies the nature of the notion of superintegrability. Superintegrability has its origins in the observation that classical systems like the Kepler problem (planetary motion) have an extra constants of the motion as exemplified by the Runge Lenz vector. This extra constant, additional to the usual components of angular momenta, enables the corresponding Hamilton-Jacobi equation to be solved in more then one coordinate system. This phenomenon has been revived in recent years by Winternitz [2, 3] and Evans [4]. Now a theory of such systems is evolving, [5, 6]. Indeed the study of such systems from the point of view of both classical and quantum mechanics has recently been completed in two complex dimensions, [7, 8]. These ideas have crucial relevance for the notion of quasiexact solvability and this will be discussed elsewhere, [9]. What remains as part of our ongoing program is to determine the extent to which the n dimensional nondegenerate systems found here are exhaustive and what are the exceptions. Integral to this study is the extension of these ideas to the n dimensional complex sphere.

3 Appendix A. Identities in n variables

The key identities that are made use of in generic separation in n dimensions are_n ∑ i=1 u^s_i Π_{j≠i}(u_i − u_j) = δ_{sn} where s = 0, 1, · · · , n − 1. If we have an equation n∑ i=1 f(u_i) Π_{j≠i}(u_i − u_j) = E then a general solution can be found in the separable form f(u_i) = Eu^{n−1}_i + ν_{n−2}u^{n−2}_i + · · · + ν_0 for arbitrary parameters λ_i, i = 0, · · · , n − 2. Writing the Hamilton-Jacobi equation in generic ellipsoidal coordinates, we obtain the equation n∑ i=1 1 Π_{j≠i}(u_i − u_j) [− 4 c^2

Π^n_{j=1}(u_i−e_j )( ∂S ∂u_i )^2+αc^2Π^n_{ℓ=1}(u_i−e_ℓ)+ β_j c^2

Π_{k≠j}(u_i − e_k) u_i − e_j ] = E

which naturally gives rise to the separation equations − 4 c^2

Π^n_{j=1}(λ − e_j )( ∂S ∂λ )^2 + αc^2Π^n_{ℓ=1}(λ − e_ℓ) + β_j c^2

Π_{k≠j} (λ − e_k) λ − e_j −Eλ^{n−1} + ν_{n−2}λ^{n−2} + · · · + ν_0, λ = u_i, i = 1, · · · , n. 4 Appendix B. Unusual nondegenerate potentials in three dimensions

In addition to the nondegenerate families in n dimensions that we have outlined there are exceptions that have different properties, such as not being multiseparable in distinct coordinates. In three dimensions there are two such systems with corresponding Hamiltonians

1. H = p^2_x + p^2_y + p^2_z + δ(x^2 + y^2 + z^2) + αx + βy + γz

2. H = p^2_x + p^2_y + p^2_z + δ(4x^2 + 4y^2 + z^2) + βx + γy +^α_{z2}

For the first Hamiltonian the space of second order constants of the motion has a basis

P_1 = p^2_x + δx^2 + αx, P_2 = p^2_y + δy^2 + βy, P_3 = p^2_z + δz^2 + γz,

L_1 = p_xp_y + δxy + 1 2 βx + 1 2 αy, L_2 = p_xp_z + δxz + 1 2 γx + 1 2 αz, L_3 = p_zp_y + δzy + 1 2 βz + 1 2 γy. In addition to these quadratic constants there are three linear (parameter dependent) constants: M_1 = δ(xp_z − zp_x) −^1_2 γp_x +^1_2 αp_z, M_2 = δ(yp_x − xp_y) +^1_2 βp_x −^1_2 αp_y, M_3 = δ(zp_y − yp_z) +^1_2 γp_y −^1_2 βp_z. Only five of these nine are functionally independent. Indeed we can demonstrate five identities which confirm this:

δ(P_1P_2 − S^2_1 ) − M^2_2 + 1 4 β^2P_1 + 1 4 α^2P_2 − 1 2 αβS_1 = 0,

δ(P_1P_3 − S^2_2 ) − M^2_1 + 1 4 γ^2P_1 + 1 4 α^2P_3 − 1 2 αγS_2 = 0, δ(P_2P_3 − S^2_3 ) − M^2_3 + 1 4 β^2P_3 + 1 4 γ^2P_2 − 1 2 γβS_3 = 0,

δ(P_1M^2_3 + P_2M^2_1 + P_3M^2_2 + 2M_1M_3S_1 + 2M_2M_3S_2 + 2M_1M_2S_3)+ 1 4 (β^2M^2_1 + γ^2M^2_2 + α^2M^2_3 ) + 1 2 (γβM_1M_2 + αβM_1M_3 + αγM_2M_3) = 0.

Technically speaking, these potentials are multiseparable, but in variants of Cartesian coordinates. What sets them apart is that the 5 constants of the motion are not functionally independent if the potential is switched off, [1].

5 Appendix C.

We give a complete list of potentials which give rise to nondegenerate (generic) superintegrable systems in three dimensional complex Euclidean space. Associated with each of these is indicated the algebraic structure of the polynomial of the associated generic elliptical coordinate system in which separation occurs.

[1]. V = α_1(x^2 + y^2 + z^2) + α_2 x^2 + α_3 y^2 + α_4 z^2

, P (λ) = (λ − e_1)(λ − e_2)(λ − e_3).

[2]. V = α_1(x^2+y^2+z^2)+α_2 x − iy (x + iy)^3 + α_3 (x + iy)^2 + α_4 z^2

, P (λ) = (λ−e_1)^2(λ−e_2).

[3]. V = α_1(x^2+y^2+z^2)+ α_2 (x + iy) + α_3z (x + iy)^3

+α_4 x^2 + y^2 − 3z^2

(x + iy)^4

, P (λ) = (λ−e_1)^3.

[4]. V = α_1(4x^2 + y^2 + z^2) + α_2x + α_3 y^2 + α_4 z^2

, P (λ) = (λ − e_1)(λ − e_2).

[5]. V = α_1(4x^2 + y^2 + z^2) + α_2x + α_3 (y + iz)^2 + α_4 (y + iz)^3

, P (λ) = (λ − e_1)^2.

[6]. V = α_1(z^2−2(x−iy)^3+4(x^2+y^2))+α_2(2(x+iy)−3(x−iy)^2)+α_3(x+iy)+ α_4 z^2 , with P (λ) = (λ − e_1).

[7]. V = α_1(x+iy)+α_2( 3 4 (x+iy)^2 + 1 4 z)+α_3((x+iy)^3 + 1 16 (x−iy)+ 3 4 (x+iy)z) +α_4( 5 16 (x + iy)^4 + 1 16 z^2 + 1 16 (x^2 + y^2)^2 + 3 8 (x + iy)^2z), P (λ) = 1.

References

[1] E. G. Kalnins, J. M. Kress, and W. Miller, Jr. Second order superintegrable systems in conformally flat spaces. III: 3D classical structure theory. J. Math. Phys. 46, 103507 (2005).

[2] M. G. Englefield. Group theory and the Coulomb problem. Wiley Interscience, New York, 1972.

[3] A. A. Makarov, Ya. A. Smorodinski, K .V. Valiev and P. Winternitz. A systemmatic search for nonrelativistic systems with dynamical symmetries. 1. The integrals of motion. Nuovo Cimento 52, 1061, (1967).

[4] N.W.Evans. Superintegrability in Classical Mechanics. it Physical Review A, 41, 5666, (1990).

[5] E. G Kalnins, J. M. Kress and W. Miller Jr. Second order superintegrable systems in conformally flat spaces I. 2D classical structure theory. J. Math. Phys., 46, 053509, (2005).

[6] E. G. Kalnins, J. M. Kress and W. Miller Jr. Second order superintegrable systems in conformally flat spaces II. The classical 2D Stäckel transform. J. Math. Phys,, 46, 053510, (2005).

[7] E. G. Kalnins. Superintegrability in Quantum and Classical mechanics “a survey” . Plenary talk, XXY International Colloqium of Group Theoretical Methods in Physics, Cocoyoc,Mexico 2004. Edited by G. S. Pogosyan, L. E. Vicent and K. B Wolf. Institute of Physics, 2006.

[8] E. G. Kalnins, J. M. Kress,W. Miller Jr. and G. S. Pogosyan. Completeness of superintegrability in two dimensional constant curvature spaces. J. Phys. A Math Gen. 34, 4705, (2001).

[9] E. G. Kalnins, W. Miller Jr. and G. S. Pogosyan. Exact and quasiexact solvability in second order superintegrable quantum systems. I. Euclidean space preliminaries. (submitted for publication).