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M
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S
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V
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M
o
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U
nder
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m
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im

e
S
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ate
of

m
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S
V

m
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M

C
M

C

�
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�
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P
ricing

E
urop

ean
O

ptions
under

S
V

m
odels

U
nder

the
tw

o-factor
stochastic

volatilit
y

m
odel(set"

=
1=

�),
the

no
arbitrage

E
urop

ean
option

price
P

";�
is

de�ned
by

P
";�

(t;x;y;z;T
;h)

=
IE

?
t;x;y

;z fe
�

r(T
�

t)h(S
T

)g;

1.
S

olve
a

parabolic
P

D
E

of
3

dim
ension

on
in�nit

y
dom

ain.
B

ased
on

Feynm
an-K

ac
form

ula.

2.
M

onte
C

arlo
sim

ulations.
B

ased
on

S
LLN

and
C

LT
.
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B
asic

M
onte

C
arlo

A
basic

M
onte

C
arlo

sim
ulation

for
option

prices
is

to
build

N
tra

jectories
governed

by
dynam

ics
of

(S
t ;Y

t ;Z
t ),

then
calculate

the
sam

ple
m

ean
of

the
discounted

payo�s
for

all
tra

jectories
by

P
M

C
�

e
�

r(T
�

t)

N

NXi=
1

�
S

(i)
T

�
K

�
+

:

E
�cien

t
M

onte
C

arlo
m

ethods
depend

on
som

e
know

ledge
of

the
true

option
prices.

Idea:
Is

it
p

ossible
to

obtain
approxim

ate
option

prices
by

R
egular

(or
sm

all)
p

erturbation
or

S
ingular

p
erturbation?

H
ow

about
the

robustness?
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E
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1:

B
asic

M
onte

C
arlo

T
able

2:
Initial

conditions
and

calloption
param

eters.
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0
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Z
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T
able
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m
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E
xam

ple
1:

B
asic

M
onte

C
arlo:

C
ont.

�
�

V
M

C

100
0.01

0.024114(10.93)

50
0.05

0.022995(11.03)

20
0.1

0.022596(11.09)

5
1

0.032745(11.50)

20
5

0.059490(13.09)

T
here

are
total

5000
sam

ple
paths

sim
ulated

based
on

the
E

uler
schem

e
w

ith
tim

e
step

�
t

=
0:005.9



R
eview

:
V

anilla
E

urop
ean

O
ptions

A
sym

ptotics

U
nder

the
tw

o-factor
stochastic

volatilit
y

m
odel(set"

=
1=

�),
the

no
arbitrage

E
urop

ean
option

price
P

";�
is

de�ned
by

P
";�

(t;x;y;z;T
;h)

=
IE

?
t;x;y

;z fe
�

r(T
�

t)h(S
T

)g;
(1)

From
an

application
of

the
Feynm

an-K
ac

form
ula,

the
no-arbitrage

option
price

P
";�

solves
a

three-dim
ensionalparabolic

typ
e

P
D

E
w

ith
a

term
inal

condition:L
";�

P
";�

=
0;

(2)

P
";�

(T
;x;y;z)

=
h(x):

T
he

partial
di�eren

tial
operator

L
";�

is
de�ned

by

L
";�

=
1"

L
0

+
1p
"

L
1

+
L

2
+

p
�M

1
+

�M
2

+

r
�"

M
3 :

10



V
anilla

E
urop

ean
O

ptions
A

sym
ptotics:

C
ont.

E
ach

com
ponent

operator
is

given
by

L
0

=
(m

�
y)

@@
y

+
�

2
@

2

@
y

2 ;

L
1

=
p

2�
�

�
1 xf

(y;z)
@

2

@
x@

y
�

�
1 (y;z)

@@
y

�
;

L
2 (f

(y;z))
=

@@
t

+
f

2(y;z)
2

x
2

@
2

@
x

2
+

r
�

x
@@
x

�
� �

;

M
1

=
�

g(z)�
2 (y;z)

@@
z

+
�

2 g(z)f
(y;z)x

@
2

@
x@

z
;

M
2

=
c(z)

@@
z

+
g(z) 2

2
@

2

@
z

2 ;

M
3

=
� p

2�
12 g(z)

@
2

@
y@

z
:
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P
rice

A
ppro

xim
ation

Form
ally

expand

P
";�

(t;x;y;z)
=

P
0

+
p

"P
1;0

+
p

�P
0;1

+
"P

2;0
+

���
;

then
apply

the
singular/regular

p
erturbation

m
ethods.

It
can

b
e

show
n

that
the

hom
ogenizedprice

P
0 (t;x;�

(z))
solves

8<:
L

B
S

(��(z))P
0 (t;x)

=
0

P
0 (T

;x)
=

h(x):
(3)

T
he

probabilistic
representation

of
P

0
is

P
0 (t;x;T

;h;�
(z))

=
E

t;x
�

h( S
T

)jS
t

=
x 	

;

w
here

�S
t �

is
a

hom
ogenized

geom
etric

B
row

nian
m

otion
w

ith

the
e�ectiv

e
volatilit

y
�

(z)
�

p
h�

2(�;z)i:

12



F
irst-O

rder
P

rice
C

orrection

T
he

correction
~P

1 (t;x;�
(z))

:=
p

"P
1;0 (t;x)

+
p

�P
0;1 (t;x)

solves
8<:

L
B

S (��(z))
~P1 (t;x)

=
�A

"
+

2B
� �

P
0 (t;x)

~P
1 (T

;x)
=

0:
(4)

T
he

B
lack-S

choles
di�eren

tial
operator

L
B

S (�
)(z)

is
de�ned

in
(3),

and
the

other
operators

are
de�ned

as
follow

s:

A
"

=
V

"2
x

2
@

2

@
x

2
+

V
"3
x

3
@

3

@
x

3 ;

B
�

=
1�

�V
�0

@@
�

+
V

�1
x

@
2

@
x@

�

�
:

T
he

m
ean

historical
volatilit

y
�

and
the

group
param

eters
�V

�0
;V

�1
;V

"2
;V

"3

�
are

constant
in

z.
N

ote
that

there
exists

an
explicit

expressionfor
~P1 :

~P1 (t;x)
=

�
(T

�
t) �A

"
+

B
� �

P
0 (t;x):
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T
he

universalparam
eters

are
de�ned

by

V
�0

=

p
�2

g(z)h�
2 (y;z)i�

(z)�
0(z);

V
�1

=
�

p
�2

�
2 g(z)hf

(y;z)i�
(z)�

0(z);

V
"2

=
�

� p
"

p
2

�
2�

1 hf
(y;z) @

�
(y;z)
@

y
i

�
h�

1 (y;z) @
�

(y;z)
@

y
i �

;

V
"3

=
� p

"
p

2
�

1 hf
(y;z) @

�
(y;z)
@

y
i:

T
he

bracket
h�i

denotesan
expectation

w
ith

respectto
the

in
variant

distribution,
N

(m
;�

2),
of

the
O

U
-pro

cess.For
any

b
ounded

function
l,

w
e

denote
hl(�)i

:=
1

p
2�

�
2

R
1�1

l(y)e
�

(y
�

m
) 2

2
�

2
dy

such
that

the
z-dependent

e�ectiv
e

volatilit
y

�
(z)

is
de�ned

by

�
(z) 2

=
hf

(�;z) 2i:
(5)
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A
ccuracy

R
esult

a

W
e

assum
ethat

1.
P

ayo�
function

h(x)
=

(x
�

K
)

+
;

a
E

urop
ean

call.

2.
T

he
volatilit

y
is

p
ositive

and
b

ounded:there
are

constants
m

1

and
m

2
such

that
0

<
m

1
�

f
(y;z)

�
m

2
<

1
;8y

2
IR

:

3.
T

he
com

bined
m

arket
price

of
risk

(�
1 (y;z);�

2 (y;z))
are

b
ounded

!
��� P

";�
(t;x;y)

�
�

P
0 (t;x;�

(z))
+

~P
1 (t;x;�

(z)) �
���

=
O

(m
axf"jlog

"j;�; p
"�

g):

aJ.P
.F

ouque,G
.

P
apanicolaou,

R
.

S
ircar

and
K

.
S

olna,\M
ultiscale

S
to

chastic
V

olatilit
y

A
sym

ptotics,"
S

IA
M

Journal
on

M
ultiscale

M
o

deling
and

S
im

ulation
2(1)

,
2003,p.22-42.
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S
im

ulation
of

di�usion
pro

cesses

C
onsidera

di�usion
pro

cessw
ith

values
in

R
n

the
solution

of

dX
(t)

=
b(X

(t))dt+
�

(X
(t))dB

(t);X
(0)

=
x;

b
b

eing
a

function
from

R
n

to
R

n,
�

a
m

apping
from

R
n

to
R

n
�

p;
and

(B
(t);t

�
0)

a
p-dim

ensionalB
row

nian
m

otion.
T

he
E

uler
S

chem
e:Let

�X
b

e
an

approxim
ation

of
X

at
tim

e
tk

=
kh;k

�
0.

S
et

�X
(0)

=
x

and
for

k
>

1,w
e

de�ne

�X
((k

+
1)h)

=
�X

(kh)
+

b(
�X

(kh))h

+
�

(
�X

(kh))(B
((k

+
1)h)

�
B

(kh))

w
here

B
((k

+
1)h)

�
B

(kh)
=

p
hg

k
+

1
and

for
any

n
>

0,
(g

1 ;���
;g

n )
are

n
-independent

reduced
centred

G
aussian

random
variables.
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G
eneralD

i�usion
M

o
dels

Let
X

t
b

e
a

di�usion
pro

cessgoverned
by

dX
t

=
b(t;X

t )dt+
�

(t;X
t )dB

t ;

w
here

B
t

is
a

standard
B

row
nian

m
otion

under
P

.
G

iven
a

function
f

w
ith

p
olynom

ialgrow
th

w
e

de�ne
the

follow
ing

function

u(t;x)
=

E
ff

(X
T

)
jX

t
=

xg
:

B
y

G
irsanov

T
heorem

,w
e

considerthe
follow

ing
pro

cess

dX
t

=
(b(t;X

t )
�

�
(t;X

t )h(t;X
t ))

dt+
�

(t;X
t )d

~B
t ;

w
here

the
pro

cessh(t;X
t )

is
assum

edto
b

e
adapted

and
square-integrable

alm
ostsurely,

and
~B

t
=

B
t �

R
t0
h(s;X

s )ds
is

a
standard

B
row

nian
m

otion
under

~P
equivalent

to
P

.
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G
irsanov

T
ransform

ation

M
onte

C
arlo

sim
ulation

for
approxim

ation
of

u(0;x)
under

the
new

probability
m

easure
~P

is
given

by

u(0;x)
�

1N

NXi=
1

f
(X

(i)
T

)Q
(i)
T

w
here

Q
T

=
exp

(
Z

T

0
h(t;X

t )d
~B

t �
12

Z
T

0
jh(t;X

t )j 2dt )
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Im
p

ortance
S

am
pling

A
pplying

Ito's
form

ula
to

u(t;X
t )Q

t ,
it

is
a

straightforw
ard

com
putation

to
obtain

f
(X

T
)Q

T
=

u(t;x)
+

Z
T

t
Q

s
(�

0r
u

+
u

h)(s;X
s )

�d
~B

s

T
herefore

the
variance

of
the

payo�
f

(X
T

)Q
T

is
sim

ply

V
ar

~P (f
(X

T
)Q

T
)

=
~E

(
Z

T

t
Q

2s jj�
0r

u
+

u
hjj 2ds )

:

T
he

optim
al

choice
of

the
function

h
is

h(t;x)
=

�
1u
�

T
r

u
w

hich
can

lead
to

a
zero

variance.B
U

T
u(t;x)

is
w

hat
w

e
w

ant
to

calculate!
T

he
im

p
ortance

sam
pling

technique
consistsof

determ
ining

h
such

that
the

variance
of

u(t;x)
can

b
e

reduced.
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E
xam

ple
2:

Im
p

ortance
S

am
pling

a

�
�

V
M

C
P

B
S

~P
V

I
S

(P
B

S )
V

I
S

(
~P)

100
0.01

0.024114
10.779

11.069
0.004006

0.000986(11.03)

50
0.05

0.022995
10.779

11.208
0.000703

0.000698(10.99)

20
0.1

0.022596
10.779

11.449
0.002161

0.001284(11.00)

5
1

0.032745
10.779

12.20
0.003841

0.002435(11.60)

20
5

0.059490
10.779

11.878
0.123713

0.013210(12.68)

aJ.-P
.

F
ouque

and
C

.-H
.

H
an,

\V
ariance

R
eduction

for
M

on
te

C
arlo

M
etho

ds
to

E
valuate

O
ption

P
rices

under
M

ulti-factor
S

to
chastic

V
olatilit

y
M

o
dels,"

to
app

ear
in

Q
uan

titativ
e

F
inance,

2004.
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C
ontrol

V
ariates

P
C

V
4=

P
M

C
+

mXi=
1

�
i (P̂

iC
�

P
iC
);

w
here

w
e

denote
by

P
M

C
the

unbiased
estim

ator
of

P
obtained

by
the

sam
ple

m
ean

of
outputs

from
N

i.i.d.
realizations.

E
ach

P̂
iC

represents
a

sam
ple

m
ean

obtained
from

the
sam

e
realizations

than
those

used
in

P
M

C
.

In
addition,

w
e

assum
ethat

P̂
iC

is
an

unbiased
estim

ator
of

P
iC

w
hich

adm
its

a
closed-form

expression.

�
T

he
control

variate
P

C
V

is
th

us
an

unbiased
estim

ator
of

P
.

�
T

he
control

param
eters

�
i 's

need
to

b
e

chosen
to

m
inim

ize
the

variance
of

P
C

V
.
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C
onstruct

C
ontrol

V
ariates:

P
erfectR

eplication
and

H
edging

d
�e

�
rsP

(s;S
s ;Y

s ;Z
s ) �

=
e

�
rs

(a
T

r
P

)(s;S
s ;Y

s ;Z
s )

�d�
s :

In
tegrating

b
etw

een
the

initial
tim

e
0

and
the

m
aturity

tim
e

T
,

and
using

the
term

inal
condition

P
(T

;S
T

;Y
T

;Z
T

)
=

H
(S

T
),

w
e

deduce
thatP

(0;S
0 ;Y

0 ;Z
0 )

=
e

�
rT

H
(S

T
)

�
Z

T

0
e

�
rs(a

T
r

P
)(s;S

s ;Y
s ;Z

s )
�d�

s :

T
his

suggeststhat
the

m
artingale

term
is

the
\p

erfect"
control

variate.
H

ow
ever,the

unknow
n

price
pro

cess
(P

(s;S
s ;Y

s ;Z
s ))

0�
s�

T
appears

through
its

gradient
in

the
stochastic

in
tegralabove.
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E
xam

ple
3:

C
ontrol

V
ariates a

�
�

V
I

S
(

~P)=
V

M
C

V
C

V
(P

B
S

)=
V

M
C

100
0.01

0.041
0.004

50
0.05

0.030
0.006

20
0.1

0.057
0.010

5
1

0.074
0.064

aJ.-P
.F

ouque
and

C
.-H

.
H

an,
\A

C
on

trol
V

ariate
M

etho
d

to
E

valuate
O

ption
P

rices
under

M
ulti-F

actor
S

to
chastic

V
olatilit

y
M

o
dels,"

subm
itted,

2004.
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