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Data and Random Volatilities

SPX¢& VIX




Multi-F actor Stochastic Volatilit y Models
Under the pricing risk-neutral probability measurelP ?, our model
IS given by
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Estimate Two-factor SV models by MCMC @

GBP/USD series
T
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Figure 1: GBP/USD seriesand posterior means of the volatilit y

processesinder K=2

4Molina, Han and Fouque, \MCMC Estimation of Multiscale Stochastic

Volatilit y Models, 2004




Time Scaleestimate of multi-factor SV models by MCMC

1

GBP/USD K=1

0.916
(0.057)

GBP/USD K=2

0.988

(0.006)

0.149
(0.090)

GBP/USD K=3

0.993
(0.006)

0.896
(0.297)

0.119
(0.098)

Table 1: GBP/USD results




Pricing European Options under SV models

Under the two-factor stochastic volatilit y model (set"” = 1= ), the
no arbitrage European option price P> is de ned by

P" (txy;Z;T;h) = [E%ixy ofe "7 YUn(St)g;

1. Solve a parabolic PDE of 3 dimensionon in nit y domain.
Basedon Feynman-Kac formula.

2. Monte Carlo simulations. Basedon SLLN and CLT.




Basic Monte Carlo

A basic Monte Carlo simulation for option pricesis to build N
trajectories governed by dynamics of (S Yi; Z¢), then calculate the
sample mean of the discourted payo s for all trajectories by

e r(T GX/_
N

_U_<_O

S0 K

=1

E cien t Monte Carlo methods depend on someknowledge of the
true option prices.

ldea: Is it possibleto obtain approximate option prices by Regular
(or small) perturbation or Singular perturbation? How about the
robustness?




Example 1: Basic Monte Carlo

Table 2: Initial conditions and call option parameters.

$So | Yo | Zog | $K | T years
551 -1 -1 | 50 1

Table 3: Parameters used in the two-factor stochastic volatilit y
model.

ms | Mg f(y;z)
0.8 -0.8| 0. . . . ey+z




Example 1: Basic Monte Carlo: Cont.

vV M C
0.024114(10.93)
50 0.022995(11.03)
20 | 0.1 | 0.022596(11.09)
5 0.032745(11.50)
20 0.059490(13.09)

There are total 5000sample paths simulated basedon the Euler
sdhemewith time step t = 0:005.




Review: Vanilla European Options Asymptotics

Under the two-factor stochastic volatilit y model (set" = 1= ), the
no arbitrage European option price P is de ned by

P (X y;2;T;h) = IE%uy ofe T Yh(St)g; (1)

From an application of the Feynman-Kac formula, the no-arbitrage
option price P~ solvesa three-dimensional parabolic type PDE
with a terminal condition:

L® P° =0;
P° (T:;x;y;2) = h(x):

The partial di erential operator L is de ned by
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Vanilla European Options Asymptotics: Cont.

Each componert operator is given by
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Price Approximation

Formally expand

U T U T n
Pio+ Po1+ "Pao+t

P' (t;x;y;z) = P+

then apply the singular/regular perturbation methods. It can be

shown that the homogenizedprice Py(t; X; (z)) solves
8

S Les( (2)Po(t;x) =0
Po(T;Xx) = h(x):

The probabilistic represertation of Py is
Po(t; x;T;h;7(2)) = Etx h(S7)jSt = X ;

where S; is a homogenized geometric Brownian motion with

the e ectiv e volatilit y —(z) P h 2(;2)i:




First-Order Price Correction

The correction Py (t; X; 7(2)) := = "P1o(t; X) + P Po.a(t; X) solves

8
S Lgs( (2)Pi(t;x)= A"+ 2B Po(t; x)

4
P1(T;x) = O: “)

The Black-Sdiolesdi erential operator Lgs(7)(z) is de ned in (3),
and the other operators are de ned as follows:
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The mean historical volatilit y — and the group parameters

Vy; ViV, V, areconstart in z. Note that there exists an
explicit expressionfor P

+ V; X

Pit:x)= (T t) A"+ B Pp(t; x):




The universal parametersare de ned by
p_
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The bracket h I denotesan expectation with respect to the

invariant distribution, N (m; ?2), of the OU-process.For any
: . R, (y m)?
bounded function |, we denote H( )i := ﬁ . ly)e =27 dy

sud that the z-dependert e ectiv e volatilit y —(z) is de ned by

(2)?= K (;2)%: (5)

P
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Accuracy Result 2

We assumethat

Payo function h(x) = (x K)" ; a European-call.

. The volatilit y is positive and bounded: there are constars m;
and m, suththat 0O<m; f(y;z) my<1;8y2IR:

. The combined market price of risk ( 1(y;z); 2(y;z)) are
bounded

P (txy)  Po(t x;(2)) + Pa(t; x; (2))

omaxt"jlog"j; ;" " g):

a4J.P. Fouque, G. Papanicolaou, R. Sircar and K. Solna, \Multiscale Stochastic
Volatilit y Asymptotics," SIAM Journal on Multiscale Modeling and Simulation

2(1) , 2003, p.22-42.




Simulation of di usion processes

Consider a di usion processwith valuesin R" the solution of

dX (1) = b(X (1))dt+ (X (1))dB(1); X (0) = X;

b being a function from R" to R", a mapping from R" to R" P;
and (B(t);t 0) a p-dimensional Brownian motion.

The Euler Sdheme: Let X be an approximation of X at time

tk = kh;k 0. SetX(0) = x and for k > 1, we de ne

X ((k+ 1)h) = X(kh)+ X (kh))h
+ (X (kh))(B((k+ 1)h) B(kh))

whereB ((k + 1)h) B (kh) = P hgc+1 and for any n > 0,

(01; ;On) are n-independert reducedcertred Gaussianrandom
variables.




General Di usion Models

Let X be a diusion processgoverned by
dXy = b(t; X¢)dt+  (t; X¢)dBy;

where B; Is a standard Brownian motion under P.
Given a function f with polynomial growth we de ne the following
function

u(t; x) = Eff (X1) ] X{ = XQ:

By Girsanov Theorem, we considerthe following process

dX¢ = (b(t; X¢)  (t X¢)h(t; Xy)) dt+  (t; X¢)dBy;

where the processh(t; X;) is assumedto be mn_m_mﬁmo_ and
square-irtegrable almost surely, and B; = B; m h(s;Xs)ds is a
standard Brownian motion under P equivalert to P.




Girsanov Transformation

Monte Carlo simulation for approximation of u(0;Xx) under the new
probability measureP is given by
1 X

u(0; x) N :x%;voﬁq:
i=1

(z. Z - )

Qr = exp h(t; X;)dB: jh(t; X)j2dt
0




Imp ortance Sampling

Applying Ito's formula to u(t; X)Q, it is a straightforward
computation to obtain
Z 7

f(X7)Qr = u(tx)+  Qs( °r u+ uh)(s;Xs) dBs
t

Therefore the variance of the payo f (X+1)Qt is simply
(7 )
T

Varp (f (X1)Qr) = E Qzii °r u+ uhjj*ds

The optimal choice of the function his h(t; x) = % Tr u which

u
canlead to a zerovariance. BUT u(t; x) is what we want to
calculate!
The importance sampling technigue consistsof determining h sud

that the variance of u(t; x) can be reduced.




Example 2. Importance Sampling 2

<_<_O

Pes

P

V!'S(Pgs)

0.024114

10.779

11.069

0.004006

0.000986(11p3)

0.022995

10.779

11.208

0.000703

0.000698(10.9)

0.022596

10.779

11.449

0.002161

0.001284(11.p0)

0.032745

10.779

12.20

0.003841

0.002435(11 J0)

0.059490

10.779

11.878

0.123713

0.013210(128)

20

aJ.-P. Fouque and C.-H. Han, \V ariance Reduction for Monte Carlo Metho ds
to Evaluate Option Prices under Multi-factor
appear in Quantitativ e Finance, 2004.

Stochastic Volatilit y Models," to




Control Variates

X1 | .
PeVZ pMC .y (AL PY);
i=1
where we denote by PM ¢ the unbiasedestimator of P obtained by
the sample mean of outputs from N 1.i.d. realizations. Each _»m

represens a sample mean obtained from the samerealizations than

those usedin PM €. In addition, we assumethat P} is an unbiased
estimator of PL which admits a closed-formexpression.

The control variate PV is thus an unbiased estimator of P.

The control parameters ;'s needto be chosento minimize the
variance of P¢V .




Construct Control Variates: Perfect Replication and Hedging

d e "SP(s;Ss:Ys:Zs) = e "S@@'r P)(s;Ss;Ys:Zs) ds:

Integrating betweenthe initial time 0 and the maturity time T, and
using the terminal condition P(T;St;Yt;Z71) = H(St), we deduce
that

P(0;S0;Y0;Zo) = e "TH(St)

Z 1

e "S(a'r P)(s;Ss:VYs:Zs) d s
0

This suggeststhat the martingale term is the \p erfect” control
variate. Howewver, the unknown price process
(P(s;Ss; Ys: Zs))y < 1 appearsthrough its gradiert in the
stochastic integral above.




Example 3: Control Variates?

VIS(P)=YMC | yCV (pyg)=yMC
0.041 0.004
0.030 0.006
0.057 0.010
0.074 0.064

4J.-P. Fouque and C.-H. Han, \A Control Variate Metho d to Evaluate Option
Prices under Multi-F actor Stochastic Volatilit y Models," submitted, 2004.




What do we achieve?




